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Preface

Suppose that FðxÞ is a non-empty set in a space Y for all x in a metric space X.

A point-valued function s from X to Y that satisfies sðxÞ [ FðxÞ for all x [ X is

called a selector for F. Two problems have been studied in many forms by

many authors:

(a) When can a continuous selector be found for F?

(b) Given a measure on X, when can one find a measurable selector for F?

The theory of continuous selectors for lower semi-continuous set-valued

maps, after study by several authors, has been brought to a very satisfactory

state by E. Michael, see Chapter 1. The simplest of upper semi-continuous set-

valued map are easily seen to lack continuous selectors. For example, if we

define f : [0, 1] ! R2 by
FðxÞ ¼ 0; if 0 # x , 1=2;

FðxÞ ¼ 1; if 1=2 , x # 1; and

Fð1=2Þ ¼ fð1=2; yÞ : 0 # y # 1g;
then F is an upper semi-continuous map on [0, 1], whose values are non-empty

compact convex subsets of R2, and F clearly does not have a continuous

selector.

For sometime we have thought that the theory of measurable selectors was

somewhat lacking, in that one knows little about the topological properties of

measurable functions. It is surprising that in very general circumstances upper

semi-continuous set-valued maps do have selectors that, although not contin-

uous, are of the first Baire class; that is, are the pointwise limits of sequences

of continuous functions.

In the book we are mainly concerned with proving results showing the

existence of selections of the first Baire class. We give a number of geome-

trically interesting examples, and some unexpected consequences for func-

tional analysis.

J. E. Jayne

C. A. Rogers
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Introduction

Zermelo [81] presented a proof that any set can be wellordered. His proof was

based on the apparently clear idea that if M is any set with a given cardinal

number, then it is possible for each nonempty subset M 0 of M to choose an

element m 0 of M 0 and call it the distinguished element of M 0.
Borel [4] wrote accepting that Zermelo had proved that the proposition: ‘‘A

set M can be expressed as a wellordered set’’ was implied by the proposition:

‘‘Given an arbitrary nonempty subset M 0 of a set M it is possible to choose a

point m 0 of M 0 and call it the distinguished element of M 0.’’
He also remarked that the second proposition follows from the first.

However, Borel did not accept the second proposition and felt that an

argument that exhausts the elements of an uncountable set by use of a transfi-

nite sequence of choices was outside the domain of mathematics.

This dispute led to much discussion and in particular to letters from Hada-

mard to Borel, Baire to Hadamard, Lebesgue to Borel and Borel to Hadamard

[18] or see the reprint in Hadamard [17].

The general consensus seems to have been that these were two acceptable

types of mathematicians, each with their own type of mathematics. The

‘‘realists’’ felt that mathematics should be concerned with entities that could

be defined in a finite number of words or entities that could be established as

the unique realization of a specification written in a finite number of words. On

the other hand, the ‘‘idealists’’ could use their imagination freely and could

imagine the completion of transfinite operations. This foreshadowed the

distinction between those mathematicians who refuse to use the axiom of

choice and those who use it freely.

Lusin in his book [51] discusses these issues in depth.

In this book we study selection theorems that are related to the axiom of

choice. Indeed, the most general form of the selection problem is equivalent to

the axiom of choice.

First selection problem Let F be a set-valued map from a set X to a set Y, so

that FðxÞ is a nonempty subset Y for each x in X. Is there a point-valued map f ,

called a selector for F, from X to Y with f ðxÞ [ FðxÞ for each x in X?

Since this selection problem is clearly equivalent to the axiom of choice, we



are concerned with a less well-defined problem that we shall study in many

special cases.

Second selection problem Let F be a set-valued map with nonempty values

from a topological space X to a topological space Y. When can one find a

point-valued function f from X to Y with f ðxÞ [ FðxÞ for all x in X and arrange

that f is a function of some given Borel or Baire class?

To ensure that the answer to this second problem is ‘‘Yes!’’ we need to

impose quite strong conditions on the spaces X and Y and on the set-valued

function F; the class of the selector f will depend on the conditions imposed.

In most of the results we need to use the axiom of choice, but in a subtle,

indirect way; one cannot expect to find a selector that belongs to any Borel or

Baire class by a direct use of the axiom of choice.

When the problem is formulated in very specific terms the selector may well

be obtained without appeal to the axiom of choice. Consider the following

simple example. Suppose that X and Y are both the unit interval and that the

set-values of F are nonempty intervals of ½0; 1� and that

GðFÞ ¼
[

fx � FðxÞ : x [ Xg
is a closed convex set in ½0; 1� � ½0; 1�. In this case the selector f defined by

f ðxÞ ¼ inffy : y [ FðxÞg; for 0 � x � 1;

is a continuous selector for F.

Perhaps the first nontrivial example was obtained by P. S. Novikov in 1929.

His result was stated by N. Lusin in 1929 (see [50, the footnote on page 315]).

Novikov published his proof in 1931 [63].

Theorem (Novikov) Let F be a map from R to R taking only nonempty

countable values, the graph

GðFÞ ¼
[

fðx; yÞ : x [ R; y [ FðxÞg
being a Borel set in R2. Then F has a selector f whose graph in R2 is also a

Borel set.

Novikov’s paper is best read in conjunction with Lusin’s 1924 paper [49].

Lusin shows, by general arguments that any Borel set B in Rn will be finite or

countable or will be a set of values of a function f : R ! Rn that is continuous

at all but countably many points ofR and that never takes the same value inRn

twice. Naturally the same uncountable Borel set in Rn will have many repre-

sentations in this form. Lusin supposes that such a representation has been

chosen, but recognizes that there is no general way in which this choice can be
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made constructively. Once the choice has been made, Lusin constructed a

Gd-set in Rnþ1 of a rather special type that coincides with the graph of f ,

and so yields the Borel set B as the injective projection of the Gd-set from

Rnþ1 into Rn.

Novikov starts from this type of representation of the graph G of his set-

valued function F, taking nonempty countable values, as the injective projec-

tion on R2 of a Gd-set in R
3. Using general arguments, involving the use of all

countable ordinals, Novikov establishes a number of special properties of the

sets he is considering, establishing such a well-controlled situation that he is

able to obtain his selector f constructively and to show that its graph is a Borel

set.

In the second part of his paper, Novikov gives an example to show that one

may not omit the hypothesis that the set-valued function F takes only coun-

table values.

Since we want to obtain selectors of small Borel or Baire classes, we do not

give any proof of Novikov’s result; nor do we describe the many results of a

similar nature that have been obtained by a succession of authors. See W.

Sierpiński [71], S. Braun [5], M. Kondô [46], M. Sion [73], Y. Sampei [70], Y.

Suzuki [79], and C. A. Rogers and R. C. Willmott [67]. For a survey of more

recent work, see D. A. Martin and A. S. Kechris [53].

When one investigates more abstract situations, it seems that to obtain

satisfactory results one needs to be able to use the axiom of choice and

other nonconstructive methods to impose a sufficiency of structure on the

initial situation, and perhaps also on situations that arise in the course of the

proof, in a way that enables the main line of proof to proceed constructively.

We illustrate this in relation to Michael’s continuous selection theorem,

Theorem 1.1 below. The proof, as we have presented it, appears, at first

sight, to be constructive. However, the existence of the partitions of unity

that are employed in the proof require justification by use of the axiom of

choice to impose a sufficiency of structure on the spaces and on the lower

semi-continuous set-valued maps that are used. We discuss this in some detail

in Remark 11 at the end of Chapter 1.

Although similar considerations arise in the other selection problems that

we consider, we do not pursue the matter further.

We now give an outline of the main results discussed in this book. Let F be

a set-valued map from a topological space X to a topological space Y , so that

FðxÞ is a set in Y for each x in X. The set-valued map F is said to be upper semi-

continuous if

F�1ðCÞ ¼ fx [ X : FðxÞ \ C – �g
is closed in X for each closed set C in Y; it is said to be lower semi-continuous

if F�1ðUÞ is open in X for each open set U in Y ; and it is said to be of the first

lower Borel class if F�1ðUÞ is an F s-set in X whenever U is an open set in Y .
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Note that, if the open sets in Y areF s-sets, then each upper semi-continuous F

is of the first lower Borel class. A point-valued function f from X to Y is said to

be a selector for F if f ðxÞ [ FðxÞ for each x in X.

A point-valued function f : X ! Y is said to be of the first Borel class if

f �1ðUÞ is an F s-set in X whenever U is open in Y ; it is said to be of the first

Baire class if it is the pointwise limit of a sequence of continuous functions

from X to Y . If Y is a metric space, each function of the first Baire class is

automatically of the first Borel class.

E. Michael [54] has shown that a lower semi-continuous map, from a

paracompact space X to a Banach space Y , taking only nonempty closed

convex values, has a continuous selection; he goes on to prove that X is

necessarily paracompact if this holds for every Banach space Y . In the first

part of Chapter 1 we give an account of Michael’s proof of the existence of his

continuous selection when X is a metric space.

K. Kuratowski and C. Ryll-Nardzewski [48] have shown that a set-valued

map F of the first lower Borel class from an arbitrary metric space X to a

separable metric space Y , with nonempty complete values, has a selector of

the first Borel class. Indeed, they give a very general abstract version of this

result; but their method seems to depend essentially on the separability of the

metric space Y .We give an account of this work in the second part of Chapter 1.

The selectors that we construct in Chapters 3–7 are obtained as limits of

functions that are constant on the sets of certain partitions of the space X. It is

economical to devote Chapter 2 to the study of functions of this type. If readers

tackle Chapter 2 seriously before looking at the subsequent sections, they may

well find this section very dry. We suggest that they skip quickly through

Chapter 2 first noting the main definitions and Theorem 2.1, and then return to

this section, when they find that they need to, in the course of studying Chapter

3 onwards.

A Banach space Y is said to have the Point of Continuity Property if the

identity map on Y restricted to any bounded weakly closed set has a point of

weak-to-norm continuity. R. W. Hansell, J. E. Jayne and M. Talagrand [22]

prove, in particular, that an upper semi-continuous set-valued map from a

metric space X to a Banach space Y, having the Point of Continuity Property,

taking only nonempty weakly compact values, has a selector that is of the first

Baire class as a map from X to Y with the norm topology.We give an account

of their work in Chapters 2 and 3 establishing some of their refinements.

In a recent paper N. Ghoussoub, B. Maurey and W. Schachermayer [14]

give a number of selection results and applications. A simplified version of

one of their main results takes the following form. If Y is a Banach space with

the Point of Continuity Property there is a map s from the space of nonempty

weakly compact sets of Y to Y such that:

(1) sðKÞ [ K for each nonempty weakly compact K;
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(2) if � – K 0 , K and sðKÞ [ K 0, then sðKÞ ¼ sðK 0Þ;
(3) if fKa : a [ Dg is a decreasing net of nonempty weakly compact sets in

Y then

sðKaÞ � s
\
a[D

Ka

 !�����
�����! 0

as a ! 1 through D;

(4) if M is a metric space and F : M ! ðY ;weakÞ is an upper semi-contin-

uous set-valued map, taking only nonempty compact values, then s � F

is a selector for F that is of the first class when regarded as a map from

M to Y with its norm topology.

Note that each weakly compact set in Y is a bounded norm closed set in Y ,

so that the space of nonempty weakly compact sets of Y has a natural metric,

the restriction of the Hausdorff metric on the bounded norm closed sets of Y . In

Chapter 4 we give an account of this result of Ghoussoub, Maurey and Scha-

chermayer, showing also that s is of the first Baire class when regarded as a

map from the space of nonempty weakly compact sets with the natural metric

to Y with its norm. We do not attempt to summarize the rest of the paper by

Ghoussoub, Maurey and Schachermayer; we commend this paper to the

reader.

In Chapter 5 we give some applications of the theorems that we have

already proved. We develop the theory of maximal monotone maps and obtain

a selection theorem for such maps. This leads directly to a selection theorem

for the subdifferential of a continuous convex function. We also obtain selec-

tion theorems for some geometrically defined maps: attainment maps and

nearest point maps. We also discuss a rather different type of problem.

Suppose that a linear programming problem with a bounded feasible region

in Rn depends on a point p in a parameter space P. Suppose further that the

feasible region CðpÞ and the (linear) objective function depend continuously

on the parameter point p. In these circumstances one cannot expect to find

optimal solutions, that depend continuously on p. However, we show, under

appropriate conditions, that there will be a sequence of continuous maps fn :

P ! Rn with fnðpÞ [ CðpÞ for all p in P and such that, for each p in P, the

sequence fnðpÞ converges to an optimal solution of the problem corresponding

to p.

V. V. Srivatsa in 1985–86 discovered and wrote up some striking results;

they were published much later in [74]. We quote two of his results here.

An upper semi-continuous set-valued map from one metric space to

another, taking only nonempty values, has a selector of the first Borel class.

An upper semi-continuous set-valued map from a metric space to a Banach

space with its weak topology, taking only nonempty values, has a selector that
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is of the first class when regarded as a map from the metric space to the

Banach space with its weak topology.

We give an account of these and other results in Chapter 6.

In Chapter 7, we give two further applications of the theory of selections.

M. Fabian and G. Godefroy [10] have shown that the dual of every Asplund

space has an equivalent locally uniformly convex norm. This they do despite

the existence of an example of an Asplund space that has no equivalent norm

that has a locally uniformly convex dual norm. We only give an outline of

their proof, since, although we do describe the theory of Asplund spaces (see

[61]), to give the proofs of the theory would take us too far from the main

theme of this book. Further, for the same reason, we quote, without any

discussion, a result from renorming theory.

The second part of Theorem 5.4 below has a converse: Let K� be a non-

empty weak� compact set in the dual X� of a Banach space X; if the attainment
map from X to K� has a selector f that is of the first class as a map from

ðX; normÞ to (X� normÞ, then K� is a weak� fragmented by the norm in X�.
Examples show that this converse does hold provided X contains no

isomorphic copy of ‘1ðNÞ. We follow quite closely the attempt of Jayne,

Orihuela, Pallarés and Vera [41] to prove the converse without any proviso.

We again need to quote results from the theories of Asplund Spaces and of

Renorming.

In Chapter 7 we can only give proofs that take for granted some difficult

specialized results that we have to quote without proof.
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Chapter 1

Classical results

Many selection theorems have been proved; many of the earlier ones are

called uniformization theorems. One of the important starting points is the

work of N. N. Lusin and P. S. Novikov [52]. However, the first general results

yielding continuous selectors and selectors of the first Borel class were

obtained by E. Michael [54] and by K. Kuratowski and C. Ryll-Nardzewski

[48]. We take these two results as our starting points.

1.1 MICHAEL’S CONTINUOUS SELECTION THEOREM

Although Michael’s work was published in three papers in the Annals of

Mathematics [54,55,56], we shall follow his paper in [57], confining our

attention to the special case when the domain is a metric space.

Theorem 1.1 (Michael) Let F be a lower semi-continuous set-valued func-

tion from a metric space X to a Banach space Y, and suppose that F takes only

nonempty closed convex values in Y. Then F has a continuous selector.

Following Michael [54] we obtain the following theorem as a corollary.

Theorem 1.2 (Bartle-Graves) If Y and X are Banach spaces and u is a

continuous linear transformation from Y onto X, then there is a homeomorph-

ism f mapping X to a subset of Y such that

f ðxÞ [ u�1ðxÞ
for every x in X.

We shall need a standard, but nontrivial result from the theory of metric

spaces. If U is any open cover of a metric space X, a family

f pg : g [ Gg
of continuous functions from X to the unit interval is said to be a partition of

unity on X refining the family U if:



(a) each x in X has a neighborhood Nx with pg not identically zero on Nx for

only a finite set of g in G;

(b) for each x in X X
f pgðxÞ : g [ Gg ¼ 1

and

(c) for each g in G there is a Ug in U with pgðxÞ ¼ 0 on X \ Ug.

Lemma 1.1 Let U be an open cover of a metric space X. Then there is a

partition of unity on X refining the family U.

The proof of this lemmamay be found, for example, in Engelking [8, p. 374].

If S is any set in a Banach space Y and r . 0, we use

BðS; rÞ ¼ fy : ky � sk , r for some s in Sg
to denote the expansion of the set S by r. Clearly BðS; rÞ is always open in Y ,

and it is convex when S is convex.

Lemma 1.2 Let F be a lower semi-continuous set-valued function from a

metric space X to a Banach space Y taking only nonempty convex values. Let r

be real and positive. Then there is a continuous selector for the expanded set-

valued function

BðFð·Þ; rÞ:

Proof. The family of open balls

fBðyÞ : y [ Yg;
with

BðyÞ ¼ Bðy; rÞ ¼ fz : kz � yk , rg;
is an open cover of Y . Since F is lower semi-continuous with nonempty

values, the family of all sets of the form

F�1ðBðyÞÞ ¼ fx [ X : FðxÞ> BðyÞ – �g;
with y [ Y is an open cover of X.

By Lemma 1.1, there will be a family

fpg : g [ Gg
of continuous functions from X to ½0; 1� forming a partition of unity on X

refining the family
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fF�1ðBðyÞÞ : y [ Yg:
Without loss of generality we may suppose that no function pg is identically

zero.

For each g in G there is a point yg in Y with

fx : pgðxÞ . 0g , F�1ðBðygÞÞ:
Then, for all x with pgðxÞ . 0, we have

x [ F�1ðBðygÞÞ;
so that

yg [ BðFðxÞ; rÞ:
Now consider the function f : X ! Y defined by

f ðxÞ ¼
X

fpgðxÞyg : g [ Gg:
For each j in X there is a neighborhood Nj of j and a finite subset F of G with

pgðxÞ ¼ 0 for x [ Nj and g [ G \F:

Thus

f ðxÞ ¼
X

fpwðxÞyw : w [ Fg
for all x in Nj. Hence f is well defined on Nj and is continuous at j. This shows
that f is well defined and continuous on X.

Since, for all x in X,

f ðxÞ ¼
X

pgðxÞyg : g [ G and pgðxÞ . 0
n o

;

and

yg [ BðFðxÞ; rÞ; when pgðxÞ . 0;

it follows that f ðxÞ is a finite convex combination of points in BðFðxÞ; rÞ and so
belongs to this convex set. Thus f is the required continuous selector for

BðFðxÞ; rÞ. A

Proof of Theorem 1.1. The plan is to construct a sequence of set-valued

functions

F0 ¼ F; F1; F2;…

and a sequence of continuous functions

f1; f2; f3;…

in the order
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F0 ¼ F; f1; F1; f2; F2;…

satisfying the following conditions:

(1) Fi is a lower semi-continuous set-valued function with nonempty

convex values for i $ 0;

(2) FiðxÞ , Fi�1ðxÞ, i $ 1;

(3) diamFiðxÞ # 2�iþ1, i $ 1;

(4) fiþ1 is a continuous selector for BðFið·Þ; 2�i�1Þ, i $ 0;

(5) Fiþ1ðxÞ ¼ FiðxÞ> Bðfiþ1ðxÞ; 2�i�1Þ, for x [ X and i $ 0.

Once this construction is complete it will be easy to show that the functions

f1, f2, … converge to the required selector for F.

Clearly the choice F0 ¼ F satisfies (1) by our hypotheses and satisfies the

conditions (2) and (3) which are vacuous when i ¼ 0.

Suppose that for some i $ 0, the set-function Fi has been chosen satisfying

the conditions (1), (2) and (3). Using Lemma 1.2 we choose a continuous

selector fiþ1 for the expanded set-function BðFið·Þ; 2�i�1Þ, ensuring that (4)

holds for this i.

We now take

Fiþ1ðxÞ ¼ FiðxÞ> B fiþ1ðxÞ; 2�i�1
� �

;

for x [ X, in order to satisfy (5), for this i. We have to verify that this choice

satisfies (1), (2) and (3) for iþ 1. Since

fiþ1ðxÞ [ B FiðxÞ; 2�i�1
� �

;

we have

kfiþ1ðxÞ � yk , 2�i�1

for some y [ FiðxÞ. Thus
FiðxÞ> B fiþ1ðxÞ; 2�i�1

� �
– �:

Hence Fiþ1 takes nonempty values that are convex, since FiðxÞ and

Bðfiþ1ðxÞ; 2�i�1Þ are both convex. We also have

diamFiþ1ðxÞ # diamB fiþ1ðxÞ; 2�i�1
� �

# 2�i:

To obtain (1), (2) and (3) for iþ 1 it remains to prove that Fiþ1 is lower semi-

continuous. This needs a special argument.

Let G be any open set in Y . We need to show that F�1
iþ1ðGÞ is open. Consider
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any point j in F�1
iþ1ðGÞ. Then there is a point h of Y with

h [ Fiþ1ðjÞ> G

¼ FiðjÞ> B fiþ1ðjÞ; 2�i�1
� �

> G:

Now h belongs to

FiðjÞ> B fiþ1ðjÞ; 2�i�1 � l
� �

> G

for some suitably chosen l . 0. Since Fi is lower semi-continuous and

B fiþ1ðjÞ; 2�i�1 � l
� �

> G

is an open set meeting FiðjÞ, the set
U ¼ F�1

i Bðfiþ1ðjÞ; 2�i�1 � lÞ> G
� �

is an open set containing j. Since fiþ1 is continuous, the set

V ¼ x : kfiþ1ðjÞ � fiþ1ðxÞk , l
� �

is also an open set containing j. For x [ V , we have

B fiþ1ðxÞ; 2�i�1
� �

. B fiþ1ðjÞ; 2�i�1 � l
� �

:

Thus for x [ U > V , we have

Fiþ1ðxÞ> G ¼ FiðxÞ> B fiþ1ðxÞ; 2�i�1
� �

> G

. FiðxÞ> B fiþ1ðjÞ; 2�i�1 � l
� �

> G

– �

using the definitions of U. This shows that F�1
iþ1ðGÞ contains the open set U >

V containing j. Hence F�1
iþ1ðGÞ is open and Fiþ1 is lower semi-continuous as

required. The inductive construction is now complete.

The conditions (4) and (2) ensure that

fiþ1ðxÞ [ B FiðxÞ; 2�i�1
� �

, B Fi�1ðxÞ; 2�i�1
� �

;

fiðxÞ [ B Fi�1ðxÞ; 2�i
� �

;

so that fiðxÞ, fiþ1ðxÞ both belong to the set BðFi�1ðxÞ; 2�iÞ which by (3) has

diameter at most

2�iþ2 þ 2 £ 2�i , 2�iþ3:
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This ensures that the sequence f1; f2;… converges uniformly to a function, f

say, that is necessarily continuous. The conditions (4) and (2) ensure that

fiðxÞ [ B FðxÞ; 2�i
� �

:

Since FðxÞ is closed we necessarily have f ðxÞ [ FðxÞ, and we have the

required continuous selector. A

Proof of Theorem 1.2. Since u is a linear map of Y onto X, each set u�1ðxÞ, with
x [ X, is nonempty and convex. Since u is continuous, each set u�1ðxÞ, with
x [ X, is also closed. Since u is a continuous linear map Y onto X, the open

mapping theorem, see for example [69], applies and UðGÞ is open in X when-

ever G is open in Y . Hence, for each open G in Y ,

x : u�1ðxÞ> G – �
n o

¼ fx : x [ uðGÞg
is open in X. Thus u�1ðxÞ is a lower semi-continuous set-valued map from X to

Y taking only nonempty closed convex values. Now the conditions of

Michael’s selection theorem are satisfied and Theorem 1.2 follows. A

It will be useful at this stage to obtain two further consequences of

Michael’s theorem.

Theorem 1.3 Let C be a closed convex set in a Banach space Y and let e be
positive. Then there is a retraction g of Y to C with

kgðyÞ � yk # ð1þ eÞ inffkc � yk : c [ Cg
for all y in Y.

Theorem 1.4 Let f be a function of the first Baire class from a metric space

X to a Banach space Y and suppose that f takes its values in a closed convex

set C in Y. Then f is also of the first Baire class when regarded as a map from

X to C.

Proof of Theorem 1.3. Write

rðyÞ ¼ infc[Ckc � yk
and

BðyÞ ¼ fz : kz � yk # ð1þ eÞrðyÞg
for all y in Y . We wish to prove that

BðyÞ> C
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is a lower semi-continuous set-valued function. It clearly has nonempty closed

convex values.

Consider any y0 in Y and any open set G that meets

Bðy0Þ> C:

Choose h . 0 and c0 in Bðy0Þ> C > G so that

Bðc0;hÞ , G ðc0 ¼ y0 if c0 is in CÞ:
Then

kc0 � y0k # ð1þ eÞrðy0Þ:
Choose c1 in C with

kc1 � y0k # 1þ 1

2
e

� �
rðy0Þ;

(c1 ¼ c0 ¼ y0 if y0 is in C). Consider first the case when c1 – c0. In this case

we write

c2 ¼ ð1 � uÞc0 þ uc1;

with

u ¼ min 1;
1
2
h

kc1 � c0k

( )
:

Then 0 , u # 1 and

kc2 � c0k ¼ kuðc1 � c0Þk #
1

2
h;

so that c2 [ G. Also

ky0 � c2k ¼ kð1 � uÞðy0 � c0Þ þ uðy0 � c1Þk

# ð1 � uÞky0 � c0k þ uky0 � c1k

# ð1 � uÞð1þ eÞ þ u 1þ 1

2
e

� �� 	
rðy0Þ

¼ 1þ e � 1

2
ue

� �
rðy0Þ:

Since
jrðyÞ � rðy0Þj # ky � y0k;

for all y in Y , we have

ky � c2k # ð1þ eÞrðyÞ
and
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BðyÞ> C > G – �;

for all y sufficiently close to y0. We reach the same conclusion, by a simpler

version of this argument, in the case when c1 ¼ c0 by taking c2 ¼ c0, and

noting that c2 [ C > G and

kc2 � y0k # 1þ 1

2
e

� �
rðy0Þ;

so that

kc2 � yk # ð1þ eÞrðyÞ;
for all y sufficiently close to y0, but not in C. In the case that y0 [ C, for y [ C

sufficiently close to y0, we also get that BðyÞ> C > G – �. Thus Bð·Þ> C is

lower semi-continuous.

Using Michael’s Theorem 1.1 we take gðyÞ to be a continuous selector for

the set-valued map F defined by

FðyÞ ¼ BðyÞ> C:

This gðyÞ is a retraction of Y to C with the required property. A

Proof of Theorem 1.4. Since f is of the first Baire class, f is the pointwise limit

of a sequence f1; f2;… of continuous functions from X to Y . By Theorem 1.3

we can take g to be a retraction from Y to C. Since a retraction is continuous,

each function g � fi is continuous from X to C. Again, for each x in X,

gðfiðxÞÞ ! gðf ðxÞÞ ¼ f ðxÞ
as i ! 1. Thus f is of the first Baire class when regarded as a function from X

to C. A

1.2 RESULTS OF KURATOWSKI AND RYLL-NARDZEWSKI

In this section we establish an abstract selection theorem of Kuratowski and

Ryll-Nardzewski and we draw from it one of the various corollaries that they

obtain.

We say that a family L of sets in a space X is a field if

X \ A; A< B and A> B

belong to L whenever A and B belong to L. We use sL to denote the family of

all countable unions of sets from L. For example, if X is a metric space and L
is the family of all sets that are both F s-sets and Gd-sets, then L is a field and

sL is the family of all F s-sets in X.

Theorem 1.5 (Kuratowski and Ryll-Nardzewski) Let X be any space and
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let L be a field of sets of X. Let Y be a complete separable metric space. Let F

be a set-valued function from X to Y, taking only nonempty closed values, and

such that

F�1ðGÞ [ sL;
whenever G is open in Y. Then F has a selector f with the property

f �1ðGÞ [ sL;
whenever G is open in Y.

This has an immediate consequence.

Corollary 1.1 (Kuratowski and Ryll-Nardzewski) Let X be a metric space

and let Y be a complete separable metric space. Let F be a lower semi-

continuous set-valued function from X to Y, taking only nonempty closed

values. Then F has a selector of the first Borel class.

Before we prove the main theorem we need a lemma.

Lemma 1.3 Let S be a countably additive family of sets of a space X. Let Y

be a metric space. Let f1; f2;… be a sequence of functions from X to Y conver-

ging uniformly to a function f . Suppose that, for n $ 1,

f �1n ðGÞ [ S;
whenever G is open in Y. Then

f �1ðGÞ [ S;
whenever G is open in Y.

Proof. Let d be the metric on Y . By the uniform convergence we can choose

integers

mðnÞ; n $ 1;

with mðnÞ . n; and

supfdðfmðnÞðxÞ; f ðxÞÞ : x [ Xg # 1=n;

for n $ 1.

Consider any open set G in Y . Write

G ¼
[1
n¼1

Gn;

with
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Gn ¼ fy : dðy; Y \GÞ . 1=ng
open in Y . We verify that

f �1ðGÞ ¼
[1
n¼1

f �1mðnÞðGnÞ:

If j [ f �1ðGÞ, then
f ðjÞ [ G;

so that

fmðnÞðjÞ [ Gn;

for all sufficiently large n, and

j [
[1
n¼1

f �1mðnÞðGnÞ:

Now suppose that

j [ f �1mðnÞðGnÞ
for some n $ 1. Then we have

dðfmðnÞðjÞ ;Y \GÞ . 1=n;

as well as

dðfmðnÞðjÞ; f ðjÞÞ # 1=n;

so that f ðjÞ [ G and j [ f �1ðGÞ. By the condition on the functions fn, n $ 1,

the set

f �1ðGÞ ¼
[1
n¼1

f �1mðnÞðGnÞ

belongs to the countably additive family S , as required. A

Proof of Theorem 1.5. By a trivial change of the metric d on Y we may suppose

that Y has diameter less than 1. Since Y is separable we can choose a sequence

r1; r2;… of points dense in Y . We obtain the selector f as the uniform limit of a

sequence f0; f1;… of functions from X to Y , each function taking its values

from the sequence r1; r2;…. We construct this sequence to satisfy the condi-

tions:

(a) f �1n ðGÞ [ sL, whenever G is open in Y and n $ 0;

(b) dðfnðxÞ;FðxÞÞ , 2�n for all x and n $ 0; and

(c) dðfnðxÞ; fn�1ðxÞÞ , 2�nþ1 for all x and n $ 1.
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We start the construction by taking f0ðxÞ ¼ r1 for all x. Then either r1 � G

and

f �10 ðGÞ ¼ � ¼ F�1ð�Þ;
or r1 [ G; and

f �1ðGÞ ¼ X ¼ F�1ðXÞ
and f �1ðGÞ [ sðLÞ for every subset G of Y . Further

dðf0ðxÞ;FðxÞÞ , 1;

as Y has diameter less than 1. Thus the conditions (a) and (b) are satisfied when

n ¼ 0.

Now suppose that n $ 1 and that fn�1 has been chosen to satisfy the condi-

tions (a) and (b). Write

CðnÞ
i ¼ F�1 Bðri; 2�nÞ


 �
; ð1:1Þ

DðnÞ
i ¼ f �1n�1 Bðri; 2�nþ1Þ

� �
; ð1:2Þ

AðnÞ
i ¼ CðnÞ

i > DðnÞ
i : ð1:3Þ

Then CðnÞ
i and DðnÞ

i , and so also AðnÞ
i , belong to sL. We explain that we have

chosen these sets to ensure that, if x belongs to AðnÞ
i and fn is assigned the value

ri at x, then, as we shall see, the conditions (b) and (c) will be satisfied.

We verify that

X ¼
[1
i¼1

AðnÞ
i :

For each j in X, condition (b) ensures that there is a point h of FðjÞ with
dðh; fn�1ðjÞÞ , 2�nþ1:

Since the sequence r1; r2;… is dense in Y , we can choose i with

dðri;hÞ , min 2�n; 2�nþ1 � dðh; fn�1ðjÞÞ
n o

:

This ensures that

d ri; fn�1ðjÞ

 �

, 2�nþ1

and

d ri;FðjÞ

 �

# dðri;hÞ , 2�n:

Thus

j [ F�1 Bðri; 2�nÞ

 � ¼ CðnÞ

i ; ð1:4Þ
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j [ f �1n�1 Bðri; 2�nþ1Þ
� �

¼ DðnÞ
i ð1:5Þ

and j [ AðnÞ
i . Hence

X ¼
[1
i¼1

AðnÞ
i ;

as required.

At this stage it is tempting to define fn by assigning the value ri to fn at xwith

i the smallest integer with x [ AðnÞ
i . If we did this we would satisfy (b) and (c);

however, we would not obtain (a). To obtain (a), (b) and (c) simultaneously

Kuratowski and Ryll-Nardzewski have to be more subtle.

Since AðnÞ
i [ sL, we can write

AðnÞ
i ¼

[1
j¼1

EðnÞ
i;j

with each set EðnÞ
i;j in L. Let EðnÞ

k , k ¼ 1; 2;… be a rearrangement of the double

sequence

EðnÞ
i;j ; i $ 1; j $ 1;

as a single sequence. Write

LðnÞk ¼ EðnÞ
k

� [
‘,k

EðnÞ
‘
:

Then X is the disjoint union

X ¼
[1
k¼1

LðnÞk

of sets belonging to L.
For each k, let EðnÞ

iðkÞ;jðkÞ be the original name for the set EðnÞ
k . We define the

function fn by taking

fnðxÞ ¼ riðkÞ; when x [ LðnÞk :

Now, if G is any set in Y (open or not),

f �1n ðGÞ ¼
[

LðnÞk : riðkÞ [ G
n o

;

which is a set of sL. Thus (a) holds for this n. Further, for j in X, we can

choose k with j [ LðnÞk . Then

j [ EðnÞ
k ¼ EðnÞ

iðkÞ;jðkÞ , AðnÞ
iðkÞ ¼ CðnÞ

iðkÞ > DðnÞ
iðkÞ

and
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fnðjÞ ¼ riðkÞ;

so that, by (1.4) and (1.5),

j [ Cn
iðkÞ ¼ F�1 BðriðkÞ; 2�nÞ


 �
and

j [ Dn
iðkÞ ¼ f �1n�1 BðriðkÞ; 2�nþ1Þ

� �
:

Hence

d fnðjÞ;FðjÞ

 � ¼ d riðkÞ;FðjÞ


 �
, 2�n

and

d fnðjÞ; fn�1ðjÞ

 � ¼ d riðkÞ; fn�1ðjÞ


 �
, 2�nþ1:

Thus the conditions (b) and (c) also hold. This completes the construction.

By the condition (c) and the completeness of Y , the sequence of functions

f0; f1;… converges uniformly to a function, say f , from X to Y . Since FðxÞ is
closed for each x in X, the condition (b) ensures that f is a selector for F. By

Lemma 1.3, with S ¼ sL, f satisfies the requirement that f �1ðGÞ [ sL
whenever G is open in Y . A

1.3 REMARKS

1. Michael proves his selection theorem in the more general case when X is a

paracompact space. The version of Michael’s proof given can easily be

modified to cover this case; it is enough to note that Lemma 1.1 holds for

any paracompact space X.

2. E. Michael [54] also obtains the following remarkable converse to this

theorem.

Let X be a T1 topological space. If every lower semi-continuous set-

valued function F from X to a Banach space Y , taking only nonempty

closed convex values, has a continuous selector, then X is necessarily

paracompact.

3. The following simple example shows that the convexity of the values of

the set-valued function is essential for the validity of Michael’s theorem.

Take F to be the set-valued function from the open interval ð0; 1Þ to the

real line R defined by

FðxÞ ¼ f0g; if 0 , x #
1

3
; ð1:6Þ
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FðxÞ ¼ f0; 1g; if
1

3
, x ,

2

3
; ð1:7Þ

FðxÞ ¼ f1g; if
2

3
# x , 1: ð1:8Þ

It is easy to verify that F is a lower semi-continuous set-valued function

with nonempty compact values that has no continuous selector.

4. Lower semi-continuous set functions have a peculiar property. Let F be a

lower semi-continuous set-valued function from X to Y . Let HðxÞ be a

dense subset of FðxÞ chosen separately for each x in X. No matter howH is

chosen in this way, it is lower semi-continuous. For this reason one

usually works with lower semi-continuous set-valued functions that

only take closed values, or that are ‘‘fat’’ like the function BðFð·Þ; rÞ
considered in Lemma 1.2.

5. Let Y be a Banach space taken with its norm metric. Let X be the space of

nonempty closed bounded convex sets in Y with the Hausdorff metric. Let

I be the set-valued function from X to Y that assigns to each nonempty

closed bounded convex set K in Y , regarded as a point of X, the set

IðKÞ ¼ K

regarded as a set in Y . Then I is a lower semi-continuous set-valued

function taking only nonempty closed (bounded) convex values. Hence

there is a continuous selector k : X ! Y for I that assigns to each none-

mpty closed bounded convex sets in Y one of its points.

6. The problem of the continuous selection of a point from a nonempty

bounded closed convex set in Rd is of considerable geometric interest.

We use the notation of Remark 5.

(a) The most ‘‘obvious’’ selector is perhaps to take kðKÞ to be the center of
gravity or centroid of the nonempty convex set K in Rd. However, this

selector is not continuous even in the case d ¼ 2. Let TðuÞ be the,

sometimes degenerate, triangle defined by

0 # x # 1; �x tan u # y # x tan u;

for 0 # u # 1
4
p. When u ¼ 0, the center of gravity is the point ð1

2
; 0Þ,

when 0 , u # 1
4
p, the center of gravity is the point ð2

3
; 0Þ.

(b) A better choice in Rd is to take kðKÞ to be the center of the sphere of

minimal radius that contains K. The sphere of minimal radius is unique

and kðKÞ is a point of K that varies continuously with K. This selector

has the disadvantage that even when K has an inner point, kðKÞmay lie

on the boundary of K.
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(c) A bad choice in Rd is to take kðKÞ to be the center of the maximal

spherical ball (of some dimension) contained in K. This point is not in

general well defined (consider a rectangle in R2).

(d) An elegant choice is the Steiner point. Let K be a nonempty closed

bounded convex point in Rd. Let

HðuÞ ¼ supfhx; ui : x [ Kg
be the support function of K. Take

sðKÞ ¼
R
Sd�1 uHðuÞ dwR
Sd�1 ha;ui dw

;

with dw the ðd � 1Þ-dimensional volume element on the unit sphere

Sd�1 in Rd and with a a fixed unit vector, its direction being

irrelevant. Then sðKÞ is the Steiner point of K. An alternative

definition that gives a clearer idea of the construction of s that

may be used when K is strictly convex. For each unit vector u
let cðuÞ be the point of contact of the hyperplane perpendicular to

u touching K at a point cðuÞ admitting u as an outward normal to

K. Then

sðKÞ ¼
R
Sd�1 cðuÞ dwR

Sd�1 dw
:

The Steiner point varies continuously with K and always lies in the

relative interior of K, when K has positive dimension. See, for

example, [11] or [16, chapter 14].

(e) Although the choices (b) and (d) move with K under any rigid motion,

they are not invariant under affine transformations. Indeed no contin-

uous selector can be invariant under affine transformations. Such a

selector would have to assign the center of gravity to any equilateral

triangle, and so also to any triangle. It would also have to assign the

midpoint to any line segment. This is impossible by (a).

(f) For a more sophisticated approach to such selections in Banach spaces

see chapter 4.

7. Michael [54] states the Bartle–Graves Theorem explicitly, attributing it to

Bartle and Graves [3]. However, although their paper contains many

interesting results, it is not easy to find this theorem in their paper.

8. If f is a function of Baire class a from a metric space X to a Banach space

Y , taking only values in a closed convex set Y , then f is also of Baire class

a when regarded as a map from X to C. This may be proved by a modi-

fication of the proof of Theorem 1.4.
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9. In the Corollary to Theorem 1.5, it is not essential for X to be a metric

space, it is enough to suppose that X is a Hausdorff space where each

closed set is a Gd-set.

10. We quote another of the consequences that Kuratowski and Ryll-Nard-

zewski draw from their theorem. Let a be a countable ordinal. Let F be a

set-valued function from a metric space X to a complete separable metric

space Y , taking only nonempty closed values, with the property that

F�1ðGÞ is of additive Borel class a for each open set G in Y . Then F

has a selector f of Borel class a. This is obtained easily from Theorem 1.5

by taking L to be the family of sets in X of ambiguous class a. Kuratowski
and Ryll-Nardzewski obtain further interesting corollaries in their note.

Hansell [20] gives a number of results extending the work of Kuratowski

and Ryll-Nardzewski to nonseparable spaces. See also the result of

Srivatsa, Theorem 6.4 below.

11. We now analyze the version of Michael’s proof of his continuous selec-

tion theorem from the point of view expressed in the introduction. Our

starting point is a metric space X, a Banach space Y and a lower semi-

continuous set-valued function F that takes only nonempty closed convex

values in Y . During the course of the proof we find that we need to study

new set-valued functions constructed inductively from F, with the same

properties as F. The proof becomes purely constructive once we have

proved Lemma 1.2, not only for the given set-valued function F, but

also for the set-valued functions constructed inductively from F. In

Lemma 1.2, the starting point is the metric space X, the Banach space

Y , the lower semi-continuous set-valued function F from X to Y taking

only nonempty closed convex values in Y , and the positive real number r.

In the proof, one introduces the family

fBðyÞ : y [ Yg
of open balls in Y . By the lower semi-continuity of F the family

fF�1ðBðyÞÞ : y [ Yg
is an open cover of X. Using Lemma 1.1 there will be a partition of unity

fpg : g [ Gg
on X refining the family

fF�1ðBðyÞÞ : y [ Yg
so that for each g in G, there is a yg in Y , with

fx : pgðxÞ . 0g , F�1 BðygÞ
� �

:
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However, to obtain this partition of unity requires extensive use of the

axiom of choice. Once the extra structure has been found in this way, the

rest of the proof of the lemma is purely constructive. As we have

remarked, the deduction of the theorem from the lemma is also construc-

tive.
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Chapter 2

Functions that are constant on the sets of a disjoint
discretely s-decomposable family of F s-sets

Most of the selectors that we construct in subsequent chapters are obtained as

uniform limits of certain ‘‘approximate selectors’’ that are point-valued func-

tions which are constant on the sets of some partition of a space into a disjoint

discretely s-decomposable family of F s-sets. Our aim in this chapter is to

define and construct such partitions of space and to obtain properties of such

functions and their limits. The main conclusions are summarized in Theorem

2.1.

First we need to define one term and to derive some results in the theory of

nonseparable metric spaces as developed by Montgomery [59], Stone [76–78]

and Hansell [19].

A family fSg : g [ Gg of sets in a topological space X is said to be discrete if

each point x of X has a neighborhood Nx such that

Nx > Sg – �;

for at most one g in G. A family fSg : g [ Gg is said to be discretely s-
decomposable if it is possible to write

Sg ¼
[1
n¼1

SðnÞg ; for g [ G;

with each family

fSðnÞg : g [ Gg; n $ 1;

discrete in X.

2.1 DISCRETELY s-DECOMPOSABLE PARTITIONS OF A METRIC

SPACE

In this section we develop results concerning discretely s-decomposable parti-

tions of a metric space into F s-sets. We prove a series of lemmas.

Lemma 2.1 Let G be an ordinal and let



fGg : g [ Gg
be an open cover of a metric space X. Write

Ug ¼ Gg

[
fGb : 0 # b , gg;

/
for g [ G. Then

fUg : g [ Gg
is a disjoint discretely s-decomposable cover of X by F s-sets.

Proof. Let d be the metric on X. For each g in G and each n $ 1, write

GðnÞ
g ¼ fx : Bðx; 2�nÞ , Ggg;

where we use Bðx; rÞ to denote

Bðx; rÞ ¼ fy : dðy; xÞ , rg:
Then GðnÞ

g is closed for n $ 1, and

Gg ¼
[1
n¼1

GðnÞ
g :

Write

UðnÞ
g ¼ GðnÞ

g

[
fGb : 0 # b , gg

/
and

Ug ¼
[1
n¼1

UðnÞ
g :

Then each set UðnÞ
g is closed and

fUg : g [ Gg
is a disjoint cover of X by F s-sets.

Suppose n $ 1 and consider the family

fUðnÞ
g : g [ Gg:

If x [ X, it may happen that the neighborhood Bðx; 2�n�1Þ of x meets none of

the sets

UðnÞ
g ; g [ G:

If this does not happen, there will be a smallest ordinal g� for which

Bðx; 2�n�1Þ> UðnÞ
g – �:
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In this case there is a point y in UðnÞ
g� with

dðx; yÞ , 2�n�1:

Now y [ GðnÞ
g� and

Bðy; 2�nÞ , Gg� :

Hence

Bðx; 2�n�1Þ , Gg� ;

ensuring that

Bðx; 2�n�1Þ> UðnÞ
g ¼ �;

for g� , g , G, as well as for 0 # g , g�. This shows that the family

fUðnÞ
g : g [ Gg

is discrete in X, as required. A

Lemma 2.2 Let fUg : g [ Gg be a disjoint discretely s-decomposable
family ofF s-sets in a topological space X. Then, for each g in G, we can write

Ug ¼
[1
i¼1

FðiÞ
g ; g [ G;

with

Fð1Þ
g , Fð2Þ

g , …; g [ G;

and with the family

fFðiÞ
g : g [ Gg

a discrete family of closed sets for i $ 1.

Proof. Since the family fUg : g [ Gg is a family of F s-sets, we can write

Ug ¼
[1
j¼1

HðjÞ
g ; g [ G;

with each set HðjÞ
g , j $ 1, g [ G, closed in X. Since the family fUg : g [ Gg is

discretely s-decomposable we can write

Ug ¼
[1
k¼1

IðkÞg ; g [ G;

with each family
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fIðkÞg : g [ Gg; k $ 1

discrete in X. Then each family

fcl IðkÞg : g [ Gg; k $ 1

is also discrete in X. Write

Jðj;kÞg ¼ HðjÞ
g > cl IðkÞg ; j; k $ 1; g [ G:

Then

Ug ¼
[
j;k$1

Jðj;kÞg ; g [ G;

with each family

fJðj;kÞg : g [ Gg; j; k $ 1;

a discrete family of closed sets.

For i $ 1, write

FðiÞ
g ¼

[
jþk#iþ1

Jðj;kÞg ; g [ G:

Then

Fð1Þ
g , Fð2Þ

g , …;

[1
i¼1

FðiÞ
g ¼ Ug

and each set FðiÞ
g , i $ 1, g [ G, is closed.

We verify that each family

fFðiÞ
g : g [ Gg; i $ 1;

is discrete in X. Consider a fixed i $ 1 and a fixed x in X. First consider the

case when x belongs to the set Ug� with g
� [ G. Then x belongs to none of the

sets Ug with g – g� and so, for each pair j, k with jþ k # iþ 1, the point x

belongs to no set in the discrete family

fJðj;kÞg : g [ G; g – g�g
and we can choose a neighborhood Nðj;kÞ of x that meets none of these sets.

Thus

N ¼
\

jþk#iþ1

Nðj;kÞ

is a neighborhood of x that meets none of the sets
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FðiÞ
g ¼

[
jþk#iþ1

Jðj;kÞg ; g [ G; g – g�:

Thus N meets at most one of the sets fFðiÞ
g : g [ Gg. Similarly, if x belongs to

no set Ug, g [ G, then N can be chosen to meet no set of the family

fFðiÞ
g : g [ Gg. Thus this family is discrete, as required. A

Lemma 2.3 Let X be a topological space. Let

fUg : g [ Gg
be a disjoint discretely s-decomposable family of F s-sets covering X.

Suppose that, for each g in G,

fVgu : u [ QðgÞg
is a disjoint discretely s-decomposable family of F s-sets relative to Ug and

covering Ug. Then

fVgu : u [ QðgÞ; g [ Gg
is a disjoint discretely s-decomposable family of F s-sets relative to X and

covering X.

Proof. Since a relative F s-set of an F s-set is an F s-set, it is clear that

fVgu : u [ QðgÞ; g [ Gg
is a disjoint family of F s-sets covering X. We need to prove this family is

discretely s-decomposable.

Since the family

fUg : g [ Gg
is a discretely s-decomposable family of F s-sets, Lemma 2.2 ensures that we

can write

Ug ¼
[1
j¼1

UðjÞ
g ; g [ G;

with each family

fUðjÞ
g : g [ Gg; j $ 1;

a discrete family of closed sets. Similarly, for each g [ G, we can write

Vgu ¼
[1
k¼1

V ðkÞ
gu ; u [ QðgÞ;

with each family
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fV ðkÞ
gu : u [ QðgÞg; k $ 1;

a relatively discrete family of relatively closed sets in Ug. Now, for j, k $ 1,

the family

fUðjÞ
g > V ðkÞ

gu : u [ QðgÞg
is a discrete family of closed sets in X. Indeed, for j, k $ 1, the whole family

fUðjÞ
g > V ðkÞ

gu : u [ QðgÞ; g [ Gg
is a discrete family of closed sets in X. To see this, consider any x in X. Choose

a neighborhood N1 of X that meets no set or just the set with g ¼ g�, in the

family

fUðjÞ
g : g [ Gg:

If necessary, choose a second neighborhood N2 , N1 of x that meets no set or

just the set with u ¼ u� in the family

fUðjÞ
g� > V ðkÞ

g�u : u [ Qðg�Þg:
Then N2 can only meet the one set

U
ðjÞ
g� > V ðkÞ

g�u�

in the family

fUðjÞ
g > V ðkÞ

gu : u [ QðgÞ; g [ Gg:
Hence this family is discrete in X.

Since [1
j;k¼1

UðjÞ
g > V ðkÞ

gu ¼ Vgu; u [ Q; g [ G;

it is now clear that the family

fVgu : u [ QðgÞ; g [ Gg
is discretely s-decomposable. A

Lemma 2.4 Let X be a topological space and suppose that

fUg : g [ Gg
and

fVu : u [ Qg
are both disjoint discretely s-decomposable families of F s-sets covering X.
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Then

fUg > Vu : g [ G; u [ Qg
is a disjoint discretely s-decomposable family of F s-sets covering X.

Proof. The result follows either by use of the method used to prove Lemma 2.3

or by applying Lemma 2.3 with

QðgÞ ¼ Q; for g [ G;

and

Vgu ¼ Ug > Vu; u [ QðgÞ; g [ G: A

2.2 FUNCTIONS OF THE FIRST BOREL AND BAIRE CLASSES

In this section we develop results concerning functions of the first Borel and

Baire classes and also functions that are constant on the sets of a discretely s-
decomposable partition of a metric space into F s-sets.

We start with a remark. By Lemma 1.3 with S the family ofF s-sets, we see

that

if f1; f2;… is a sequence

of functions of the first Borel class, from a topological space X to a metric

space Y , that converges uniformly to a function f , then f is of the first Borel

class.

Following Hansell [19] we say that a family of sets B is a base for a family

of sets U if each set U of U is the union of the sets of B that it contains. A

family of sets B is said to be a base for a function f from a space X to a
topological space Y if B is a base for the family

ff �1ðGÞ : G open in Yg:
We say that a function f from one metric space X to a second metric space Y

is s-discrete if f has a s-discrete base.

Lemma 2.5 Let X be a topological space and let Y be a metric space. The

uniform limit of a sequence of s-discrete functions from X to Y will be s-
discrete.

Proof. Let ffng be a sequence of s-discrete functions from X to Y converging

uniformly to a function f . For each n $ 1, let Bn be a s-discrete base for the
family

ff �1n ðGÞ : G open in Yg:
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Write

B ¼
[

fBn : n $ 1g:
We verify that B is a s-discrete base for the family

ff �1ðGÞ : G open in Yg:
The family B is clearly s-discrete. It suffices to prove that if G is open in Y

then f �1ðGÞ is the union of those sets of B that it contains. Consider any point

x� of f �1ðGÞ. Then f ðx�Þ [ G. Let r be the metric on Y . Choose e . 0 so that

the ball

Bðf ðx�Þ; eÞ ¼ fy : rðy; f ðx�ÞÞ , eg
is contained in G. Choose n so large that

rðfnðxÞ; f ðxÞÞ ,
1

3
e

for all x in X. Then

B fnðx�Þ;
1

3
e

� �
is an open set in Y containing fnðx�Þ. So we can choose a set B in Bn with

x� [ B and fnðBÞ , Bðfnðx�Þ; 13 eÞ. Now all points b in B satisfy

rðf ðbÞ; f ðx�ÞÞ # rðf ðbÞ; fnðbÞÞ þ rðfnðbÞ; fnðx�ÞÞ þ rðfnðx�Þ; f ðx�ÞÞ

# e;

so that

x� [ B and f ðBÞ , G:

Thus x� belongs to the set B of B contained in f �1ðGÞ, as required. A

Lemma 2.6 Let f be a s-discrete function of the first Borel class from one

metric space X to a second metric space Y. Then f has a s-discrete closed

base.

Proof. Since f is s-discrete we can choose a base for f of the form

B ¼ fBu : u [ Qg;
with

Q ¼
[1
n¼1

QðnÞ;

and each family
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Bn ¼ fBu : u [ QðnÞg
discrete in X.

Since Y is a metric space we can choose an open s-discrete base for the

open sets of Y , say

G ¼ fGw : w [ Fg;
with

F ¼
[1
m¼1

FðmÞ;

and each family

Gm ¼ fGw : w [ FðmÞg;
discrete in Y (disjoint would suffice).

Since f is of the first Borel class each set

f �1ðGwÞ; w [ F;

is an F s-set, say

Fw ¼
[1
‘¼1

Fð‘Þ
w ; w [ F;

with each Fð‘Þ
w closed in X.

We study the family of sets

Hð‘Þ
uw ¼ �Bu > Fð‘Þ

w ; u [ Q; w [ F; Bu , Fw; ‘ [ N:

Note that if w is fixed

Bu ,
[1
‘¼1

�Bu > Fð‘Þ
w , Fw ;

whenever Bu , Fw. Since B is a base for f , for each w in F we have

f �1ðGwÞ ¼ Fw

¼
[

Bu : u [ Q;Bu , Fw

n o
,
[

Hð‘Þ
uw : u [ Q;Bu , Fw; ‘ [ N

n o
, Fw:

Now each open set in Y is the union of the sets Gw that it contains and the

family

H ¼ Hð‘Þ
u;w : u [ Q; w [ F; Bu , Fw; ‘ [ N

n o
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is a closed base for f . The family H is the countable union of the families

H ð‘Þ
n;m ¼ Hð‘Þ

u;w : u [ QðnÞ; w [ FðmÞ; Bu , Fw

n o
;

‘, m, n [ N. We verify that each of these families is discrete in X. Note that

for fixed m, the sets

Gw : w [ FðmÞ
are disjoint. Hence, so are the sets

Fw : w [ FðmÞ
and, for fixed ‘, the sets

Fð‘Þ
w : w [ FðmÞ:

Now, for fixed u inQðnÞ, Bu – �, the condition Bu , Fw is satisfied for at most

one w in FðmÞ. Since the family

fBu : u [ QðnÞg
is discrete, so also is the family

f �Bu : u [ QðnÞg;
and so also the family

�Bu > Fð‘Þ
w : u [ QðnÞ; w [ FðmÞ; Bu , Fw

n o
:

Thus H is the required s-discrete closed base for f . A

Lemma 2.7 Let f be a function, from a metric space X to a metric space Y,

having a closed s-discrete base. Let e be positive. Then there is a function g

from X to Y that is constant on the sets of a discretely s-decomposable
partition of X into F s-sets and satisfies

jgðxÞ � f ðxÞj , e

for all x in X.

Proof. Let

B ¼ fBu : u [ Qg;
with

Q ¼
[1
n¼1

QðnÞ;

and with each family
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Bn ¼ fBu : u , QðnÞg
a discrete family of closed sets, be a closed s-discrete base for f . Since B is a

base for the family

ff �1ðGÞ : G open in Y and diam G , eg;
we may remove from B all sets Bu with diam f ðBuÞ $ e, and we still have a

base for f . We suppose that this removal process has been completed without

change of notation.

For n $ 1, write

Cn ¼
[

fBu : u [ QðnÞg:
Then Cn is closed for each n $ 1. Write

Du ¼ Bu

[
fCm : m , ng

/
for all u in QðnÞ, n $ 1. Then the family

D ¼ fDu : u [ Qg
is a disjoint family of F s-sets covering X. Further each family

Dn ¼ fDu : u [ QðnÞg
is discrete in X. Thus D is a s-discrete partition of X into F s-sets.

For each u in Q, for which Du – �, we have
diam f ðDuÞ # diam f ðBuÞ , e:

For each such u, choose yu in f ðDuÞ. Consider the function g defined on X by

taking

gðxÞ ¼ yu ; if x [ Du; u [ Q:

Clearly g is well defined and is constant on the sets of the s-discrete partition
of X intoF s-sets. Further, for each x in X, there is a unique u inQwith x [ Du

and so f ðxÞ and gðxÞ ¼ yu both lie in f ðDuÞ and
jgðxÞ � f ðxÞj , e: A

Lemma 2.8 Let f be a function, from a metric space X to a metric space Y,

having a closed s-discrete base. Then f is the uniform limit of a sequence of

functions, from X to Y, each being constant on the sets of a corresponding

discretely s-decomposable partition of X into F s-sets.

Proof. For each n $ 1, apply Lemma 2.7, with e ¼ 1=n, to construct a function

gn, from X to Y , constant on the sets of a discretely s-decomposable partition
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Dn of X into F s-sets and satisfying

jgnðxÞ � f ðxÞj , 1=n

for all x in X. This sequence g1, g2, … converges uniformly to f and satisfies

our requirements. A

Lemma 2.9 Let X and Y be metric spaces and let f be a function from X to Y

that is constant on each set of a discretely s-decomposable partition of X into

F s-sets. Then f is a s-discrete function of the first Borel class.

Proof. Let f be constant on the sets of the discretely s-decomposable partition

U ¼ fUg : g [ Gg
of X into F s-sets. We can write

Ug ¼
[1
i¼1

FðiÞ
g ; g [ G;

with each set FðiÞ
g closed in X and each family

fFðiÞ
g : g [ Gg; i $ 1;

discrete in X. Suppose that f is a function from X to Y that is constant on each

set of U. The family

fFðiÞ
g : g [ G; i $ 1g

is clearly a closed s-discrete base for the function f , and furthermore for each

set G in Y , open or not, f �1ðGÞ is a union of sets from this family and so is an

F s-set. Thus f is a s-discrete function of the first Borel class. A

Lemma 2.10 Let X and Y be metric spaces. Let f be a function from X to Y

that is the uniform limit of a sequence fn, n $ 1, of functions from X to Y, the

function fn being constant on each set of a discretely s-decomposable parti-

tion Un of X into F s-sets. Then f is a s-discrete function of the first Borel

class.

Proof. By Lemma 2.9, each function fn is a s-discrete function of the first

Borel class. Hence the limit function is of the first Borel class. By Lemma 2.5,

the limit function is s-discrete. A

Lemma 2.11 Let f be a function from one metric space X to another Y. If f

has a s-discrete base of closed sets, then the set of points of discontinuity of

f is an F s-set of the first Baire category in X.
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Proof. Let

B ¼ fBu : u [ Qg
be a closed s-discrete base for f with

Q ¼
[1
n¼1

QðnÞ;

and, with each family

Bn ¼ fBu : u [ QðnÞg;
a discrete family of closed sets.

Since Y is a metric space, we can choose a family

U ¼ fUw : w [ Fg;
with

F ¼
[1
m¼1

FðmÞ;

and with

Um ¼ fUw : w [ FðmÞg;
a discrete family of open sets; this familyU forms an open s-discrete base for
the open sets of Y .

Now f is continuous at a point x of X, if, and only if

x [ int f �1ðUÞ;
whenever

x [ f �1ðUÞ
and U [ U. Hence the set D of points of discontinuity of f takes the form

D ¼
[

f �1ðUwÞnint f �1ðUwÞ : w [ F
n o

:

Now, for w in F, the set f �1ðUwÞ takes the form[
fBu : u [ QðwÞg;

where QðwÞ is the set of u in Q for which

Bu , f �1ðUwÞ:
Thus D is contained in the set[

fBunintBu : u [ Qg ¼
[1
h¼1

fBunint Bu : u [ QðhÞg:
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Now, for h $ 1,

fBunintBu : u [ QðhÞg
is a discrete family of nowhere dense sets, and so the union of this family is

nowhere dense and D is of the first Baire category in X.

To prove that D is an F s-set, we rewrite the formula for D in the form

D ¼
[1
m¼1

[
f �1ðUwÞnint f �1ðUwÞ : w [ FðmÞ
n o

¼
[1
m¼1

[
Bunint f �1ðUwÞ : w [ FðmÞ and u [ QðwÞ
n o

¼
[1
m¼1

[
Bunint f �1ðUwÞ : w [ FðmÞ; u [ Q and Bu , f �1ðUwÞ
n o

:

For fixed m, the sets f �1ðUwÞ, w [ FðmÞ are disjoint, so that, for each u in Q,

there is at most one w inFðmÞ for which Bu , f �1ðUwÞ. LetQðmÞ be the set of u
in Q for which there is such a w and let wðm; uÞ denote this w with

Bu , f �1ðUwðm;uÞÞ. Now

D ¼
[1
m¼1

[
Bunint f �1ðUwðm;uÞÞ : u [ QðmÞ
n o

;

and D, being a countable union of s-discrete unions of closed sets, is an F s-

set. A

Our next lemmas use a modification of a technique of Banach [2].

Lemma 2.12 Let X be a metric space and let Y be an arcwise connected

(metric) space. Let fFg : g [ Gg be a discrete family of closed sets in X and let

fyg : g [ Gg be a set of points in Y. Then there is a continuous map f : X ! Y

with

f ðxÞ ¼ yg ; when x [ Fg ;

for each g in G.

Proof. Let r be the metric on X. (We do not make explicit use of the metric on

Y .) Let y� be any point in Y . For each g in G, choose an arc joining yg to y
� in

Y , that is a continuous function

wg : ½0; 1� ! Y ;

with
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wgð0Þ ¼ yg and wgð1Þ ¼ y�:

Note that in the important special case when Y is a convex set in a normed

linear space, we simply take

wgðtÞ ¼ yg þ tðy� � ygÞ; 0 # t # 1:

For each closed set F in X we write

dðx;FÞ ¼ inffrðx; f Þ : f [ Fg:
Then dðx;FÞ satisfies the Lipschitz condition

jdðx;FÞ � dðj;FÞj # rðx; jÞ
for all x, j in X. Further dðx;FÞ ¼ 0, if and only if x [ F.

We make use of some particular cases of this function. Write

dðxÞ ¼ d x;
[

fFg : g [ Gg
� �

;

dgðxÞ ¼ dðx;FgÞ; g [ G;

egðxÞ ¼ d x;
[

fFb : b [ G;b – gg
� �

; g [ G:

Note that the unions used in the definitions of dðxÞ and of egðxÞ are closed sets

since fFg : g [ Gg is a discrete family of closed sets. Note also that, when

a;b [ G and a – b, then

dðxÞ # eaðxÞ # dbðxÞ
for all x.

For each g in G introduce the set

Gg ¼ x : dgðxÞ ,
1

3
egðxÞ


 �
:

Clearly Gg is open and

Fg , Gg ;

since dgðxÞ ¼ 0 and egðxÞ $ 0 on Fg. We verify that the family

fGg : g [ Gg
is discrete.

We first use a simple argument to show that the sets Gg, g [ G, are disjoint.
Suppose that for some a;b [ G with a – b, we have

x [ Ga > Gb:

Then
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daðxÞ ,
1

3
eaðxÞ #

1

3
dbðxÞ;

dbðxÞ ,
1

3
ebðxÞ #

1

3
daðxÞ:

Adding these inequalities

daðxÞ þ dbðxÞ ,
1

3
daðxÞ þ dbðxÞ
� �

:

Hence

daðxÞ ¼ dbðxÞ ¼ 0

and

x [ Fa > Fb

contrary to our hypotheses. Thus the sets Gg, g [ G are disjoint.

We use a refinement of this argument to show that the family fGg : g [ Gg is
discrete. Consider any x� inX. If x� [ Fg� for some g� inG then x� has the open
neighborhood Gg� that meets no set Gg with g – g�. So we may suppose that

x� �
[

fFg : g [ Gg:
Then dðx�Þ . 0. Consider the neighborhood U of x� defined by

U ¼ x : rðx; x�Þ , 1

2
dðx�Þ


 �
:

Suppose that for some a;b in Gwith a – b, the setU meetsGa at some point a

and that U meets Gb at b. Then

daðaÞ ,
1

3
eaðaÞ #

1

3
dbðaÞ;

dbðbÞ ,
1

3
ebðbÞ #

1

3
daðbÞ:

Adding these inequalities, we obtain

daðaÞ þ dbðbÞ ,
1

3
dbðaÞ þ daðbÞ
� �

:

Using the Lipschitz conditions, we have

daðx�Þ þ dbðx�Þ � rða; x�Þ � rðb; x�Þ

,
1

3
daðx�Þ þ dbðx�Þ
� �

þ 1

3
rða; x�Þ þ rðb; x�Þ
 �

:

Thus
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4

3
dðx�Þ # 2

3
daðx�Þ þ dbðx�Þ
� �

,
4

3
rða; x�Þ þ rðb; x�Þ
 �

,
4

3
dðx�Þ;

since a and b belong to U. This is impossible. Consequently, fGg : g [ Gg is a
discrete family.

We now define the function g by taking

gðxÞ ¼ wg

4dgðxÞ
dgðxÞ þ egðxÞ

( )
; for x [ Gg; g [ G;

and

gðxÞ ¼ y�;

for

x [ F� ¼ X
[

fGg : g [ Gg
/

:

Note that on Gg, we have

dgðxÞ þ egðxÞ . 0;

since x cannot belong to the two sets

Fg and
[

fFb : b [ G; b – gg:
Further

4dgðxÞ
dgðxÞ þ egðxÞ

¼ 0

on Fg, and on Gg

0 #
4dgðxÞ

dgðxÞ þ egðxÞ
,

4
3
egðxÞ

1
3
egðxÞ þ egðxÞ

¼ 1:

Thus g is welldefined on X, and

gðxÞ ¼ yg on Fg for g [ G:

It remains to prove that g is continuous. If x� is in the open set Gg for some g
in G, then

gðxÞ ¼ wg

4dgðxÞ
dgðxÞ þ egðxÞ

 !
for all x sufficiently close to x�. Thus g is continuous at x�, if x� � F�. Now
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suppose that x� [ F�. Then x� has a neighborhood, U say, that meets at most

one of the setsGg. IfU meets no such set, then g takes the constant value y� on
U. Otherwise, we have just one g in G for which U meets Gg. On U we have

gðxÞ ¼ y�;
or

x [ Gg and gðxÞ ¼ wg

4dgðxÞ
dgðxÞ þ egðxÞ

 !
:

Since x� � Gg, we have

dgðx�Þ $
1

3
egðx�Þ:

Thus

4dgðxÞ
dgðxÞ þ egðxÞ

! 1

and

gðxÞ ! y�

as x ! x� through Gg, and g is continuous at x�, as required. A

Lemma 2.13 Let X be a metric space and let Y be an arcwise connected

metric space. Then a function from X to Y that is constant on the sets of a

disjoint discretely s-decomposable family of F s-sets covering X is of the first

Baire class.

Proof. Let f be constant on the disjoint discretely s-decomposable family

fUg : g [ Gg
of F s-sets covering X. By Lemma 2.2 we can write

Ug ¼
[1
i¼1

FðiÞ
g ; g [ G;

with

Fð1Þ
g , Fð2Þ

g , … ; g [ G;

and with

fFðiÞ
g : g [ Gg

a discrete family of closed sets, for i $ 1.

Now let yg be the constant value taken by f on Ug for g [ G. By Lemma

2.10, there is a continuous map fi : X ! Y with
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fiðxÞ ¼ yg when x [ FðiÞ
g ;

for i $ 1, g [ G. As i increases, the sets FðiÞ
g increase to fill out the whole set

Ug. Hence, for x [ Ug we have

fiðxÞ ¼ yg ¼ f ðxÞ;
for all sufficiently large i. Thus the continuous functions fi converge pointwise

to f and f is of the first Baire class. A

Lemma 2.14 Let X be a metric space and let C be a convex set in a normed

vector space Y. If a sequence of functions of the first Baire class, as functions

from X to C, converges uniformly to a function from X to C, then the limit

function is of the first Baire class as a function from X to C.

Proof. Let f be a function from X to C that is the uniform limit of functions fn,

n $ 1, from X to C that are of the first Baire class as functions from X to C. We

use the supremum ‘‘norm’’

kgk ¼ supfkgðxÞk : x [ Xg
for functions from X to Y , allowing the ‘‘norm’’ to take the value þ1. Repla-

cing the uniformly convergent sequence fn, n $ 1, by a suitable subsequence

of itself, we may suppose that

kfn � fk , 2�n; for n $ 1:

For each n $ 1, we can choose a sequence hnm, m $ 1, of continuous func-

tions from X to C converging pointwise to fn.

We use induction to define an array

gnm; 1 # n # m;

of moderated continuous functions from X to C. We take

g1m ¼ h1m; for m $ 1:

When gnm has been defined for m $ n, we define gnþ1m by

gnþ1mðxÞ ¼ gnmðxÞ þ fhnþ1mðxÞ � gnmðxÞg;

if khnþ1mðxÞ � gnmðxÞk , 2�n;

gnþ1mðxÞ ¼ gnmðxÞ þ
2�n

khnþ1mðxÞ � gnmðxÞk
fhnþ1mðxÞ � gnmðxÞg;

if khnþ1mðxÞ � gnmðxÞk $ 2�n:

Since the functions hnm are all continuous functions from X to C, and C is
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convex, it follows inductively that the functions gnm are all continuous func-

tions from X to C. Further, if n and x are fixed, we verify that gnmðxÞ ¼ hnmðxÞ
for all sufficiently large m. This holds for all m when n ¼ 1. Suppose that n $
1 and that

gnmðxÞ ¼ hnmðxÞ; for m $ mðnÞ:
Then, for all sufficiently large m, we have

khnþ1mðxÞ � gnmðxÞk ¼ khnþ1mðxÞ � hnmðxÞk:
Since hnmðxÞ, hnþ1mðxÞ converge to fnðxÞ and fnþ1ðxÞ and

kfnþ1ðxÞ � fnðxÞk , 2�n;

we have

khnþ1mðxÞ � gnmðxÞk , 2�n;

and so

gnþ1mðxÞ ¼ hnþ1mðxÞ
for all sufficiently large values of m.

Note also that the definition ensures that

kgnþ1m � gnmk # 2�n

for m $ nþ 1 $ 2.

It remains to verify that the sequence

gnn; n $ 1;

of continuous functions from X to C converges pointwise to f . Let x be fixed in

X, and let n $ 1 be given. Choose m0 . n so large that

gnmðxÞ ¼ hnmðxÞ; for m $ m0;

and

khnmðxÞ � fnðxÞk , 2�n; for m $ m0:

Then, for m $ m0,

kgnnðxÞ � f ðxÞk

# kgnnðxÞ � gnmðxÞk þ kgnmðxÞ � fnðxÞk þ kfnðxÞ � f ðxÞk

¼ kgnnðxÞ � gnmðxÞk þ khnmðxÞ � fnðxÞk þ kfnðxÞ � f ðxÞk

#
Xm�1
r¼n

kgrnðxÞ � grþ1nðxÞk þ 2�n þ 2�n

CHAPTER 238



,
X1
r¼n

2�r þ 2�nþ1 ¼ 2�nþ2:

This yields the required pointwise convergence. A

Lemma 2.15 Let X be a metric space and let C be a convex set in a normed

vector space Y. Then a s-discrete function of the first Borel class from X to Y

taking its values in C is of the first Baire class as a function from X to C.

Proof. Let f be such a function from X to C. By Lemmas 2.6 and 2.8, f is the

uniform limit of a sequence fn, n $ 1, of functions fn, n $ 1, of functions from

X to C, each function being constant on the sets of a s-decomposable partition

of X intoF s-sets. By Lemma 2.13, each function fn is of the first Baire class as

a function from X to C. The result now follows from Lemma 2.14. A

It will be convenient to summarize the main results of this chapter.

Theorem 2.1 Let X and Y be metric spaces. Let f be a function from X to Y.

The following conditions on f are equivalent:

(a) f is a s-discrete function of the first Borel class;

(b) f has a closed s-discrete base;

(c) f is the uniform limit of a sequence of functions f1; f2; …, each being

constant on the sets of a corresponding discretely s-decomposable
partition of X into F s-sets.

When these conditions are satisfied, the set of discontinuities of f is an F s-

set of the first Baire category in X. If, in addition, Y is arcwise connected, f is

the uniform limit of a sequence of functions of the first Baire class. If, in

addition, Y is a convex set in a normed linear space, f is of the first Baire class.

2.3 WHEN IS A FUNCTION OF THE FIRST BOREL CLASS ALSO OF

THE FIRST BAIRE CLASS?

Lemma 2.15 gives a partial answer to this question. Recently M. Fosgerau [13]

has given a much more satisfactory answer. We quote, without proof, one of

his main results.

Theorem 2.2 (Fosgerau) Let X and Y be metric spaces.

(i) If Y is arcwise connected and locally arcwise connected then each s-
discrete function of the first Borel class from X to Y is of the first Baire

class.
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(ii) If Y is complete and each function from ½0; 1� to Y that is of the first

Borel class is also of the first Baire class, then Y is arcwise connected

and locally arcwise connected.

We remark that Hansell [19, Theorem 3], has shown that every Borel

measurable function from ½0; 1� to a metric space Y is necessarily s-discrete.
We are grateful to D. Preiss for permission to include the following example

here. Note that the function f of the example is necessarily of the first Borel

class without being of the first Baire class.

Example 2.1 There is a function f from the unit interval ½0; 1� to a compact

arcwise connected set P in R2 that is the uniform limit of functions of the first

Baire class in P but is not itself of the first Baire class in P.

Construction We take P to be the union in R2 of the line segment

½0; 1� £ f1g
with the product

C £ ½0; 1�
of the Cantor ternary set C (taken in its original form) with the unit interval. It

is easy to see that P is compact and arcwise connected (but it is not locally

connected).

Each real t with 0 # t # 1 has a unique binary decimal expansion

t ¼ 0:ðt1Þðt2Þðt3Þ…;

where, when t $ 0, the sequence of binary digits t1; t2; t3;… is not ultimately

zero. We take f to be the map that takes t in ½0; 1� with such a representation to
the point ðxðtÞ; 0Þ of P where xðtÞ is defined by the ternary decimal expansion

xðtÞ ¼ 0:ð2t1Þð2t2Þð2t3Þ… :

The intersections with P of the open rectangles, with sides parallel to the

coordinate axes, form a base for the open sets in P. Clearly, f �1ðIÞ, for any
such rectangle I, is either empty or a general subinterval of I. Hence the closed

intervals in I with rational end-points form a countable closed base for f . Since

P is arcwise connected, it follows from Theorem 2.1, that f is the limit of a

uniformly convergent sequence of functions of the first Baire class from ½0; 1�
to P. The reader should have no difficulty in exhibiting f explicitly as the

uniform limit of functions that are exhibited as pointwise limits of continuous

functions from ½0; 1� to P.

It remains to prove that f is not itself of the first Baire class as a function

from ½0; 1� to P. We suppose that w1;w2;… is a sequence of continuous func-

tions from ½0; 1� to P that converges pointwise to f , and we seek a contra-

diction. Let
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wrðtÞ ¼ ðjrðtÞ;hrðtÞÞ; 0 # t # 1:

Write

Gr ¼ t : hrðtÞ .
1

2


 �
; and Hr ¼

[1
s¼r

Gs:

Then Hr is an open set in ½0; 1�. We prove that Hr is dense in ½0; 1� for each
r $ 1. Consider any interval ðt1; t2Þ with 0 # t1 , t2 # 1. Then

xðt1Þ , xðt2Þ:
By the pointwise convergence of wp to f ,

ðjpðtÞ;hpðtÞÞ ! ðxðtÞ; 0Þ
as p ! 1, for each t in ½0; 1�. So we can choose p . r so that

jjpðtiÞ � xðtiÞj ,
1

3
ðxðt2Þ � xðt1ÞÞ; i ¼ 1; 2;

jhpðtiÞj #
1

2
; i ¼ 1; 2:

This ensures that

jpðt1Þ – jpðt2Þ
and that wpðt1Þ, wpðt2Þ lie on distinct line segments of the form

fjpðt1Þg £ 0;
1

2

� 	
;

fjpðt2Þg £ 0;
1

2

� 	
;

with jpðt1Þ, jpðt2Þ in C. Since wp is continuous, and since

C nð½0; 1� £ f1gÞ
is not connected between wpðt1Þ, wpðt2Þ, it follows that hpðtÞ ¼ 1 for some t

with t1 , t , t2. This shows that Hr is dense in ½0; 1� for r $ 1. Now\1
r¼1

Hr ;

being the intersection of dense open sets, is a dense Gd-set in ½0; 1�. Now, if t
belongs to this nonempty set, we have

hpðtÞ $
1

2

for infinitely many values of p, and wpðtÞ cannot converge to f ðtÞ.
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2.4 REMARKS

The results in section 2.1 may be found in Hansell [19]. A space X is called

subparacompact if each open cover of X has a s-discrete closed refinement.

Although we have chosen to work with a metric space X, all the results of

section 2.1 hold when X is a subparacompact space all of whose closed sets are

Gd-sets.

The results in section 2.2 up to and including Lemma 2.11 are either from

Hansell [19] or are obtained by the methods he used there. Again these

results hold for a subparacompact space all of whose closed sets are Gd-

sets. Lemma 2.12 and its sequels depend on the assumption that X be metric.

We should re-emphasize that s-discrete functions between metric spaces

are rather common. Hansell [19] shows that every function from a metric

space to a separable metric space is s-discrete and, more importantly, every

Borel function from a space X that is a Souslin-F set in some complete metric

space X̂, to a metric space Y , is s-discrete. Further, each pointwise limit of a

sequence of s-discrete functions is s-discrete, Hansell [19].
Note that the conclusion in Lemma 2.11 that the set of points of disconti-

nuity of f is of the first Baire category in X tells us little about the nature of the

set of points of continuity of f , unless we know that X is of the second Baire

category in itself. We give a simple example of a s-discrete function of the

first Borel class with no points of continuity.

Let f map 0 and the rational numbers of the form 2p=q, with q $ 1 and q

odd, to 0 and the other rational numbers to 1. Then f is a function fromQ to R

that is s-discrete and of the first Borel class with no point of continuity.

The technique for proving Lemma 2.14 is like that used in proving the

Tietze extension theorem.

Lemma 2.15 is due to Hansell [19] who uses a much less direct method.
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Chapter 3

Selectors for upper semi-continuous functions with
nonempty compact values

In this chapter we obtain selectors of the first Borel class and of the first Baire

class for certain upper semi-continuous set-valued functions with nonempty

compact values.

Before we state the main results it will be convenient to give some defini-

tions. We suppose that Z is a space with a Hausdorff topology t and also a

metric d, not necessarily related to the topology t. We say that ðZ; tÞ is

fragmented down to e . 0 by d, if each nonempty subset of Z has a nonempty

t-relatively open subset of d-diameter less than e. We say that ðZ; tÞ is frag-
mented by d, if it is fragmented down to e by d, for each e . 0. We say that

ðZ; tÞ is s-fragmented down to e by d, if Z can be expressed in the form

Z ¼
[1
n¼1

Zn;

with each set Zn fragmented down to e by d for each n $ 1. We say that ðZ; tÞ
is s-fragmented by d, if ðZ; tÞ is s-fragmented by d for each e . 0. In the

cases of the s-fragmentation definitions we add the clause ‘‘using sets from S’’
if the sets Zn; n $ 1, can be chosen from the family S.

Considerable effort has been devoted to the fragmentation properties of

Banach spaces (see, e.g., [25, 31, 33–41]). We quote some of these results

later.

We obtain the following results in section 3.2.

Theorem 3.1 Let F be an upper semi-continuous set-valued function, from a

metric space X to a metric space Y, taking only nonempty compact values.

Then F has a selector f that is s-discrete and of the first Borel class and the set
of points of discontinuity of f is an F s-set of the first Baire category in X. If Y

is arcwise connected, the selector f will be the uniform limit of a sequence of

functions of the first Baire class. If, in addition, Y is a convex set in a normed

linear space, then f is of the first Baire class.

Theorem 3.2 Let X be a metric space and let K be a weakly closed set in a

Banach space Y (perhaps K ¼ Y). Suppose that each bounded subset of



ðK;weakÞ is s-fragmented by the norm using weakly closed sets. If F is an

upper semi-continuous set-valued function from X to ðK;weakÞ taking only

nonempty weakly compact values, then F has a selector f : X ! ðK; normÞ
that is of the first Baire class as a map from X to the weakly closed convex hull

of K, with the norm topology and has an F s-set of the first Baire category as

its set of discontinuities.

We remark that if a Banach space Y is weakly compactly generated then

ðY ;weakÞ is s-fragmented by the norm using weakly closed sets [35, Theorem

2.1(c)].

Theorem 3.3 Let X be a metric space and let K� be a convex weak� closed

set in the dual Y� of a Banach space Y (perhaps K� ¼ Y�). Suppose that

ðK�;weak�Þ is s-fragmented by the norm using weak� closed sets. If F is any

upper semi-continuous set-valued function from X to ðK�;weak�Þ taking only
nonempty weak� compact values, then F has a selector f : X ! ðK�; normÞ
that is of the first Baire class and has an F s-set of the first Baire category as

its set of points of discontinuity.

Note that the dual space Y� has the Radon–Nikodým property if and only if

the unit ball ðB�;weak�) of Y� is fragmented by the norm. In this case (since

Y� ¼ S1
n¼1 nB

�), it follows that ðY�;weak�Þ is s-fragmented by the norm

using weak� closed sets.

We obtain these results in section 3.2 as simple consequences of the follow-

ing abstract result that is a modified version of part of the result of Hansell,

Jayne and Talagrand [22, Theorem 1 0].

Theorem 3.4 Let X be a metric space. Let Z be a Hausdorff space with

topology t and with a metric d defining a topology on Z at least as strong as t.
Suppose that ðZ; tÞ is s-fragmented by d using t-closed sets. If F is an upper

semi-continuous set-valued map from X to ðZ; tÞ taking only nonempty

compact values, then F has a selector f : X ! ðZ; dÞ that is s-discrete and

of the first Borel class and that has an F s-set of the first Baire category in X

as its set of points of discontinuity.

See Remark 1 below for a (modified) version of the second part of the

theorem of Hansell, Jayne and Talagrand. The first stage of the proof of

Theorem 3.4 uses a reduction of the upper semi-continuous set-valued func-

tion F, taking only nonempty compact values, to a minimal function H of this

type with its values contained in those of F. In section 3.3 we develop some of

the properties of such minimal functions and their selectors.
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3.1 A GENERAL THEOREM

Throughout this section we suppose that X is a metric space and that Z is a

space with Hausdorff topology t and a metric d defining a topology on Z at

least as strong as the topology t. We use F to denote the set of upper semi-

continuous set-valued maps from X to ðZ; tÞ taking only nonempty compact

values.

A set valued map H in F will be said to be minimal in F, or simply minimal,

if there is no L in F with

LðxÞ [ HðxÞ; for all x in X;

and

Lðx0Þ – Hðx0Þ; for some x0 in X:

Lemma 3.1 If F is an element of F, then there is an element H of F, that is

minimal in F and that has

HðxÞ , FðxÞ; for all x in X:

Proof. Let H be the family of all elements H in F with

HðxÞ , FðxÞ; for all x in X:

Of course F [ H . We introduce a partial order on H by writing

H1 # H2;

whenever H1;H2 belong to H and

H1ðxÞ , H2ðxÞ; for all x in X:

Suppose that

H A ¼ fHa : a [ Ag
is a subset ofH indexed by the set A and totally ordered by ‘‘#’’. Consider the

set-valued function H defined by

HðxÞ ¼
\

fHaðxÞ : a [ Ag; for all x in X:

For fixed x, the family fHa : a [ Ag is a nested family of nonempty compact

sets. Thus H takes only nonempty compact values.

Now consider any closed set K in Z. We have

HðxÞ> K – �;

if and only if
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\
fHa > K : a [ Ag – �;

that is, if and only if

Ha > K – �; for all a in A;

that is, if and only if

x [
\

ffx̂ : Haðx̂Þ> K – �g : a [ Ag:
But each set

fx̂ : Haðx̂Þ> K – �g
is closed in X by the semi-continuity of Ha, for each a [ A. Hence the set

fx : HðxÞ> K – �g
is closed in X and H is upper semi-continuous. Thus H [ H and

H # Ha ; for all a in A:

Now Zorn’s lemma shows that there is an element H that is minimal in F with

H # F as required. A

Lemma 3.2 Let H be a minimal element of F.

(a) Let K be a closed set in ðZ; tÞ and let G be an open set in X. If

HðxÞ> K – � for each x in G, then HðxÞ , K for all x in G.

(b) Let U be an open set in ðZ; tÞ and let V be an open set in X with

HðVÞ> U – �. Then there is a nonempty open set G in X with

G , V and HðGÞ , U:

Proof.

(a) It is easy to verify that the set-valued function defined by

LðxÞ ¼ HðxÞ; if x � G;

LðxÞ ¼ HðxÞ> K; if x [ G;

is an upper semi-continuous set-valued map from X to ðZ; tÞ, taking only
nonempty compact values, with

LðxÞ , HðxÞ
for each x in X. Since H is minimal in F, L must coincide with H,

ensuring that

FðxÞ , K

for each x in G.
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(b) Now suppose thatU is an open set in ðZ; tÞ and V is an open set in X with

HðVÞ> U – �. Suppose that we have

HðxÞ n U – �

for each x in V . By part (a) this would yield

HðxÞ , Z n U; for all x in V ;

and we could not have had HðVÞ> U – �. Hence there will be a point,
x0 say, in V with

Hðx0Þ , U:

By the semi-continuity of H, we can choose an open set G in X with

x0 [ G , V

and

HðGÞ , U

as required. A

In the next lemmas we use FðX; ZÞ to denote the family of all upper semi-

continuous set-valued functions from the metric space X to the Hausdorff

space Z, taking only nonempty compact values.

Lemma 3.3 Suppose that for some e . 0, the space ðZ; tÞ is fragmented

down to e by the metric d. If F is any element of FðX; ZÞ, there is a disjoint

discretely s-decomposable family fOa : a [ Ag of F s-sets and a set-valued

function H : X ! Z with:

(1) HðxÞ , FðxÞ for each x in X;

(2) d-diam HðOaÞ , e for each a in A;

(3) H restricted to Oa belonging to FðOa;ZÞ for each a in A.

Proof. By Lemma 3.1 we may choose a minimal member H0 of F with

H0ðxÞ , FðxÞ for each x in X:

Since ðZ; tÞ is fragmented down to e by d, and

H0ðXÞ – �;

we can choose an open set U in ðZ; tÞ with
H0ðXÞ> U – �

and

d-diamðH0ðXÞ> UÞ , e:
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By Lemma 3.2 (b), we can choose a nonempty open set G0 in X with

H0ðG0Þ , U:

Now

H0ðG0Þ , H0ðXÞ> U;

and so

d-diamðH0ðG0ÞÞ , e:

We take

F0 ¼ X and F1 ¼ X n G0:

Now F0 and F1 are closed sets and:

F1 . F0 and F1 – F0;

H0 belongs to FðF0;ZÞ;

FðxÞ . H0ðxÞ for x [ F0;

and

d-diamðH0ðF0 n F1ÞÞ , e:

We now show that for some ordinal G, there is a sequence of closed sets

Fg; 0 # g , G;

and of set-valued functions

Hg : Fg ! Z; 0 # g , G;

satisfying the following conditions:

(1) F0 ¼ X;

(2) Fa . Fb and Fa – Fb if 0 # a , b , G;

(3) Hg belongs to FðFg;ZÞ for 0 # g , G;

(4) FðxÞ . HaðxÞ . HbðxÞ if 0 # a # b , G, and x [ Fb;

(5) d-diam HgðFgnFgþ1Þ , e for 0 # g , gþ 1 , G;

(6) Fl ¼ TfFa : 0 # a , l} if l is a limit ordinal;

(7)
TfFa : 0 # a , Gg ¼ �.

Later it will be convenient to write

Og ¼ Fg n Fgþ1; if 0 # g , gþ 1 , G:

Note that the conditions (1)–(5) are already satisfied in as far as they apply

to
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H0;F0 and F1:

Suppose that dþ 1 $ 1 is a successor ordinal and that Fa, 0 # a # dþ 1,

andHa, 0 # a # d; have been defined satisfying the conditions (1)–(5) for the
values of a;b and g for which these conditions make sense. If Fdþ1 ¼ � we

terminate the process, taking G ¼ dþ 2. Otherwise we apply the argument of

the first part of this proof to the restriction of Hd to Fdþ1 to choose a closed set

Fdþ2 strictly contained in Fdþ1 and a set-valued function Hdþ1 : Fdþ1 ! Z in

FðFdþ1;ZÞ with
Hdþ1ðxÞ , HdðxÞ; for x in Fdþ1;

and with

d-diam Hdþ1ðFdþ1 n Fdþ2Þ , e:

In this case the conditions (1)–(5) are satisfied by

Fa; 0 # a # dþ 2 and Ha; 0 # a # dþ 1:

Now suppose that d is a limit ordinal and that Fa and Ha have been defined

for 0 # a , d satisfying the conditions (1)–(6) for a;b; g and l less than d. If\
fFg : 0 # a , dg ¼ �;

we take Fd ¼ � and G ¼ dþ 1 and terminate the construction. Otherwise we

take

Fd ¼
\

fFg : 0 # g , dg
and we define a set-function Kd : Fd ! Z, by

KdðxÞ ¼
\

fFgðxÞ : 0 # g , dg; for x [ Fd:

As in the proof of Lemma 3.1, it is easy to verify thatKd [ FðFd;ZÞ. By the first
part of this lemma, applied toKd on Fd, we can choose a closed set Fdþ1 strictly

contained in Fd and a set-valued function Hdþ1 : Fd ! Z in FðFd;ZÞ with
HdðxÞ , HgðxÞ; for 0 # g , d and x [ Fd

and

d-diam HdðFd n Fdþ1Þ , e:

In this case the conditions (1)–(6) are satisfied by

Fa; 0 # a # dþ 1 and Ha; 0 # a # d:

The construction must terminate, with FG�1 ¼ �, for some G, since the sets

Fg; 0 # g, are strictly decreasing. Thus the construction is completed by trans-

finite induction and the conditions (1)–(7) are satisfied.

We now write
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Og ¼ Fg n Fgþ1; if 0 # g , gþ 1 , G;

and define the set-valued function H : X ! Z by

HðxÞ ¼ HgðxÞ; if x [ Og; 0 # g , gþ 1 , G:

Note that the family

fOg : 0 # g , gþ 1 , Gg
is a disjoint partition of X into F s-sets.

By Lemma 2.1 this partition is discretely s-decomposable. The conditions

of our lemma are satisfied by taking A to be the set of ordinals g with

0 # g , gþ 1 , G. A

Lemma 3.4 Suppose that for some e . 0, the space ðZ; tÞ is s-fragmented
down to e by d using t-closed sets. If F is any element of FðX; ZÞ, there is a

disjoint discretely s-decomposable family fOa : a [ Ag of F s-sets and a set-

valued function H : X ! Z satisfying the conditions (1), (2) and (3) of Lemma

3.3.

Proof. Since ðZ; tÞ is s-fragmented down to e by d using t-closed sets,

Z ¼
[

fZðnÞ : n $ 1g;
with each set ZðnÞ; n $ 1, fragmented down to e by d and t-closed. For each
n $ 1, write

XðnÞ ¼ fx : FðxÞ> ZðnÞ – �g:
Since F is upper semi-continuous, XðnÞ is a closed subset of X, and the set

function

FðnÞ : XðnÞ ! ZðnÞ

defined by

FðnÞ ¼ FðxÞ> ZðnÞ; x [ XðnÞ

belongs to FðXðnÞ;ZðnÞÞ. Applying Lemma 3.3 to this map FðnÞ, we obtain a

disjoint discretely s-decomposable family fOðnÞ
a : a [ AðnÞg ofF s-sets in X

ðnÞ,
and a set-valued function HðnÞ from XðnÞ to ZðnÞ satisfying:

(1) HðnÞðxÞ , FðnÞðxÞ for each x in XðnÞ;

(2) d-diam HðnÞðOðnÞ
a Þ , e for each a [ AðnÞ; and

(3) HðnÞ restricted to OðnÞ
a belongs to FðOðnÞ

a ;ZðnÞÞ for each a [ AðnÞ.

Let Xð0Þ ¼ �. Since FðxÞ ¼ � for each x in X the sets

XðnÞ n Xðn�1Þ; n $ 1;
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form a countable disjoint partition of X into F s-sets. Now the family of

sets

fOðnÞ
a > ðXðnÞ n Xðn�1ÞÞ : a [ AðnÞ; n $ 1g

forms a disjoint discretely s-decomposable partition of X into F s-sets.

Define the set-valued function H : X ! Z by taking

HðxÞ ¼ HðnÞðxÞ; when x [ XðnÞ n Xðn�1Þ; n $ 1:

It is easy to verify that this set function H together with the above partition of

X satisfies the conditions (1), (2) and (3) of this lemma. A

Proof of Theorem 3.4.We are supposing that X is a metric space and that Z is a

space with a Hausdorff topology t and also a metric d defining a topology on Z

at least as strong as t. We also suppose that ðZ; tÞ is s-fragmented by d using

t-closed sets.

Consider any upper semi-continuous set-valued map F from X to ðZ; tÞ,
taking only nonempty t-compact values. Using Lemma 3.4 we can choose a

disjoint discretely s-decomposable partition fOð1Þ
a : a [ Að1Þg of X by F s-sets

and set-valued function Hð1Þ : X ! Z satisfying the conditions:

(1) Hð1ÞðxÞ , FðxÞ for each x in X;

(2) d-diam Hð1ÞðOð1Þ
a Þ , 1

2
for each a [ Að1Þ; and

(3) Hð1Þ restricted to Oð1Þ
a belongs to FðOð1Þ

a ;ZÞ for each a [ Að1Þ.

Applying Lemma 3.4 to each set function Hð1Þ restricted to each Oð1Þ
a , with

a [ Að1Þ, we can find a disjoint discretely s-decomposable family

fOð2Þ
ab : b [ Bð2Þ

a g
of F s-sets partitioning Oð1Þ

a and a set-valued function Hð2Þ
a : Oð1Þ

a ! Z satisfy-

ing the conditions:

(1) Hð2Þ
a ðxÞ , Hð1ÞðxÞ for each x [ Oa;

(2) d-diam Hð2Þ
a ðOð2Þ

abÞ , 1
4
for each b [ Bð2Þ

a ; and

(3) Hð2Þ
a restricted to Oð2Þ

ab belongs to FðOð2Þ
ab;ZÞ for each b [ Bð2Þ

a .

By Lemma 2.3, the family

fOð2Þ
ab : a [ Að1Þ; b [ Bð2Þ

a g;
which we denote by

fOð2Þ
a : a [ Að2Þg;

with
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Að2Þ ¼ fab : a [ Að1Þ; b [ Bð2Þ
a g;

is a disjoint discretely s-decomposable family of F s-sets partitioning X.

Further defining Hð2Þ : X ! Z by

Hð2ÞðxÞ ¼ Hð2Þ
a ðxÞ; if x [ Oð2Þ

a

(using the new notation) we find that:

(1) Hð2ÞðxÞ , Hð1ÞðxÞ for each x [ X;

(2) d-diam Hð2Þ
a ðOð2Þ

a Þ , 1
4
for each a [ Að2Þ; and

(3) Hð2Þ restricted to Oð2Þ
a belongs to FðOð2Þ

a ;ZÞ for each b [ Að2Þ.

Iterating this process, we build a sequence of discretely s-decomposable

partitions fOðnÞ
a : a [ AðnÞg, n $ 1, of X into F s-sets and a sequence HðnÞ,

n $ 1, of set-valued functions from X to Z satisfying the conditions:

(1) FðxÞ . Hð1ÞðxÞ . Hð2ÞðxÞ . … for each x [ X;

(2) d-diamHðnÞ
a ðOðnÞ

a Þ , 2�n for n $ 1, a [ AðnÞ;

(3) HðnÞ restricted to OðnÞ
a belongs to FðOðnÞ

a ;ZÞ for n $ 1, a [ AðnÞ; and

(4) fOðnþ1Þ
a : a [ Aðnþ1Þg refines fOðnÞ

a : a [ AðnÞg for n $ 1.

Now, for each x in X, the sequence

FðxÞ; Hð1ÞðxÞ; Hð2ÞðxÞ;…
is a decreasing sequence of nonempty t-compact sets, with

d-diamHðnÞðxÞ , 2�n; n $ 1:

Thus \1
n¼1

HðnÞðxÞ

is a nonempty set consisting of a single point of X. Let hðxÞ denote this point.
In this way we have constructed a selector h for F. It remains to determine

the Borel nature of h. For each n $ 1, we construct a function hðnÞ from X to Z.

For each a in AðnÞ we choose a fixed point zðnÞa in HðnÞðOðnÞ
a Þ. We define hðnÞ by

taking

hðnÞðxÞ ¼ zðnÞa ; for x [ OðnÞ
a ; a [ AðnÞ:

Thus hðnÞ is constant on each of the sets of a discretely s-decomposable

partition of X into F s-sets. Since hðxÞ and hðnÞðxÞ both lie in HðnÞðOðnÞ
a Þ

when x [ OðnÞ
a , we have

d hðxÞ; hðnÞðxÞ
� �

, 2�n;

for x [ X and n $ 1.
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Thus h is the uniform limit in ðZ; dÞ of the sequence of functions hðnÞ, each
constant on the sets of a discretely s-decomposable partition of X into F s-

sets. By Theorem 2.1, h regarded as a function to ðZ; dÞ is a selector for F and

is s-discrete and of the first Borel class and the set of its points of discontinuity
is an F s-set of the first Baire category in X. A

3.2 SPECIAL THEOREMS

In this section we prove Theorems 3.1, 3.2 and 3.3, stated in the introduction to

this chapter.

Proof of Theorem 3.1. We are supposing that F is an upper semi-continuous

set-valued function, from a metric space X to a metric space Y , taking only

nonempty compact values. We wish to apply Theorem 3.4 to X, the space Z

taken to be Y with its metric topology t generated by its metric d, and to F.

Note that Z is trivially s-fragmented by using the set Z. So we can apply

Theorem 3.4 and obtain a selector f for F that is s-discrete and of the first

Borel class and that has an F s-set of the first Baire category in X as its set of

points of discontinuity. Further, using Theorem 2.1, if Y is arcwise connected,

f is the uniform limit of a sequence of functions of the first Baire class. If, in

addition, Y is a convex set in a normed linear space, f is itself of the first Baire

class. A

Proof of Theorem 3.2.We are supposing that X is a metric space and that K is a

weakly closed set in a Banach space Y . Also ðK;weakÞ is s-fragmented by the

norm using weakly closed sets. Consider a set-valued function F : X !
ðK;weakÞ that is upper semi-continuous and takes only nonempty weakly

compact values. By Theorem 3.4, F has a selector

f : ðK; normÞ ! X

that is s-discrete and of the first Borel class and its set of points of disconti-

nuity is an F s-set of the first Baire category in X. By Theorem 2.1, f is of the

first Baire class as a map from X to the weakly closed convex hull of K, with

the norm topology. A

Proof of Theorem 3.3. This result follows from Theorems 3.4 and 2.1, just as

Theorem 3.2 follows from these two theorems, by using the weak� topology in
the dual Banach space Y�. A

3.3 MINIMAL UPPER SEMI-CONTINUOUS SET-VALUED MAPS

In this section we obtain some properties of set-valued functions that are

minimal amongst the upper semi-continuous set-valued functions from a
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metric space X to a Hausdorff space Z that take only nonempty compact

values.

To state the theorem that we prove, we need to recall the definition of a

lower semi-continuous metric on a topological space. A metric on a topolo-

gical space ðZ; tÞ is said to be lower semi-continuous if, for each r . 0, the set

fðz; zÞ : dðz; zÞ # rg
is closed in Z £ Z. Note that the norm metric in a Banach space with its weak

topology is always lower semi-continuous, as is the norm metric on a dual

Banach space with its weak� topology.

Theorem 3.5 Let ðZ; tÞ be a Hausdorff space. Let d be a metric on Z defining

a topology at least as strong as t. Let F : X ! ðZ; tÞ be a set valued function

that is upper semi-continuous and takes only nonempty compact values, and is

minimal amongst all such maps. Let P be the set of points x of X for which FðxÞ
is a single point. Then each selector f for F is t-continuous precisely at the

points of P. If the metric d is lower semi-continuous then there is a set Q

contained in P with the property that each selector f for F is d-continuous

precisely at the points of Q. If, in addition, ðZ; tÞ is fragmented by d, then Q is

a countable intersection of dense open sets.

Note that when X is not the union of nowhere dense sets, then the last clause

ensures thatQ, and so also P, is nonempty and dense in X. It will be convenient

to base the proof on a series of lemmas. In these lemmas, we take ðZ; tÞ to be a
Hausdorff space with a metric d defining a topology on Z at least as strong as t.
We also assume that F : X ! ðZ; tÞ is minimal amongst the upper semi-

continuous set-valued functions from X to ðZ; tÞ taking only nonempty

compact values.

Lemma 3.5 If p belongs to P, then each selector f for F is t-continuous
at p.

Proof. Let U be any open set in ðZ; tÞ containing
ff ðpÞg ¼ FðpÞ:

Since F is upper semi-continuous, there is an open set G in X containing p,

with

FðGÞ , U:

Thus

f ðxÞ [ FðGÞ , U;

for all x in G. Hence f is t-continuous at p. A
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Lemma 3.6 Let f be a selector for F that is t-continuous at a point p of X.

Then p [ P.

Proof. Suppose that FðpÞ is not a singleton. Then FðpÞ contains f ðpÞ and also

some other point, z say. Since ðZ; tÞ is a Hausdorff space we can choose

disjoint t-open sets U and V with f ðpÞ [ V and z [ U. Since f is t-continuous
at p, we can choose an open set G with p [ G and

f ðxÞ [ V ; for all x [ G:

By Lemma 3.2 (a) this implies that

FðpÞ , K

despite the fact that z � K. This shows that FðpÞ is a singleton, so that p [ P.

We now introduce the set Q. For each e . 0 write

Qe ¼
[

fU : U is open in X with d-diam FðUÞ , eg
and take

Q ¼
\1
n¼1

Q1=n: A

Lemma 3.7 Q , P and if q [ Q each selector f for F is d-continuous at q.

Proof. Suppose that q [ Q. We can choose a sequence Un, n $ 1, of open sets

in X, containing q with

d-diam FðUnÞ , 1=n:

First this implies that

d-diam FðqÞ ¼ 0;

so that FðqÞ is a single point. Thus Q , P.

Secondly, we conclude that F, regarded as a set-valued map from X to ðZ; dÞ
is upper semi-continuous at q, ensuring that each selector f for F is d-contin-

uous at q. A

Lemma 3.8 Suppose that the metric d is lower semi-continuous on ðZ; tÞ. Let
f be a selector for F that is d-continuous at q. Then q [ Q.

Proof. Consider any e . 0. Since d is lower semi-continuous the set

K ¼ fz : dðz; f ðqÞÞ # eg
is t-closed. The set
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K0 ¼ fz : dðz; f ðqÞÞ , eg
is d-open. Since f is d-continuous at q, we can choose an open set G in X

containing q with

f ðxÞ [ K0 , K; for each x in G:

Thus

FðxÞ> K – �; for each x in G:

By Lemma 3.2 (a)

FðxÞ , K;

for all x in G. Hence

d-diamFðGÞ , 3e ;

ensuring that q [ Q3e. Since e . 0 is arbitrary this yields q [ Q. A

Lemma 3.9 If ðZ; tÞ is fragmented by d, the set Q is the countable intersec-

tion of open sets dense in X.

Proof. Consider any e . 0. Let G be nonempty open set in X. Then FðGÞ – �.
Since ðZ; tÞ is fragmented by d, we can choose an open set V in ðZ; tÞ with

FðGÞ> V – �

and

d-diamðFðGÞ> VÞ , e:

Suppose that we had

FðxÞ> ðZ n VÞ – �

for each x in G. Then by Lemma 3.2 (a) we would have

FðxÞ , Z n V ; for all x in G;

contrary to the choice of V with

FðGÞ> V – �:

Thus

FðxÞ , V

for some x, say x0, in G. By the upper semi-continuity of F at x0, we can

choose an open neighborhood W of x0 contained in G with

FðWÞ , V :

Now
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d-diamFðWÞ # d-diamðFðGÞ> VÞ , e:

Thus

x0 [ W , Qe and x0 [ G:

This shows that Qe is dense in X. The result follows. A

Proof of Theorem 3.5. The properties of P follow from Lemmas 3.5 and 3.6.

The properties of Q and its relations with P and with X follow from Lemmas

3.7, 3.8 and 3.9. A

3.4 REMARKS

1. Theorems 3.1 and 3.2 are simplified and modified forms of parts of the

results of Hansell, Jayne and Talagrand [22] (see their Theorem 10 0 and
its corollaries). Proofs of variants of Theorems 3.2 and 3.3 are also given

in [31]. In their paper Hansell, Jayne and Talagrand [22] obtain a

number of other results and in particular prove the following result in

a more abstract form (see their Corollary 2).

Theorem 3.6 (Hansell, Jayne and Talagrand) Let K be a compact

Hausdorff space. Let CðKÞ denote the Banach space of continuous func-
tions on K with the supremum norm and let CpðKÞ denote the space CðKÞ
taken with the topology of pointwise convergence. Let F : X ! CpðKÞ be
an upper semi-continuous set-valued function from a complete metric

space X to CpðkÞ taking only nonempty compact values. Then F has a

selector of the first norm Borel class which is s-discrete, whose set of

points of norm continuity is a dense Gd-subset of X, and which is the

norm pointwise limit of sequence of norm continuous functions from X to

CðKÞ.
Their proof is rather complicated and we do not present it in this book.

However, using a method of V. V. Srivatsa we do give (a complicated)

proof of an even more powerful result (see Theorem 6.3 below).

2. The selectors obtained in Theorems 3.1–3.4 are specified as s-discrete
functions of the first Borel class. Although we have not emphasized this,

by Theorem 2.1, they have other interesting properties.

3. Theorem 3.5 is a simplified version of part of a result recently obtained

by Jayne, Namioka and Rogers [35] (see their Theorem 3.1). It is related

to the work of Kenderov [45].

4. The concept of a Hausdorff space ðZ; tÞ that is fragmented by a metric d

on Z, was introduced in [31, see section 2], in order to have a uniform

terminology for a number of well-known Banach space situations, in

particular, (a) a Banach space with its weak topology and its norm
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metric, having the point of continuity property and (b) a dual Banach

space with its weak� topology and its norm metric having the Radon–

Nikodým property. The term ‘‘fragmentable’’ or ‘‘fragments’’ was used

since, for each e . 0, the concept enabled the space Z to be decomposed

into the union [
fZg : 0 # g , Gg

of disjoint ‘‘fragments’’ Zg, 0 # g , G, with:

(1)
SfZg : 0 # a , gg t-open for each g with 0 # g , G;

(2) Zg is the difference between two t-open sets, for 0 # g , G;

(3) d-diam Zg , e for 0 # g , G.

5. The concept of s-fragmentability was introduced by Jayne, Namioka

and Rogers [36]. It is easy to check that an equivalent definition of the s-
fragmentation of a Hausdorff space ðZ; tÞ by a metric d on Z is:

ðZ; tÞ is s-fragmented by d if and only if, for each cover

C ¼ fCa : a [ Ag
of Z by d-open sets, it is possible to write

Z ¼
[1
n¼1

Zn;

with each Zn, n $ 1, having the property that each nonempty subset of

Zn has a nonempty relatively t-open subset contained in some set

belonging to C .

It is clear (by considering the covers C e of Z by all d-open sets of d-

diameter less than e) that if the new definition is satisfied then so can the

old. On the other hand, if the original definition is satisfied and the d-

open cover C is given, one can first split Z as

Z ¼
[1
m¼1

ZðmÞ;

with

ZðmÞ ¼ fz : Bðz; 1=mÞ , C for some C [ Cg;
and then use the fact that each ZðmÞ is s-fragmented down to 1=ð3mÞ, for
m $ 1, to split up Z further. It is clear from this new definition that the

question of whether or not ðZ; tÞ is s-fragmented by d, depends only on

the relationship between the topology t and the metric topology deter-

mined by d, rather than the actual metric d. Recently Namioka and Pol

[62] (see their Theorem 4.3), have established deeper results, proving, in
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particular, that a Banach space with its weak topology, say ðY ;weakÞ, is
s-fragmented by its norm if and only if ðY ;weakÞ is an ‘‘almost Čech-

analytic space’’,which is a property of ðY ;weakÞ purely as a topological

space, without reference to any metric topology or linear structure.

6. For a detailed discussion of the structure of upper semi-continuous set-

valued maps from one metric space to another, see [32].

7. Consider the following question: ‘‘Let Y be a Banach space with its

weak topology or a dual Banach space with its weakp topology. If F

is an upper semi-continuous set-valued function from a metric space to

Y taking only nonempty compact values, is it possible to find a complete

metric space X̂ containing X and an extension F̂ of F to an upper semi-

continuous set-valued function from X̂ to Y taking only nonempty

compact values?’’ If the answer to this question was always ‘‘Yes!’’,

then there would be no essential loss of generality in taking X in Theo-

rems 3.2 and 3.3 to be a complete metric space. Further, the theorems

could then end with the more elegant claim that the selectors f were

continuous at the points of a denseGd-set in X. As it happens, the answer

to the question is ‘‘Not always!’’. We give an example to justify this

answer.

Example There is an upper semi-continuous set-valued map from the

rational numbers Q to the Banach space c0 with its weak topology, taking

only nonempty norm compact values, that has no upper semi-continuous

extension from any completion of Q to ðc0;weak) taking nonempty values.

Construction For convenience, we identifyQ with the setQ0 of all rational

numbers r with 0 , r , 1. Each such r has precisely two continued fraction

expansions

r ¼ 1

a1þ
1

a2þ
… 1

an
;

r ¼ 1

a1þ
1

a2þ
… 1

ðan�1Þþ
1

1
;

with ai $ 1 for 1 # i , n and an $ 2. Let xðrÞ be the point in c0 defined by

taking xiðrÞ ¼ 1 if i takes one of the n values

a1;

a1 þ a2;

..

.

a1 þ a2 þ…þ an
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and xiðrÞ ¼ 0, otherwise. Let yðrÞ be the point in c0 defined by taking yiðrÞ ¼ 1

if i takes one of the nþ 1 values

a1;

a1 þ a2;

..

.

a1 þ a2 þ…þ ðan � 1Þ;
a1 þ a2 þ…þ an;

and yiðrÞ ¼ 0 otherwise.

Note that xðrÞ and yðrÞ differ just because
xa1þa2þ…þðan�1ÞðrÞ ¼ 0;

ya1þa2þ…þðan�1ÞðrÞ ¼ 1:

Write

FðrÞ ¼ fxðrÞ; yðrÞg;
for all r in Q0. Then F is clearly a set-valued function from Q0 to c0 taking

only nonempty norm compact values. We verify F is upper semi-continuous

for the weak topology of c0. For a fixed r inQ0 let G be a weak open set in c0
containing FðrÞ. Then we can choose basic weak open sets Gx;Gy in c0 with

xðrÞ [ Gx , G;

yðrÞ [ Gy , G:

We may suppose that these basic open sets in c0 are of the form

Gx ¼ fj : hj � xðrÞ; xpi i , e; 1 # i # Ng;

Gy ¼ fj : hj � yðrÞ; ypi i , e; 1 # i # Mg
where e . 0, and x�i , 1 # i # N, y�i , 1 # i # M, are points in the dual space l1
of c0, with

kx�i k1 ¼ 1; 1 # i # N;

ky�i k1 ¼ 1; 1 # i # M:

We can choose L so large that

jhj; xpi ij , e; 1 # i # N;

jhj; ypi ij , e; 1 # i # M;
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for all j in c0 with kjk1 ¼ 1 and

ji ¼ 0; for 1 # i # L:

We now study FðsÞ for rational s very close to r. We use the standard contin-

ued fraction notation and formulae; see the first four pages of the section on

continued fraction in Hardy and Wright’s book on the Theory of Numbers

[23]. Thus p0 ¼ 0; q0 ¼ 1 and

p1
q1

;
p2
q2

;…;
pn
qn

¼ r

are the convergents for

r ¼ 1

a1þ
1

a2þ
… 1

an
:

Consider any rational number s with

0 , js � rj # 1

ðLþ 2Þq2n:
First suppose that

ð�1Þnðs � rÞ . 0;

so that

0 , ð�1Þnðs � rÞ # 1

ðLþ 2Þq2n
:

Then there is a unique rational a 0
nþ1 satisfying

ð�1Þnðs � rÞ ¼ 1

qnða 0
nþ1qn þ qn�1Þ

:

Solving for a
0
nþ1, and using qn�1 , qn,

a
0
nþ1 ¼

ð�1Þn
q2nðs � rÞ �

qn�1
qn

. Lþ 2 � 1 ¼ Lþ 1:

Solving now for s, and using

pnqn�1 � pn�1qn ¼ ð�1Þn�1;
we have

s ¼ pn
qn

þ ð�1Þn
qnða 0

nþ1 þ qn�1Þ
¼ a 0

nþ1pn þ pn�1
a 0
nþ1qn þ qn�1

:

Using the formulae

pnþ1 ¼ anþ1pn þ pn�1; qnþ1 ¼ anþ1qn þ qn�1;
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we have

s ¼ 1

a1þ
1

a2þ
… 1

anþ
1

a 0
nþ1

;

with a 0
nþ1 . Lþ 1, so that s has a complete continued fraction expansion of

the form

s ¼ 1

a1þ
1

a2þ
… 1

anþ
1

bnþ1þ
… 1

bm
;

with m $ nþ 1; bnþ1 $ Lþ 1; bm $ 2. This ensures that, when i satisfies

1 # i , a1 þ a2 þ…þ an þ bnþ1 � 1;

we have

xiðsÞ ¼ yiðsÞ ¼ xiðrÞ:
Since

a1 þ a2 þ…þ an þ bnþ1 � 1 $ bnþ1 $ Lþ 1;

our choice of L ensures that

FðsÞ ¼ fxðsÞ; yðsÞg , Gx:

Now consider the case when

ð�1Þnþ1ðs � rÞ . 0:

Applying the same arguments to the continued fraction

r ¼ 1

a1þ
1

a2þ
… 1

ðan � 1Þþ
1

1
;

but using the formula

pnþ1qn � pnqnþ1 ¼ ð�1Þn;
we find that

FðsÞ , Gy:

Thus, in each case, FðsÞ , G. This shows that F is upper semi-continuous.

We note that r and s are two distinct rational numbers between 0 and 1, and

that the four points

xðrÞ; yðrÞ; xðsÞ; yðsÞ
are all distinct. Since all the coordinates are either 0 or 1, these four points

from a regular tetrahedron of side 1 in ðc0;norm). This in itself shows that, if f

is any selector for F, then f can be norm continuous at no point of Q0.

Now suppose that Q̂0 is the completion of Q0 under any metric that is
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consistent with its topology. Let F̂ be any extension of F to Q̂ taking only

nonempty sets in c0 as its values. We suppose that F̂ is upper semi-continuous

to ðc0;weak) and seek a contradiction. By Srivatsa’s Theorem, see Theorem

6.2 below, F̂ will have a selector f̂ of the first Baire class on Q̂0. Since Q̂0 is

complete, the function f̂ will be continuous at some point t of Q̂0. So t will

have a neighborhood, U say, with

diam f̂ ðUÞ , 1

2
:

Since Q̂0 is a completion of Q̂0, we can find distinct rationals r and s in U.

Since

kf̂ ðrÞ � f̂ ðsÞk1 ¼ 1;

this yields the required contradiction, showing that this example satisfies the

statement.
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Chapter 4

Selectors for compact sets

In this chapter we derive some results, not dissimilar from those in Chapter 3,

from a different point of view. We combine the method of Jayne and Rogers

[31] with methods developed by Ghoussoub, Maurey and Schachermayer [14]

in a paper containing many interesting selection results.

Recall that theHausdorff metric d on the space of nonempty bounded closed

sets of a metric space ðX; rÞ is defined by

dðH;KÞ ¼ inffe . 0 : H , Ke and K , Heg;
where

He ¼ fx : rðx;HÞ , eg
is the e-neighborhood of H.

Before we state the main results in this chapter, we state a very simple result

that sets the pattern for the subsequent results.

Theorem 4.1 LetK be the space of nonempty closed sets in the unit square

Q, taken with the Hausdorff metric. Then there is a function s : K ! Q of the

first Borel class satisfying the following conditions:

(a) sðKÞ [ K for each K in K;

(b) if K1 , K2 and sðK2Þ [ K1 then sðK1Þ ¼ sðK2Þ;
(c) if K1;K2;… is a decreasing sequence of closed sets inK converging to a

set K0 in K , then sðKiÞ converges to sðKÞ as i ! 1.

The simple proof of this result is given in section 4.1 below. The proof

makes the conditions (a), (b) and (c) appear natural. We now state the main

results of this chapter.

Theorem 4.2 Let ðY ; rÞ be a metric space. Let Kr be the space of non-

empty closed subsets of Y with the Hausdorff metric derived from r.
Then there is a function s : Kr ! Y that is s-discrete and of the first Borel

class satisfying the following conditions:

(a) sðKÞ [ K for each K in Kr;



(b) if K1 , K2 and sðK2Þ [ K1 then sðK1Þ ¼ sðK2Þ;
(c) if fKa : a [ Ag, with A a directed set, is a decreasing net of nonempty

compact sets with

K ¼
\

fKa : a [ Ag;
then

sðKaÞ ! sðKÞ
following A;

(d) if F is any upper semi-continuous set-valued function, from a metric

space X to Y, taking only nonempty compact values, then s � F is a

selector for F that is s-discrete and of the first Borel class.

A Banach space Y is said to be weakly s-fragmented using weakly closed

sets if, for each e . 0, it is possible to write

Y ¼
[1
i¼1

Yi ;

where each set Yi is weakly closed and, for each nonempty subset S of Yi there

is a weak open set U in Y with

S> U – �; diam S> U , e:

Jayne, Namioka and Rogers [35] show that each weakly compactly generated

Banach space is s-fragmented in this way; furthermore each transfinite ‘p-

sum ð1 # p , 1Þ of weakly compactly generated Banach spaces is s-frag-
mented. They also show [38] that, if a Banach space has a norming extended

Markashevich basis, then it is s-fragmented using weakly closed sets.

Theorem 4.3 Let Y be a Banach space that is weakly s-fragmented using

weakly closed sets. LetKk k be the space of nonempty weakly compact subsets
of Y with the Hausdorff metric derived from the norm.

Then there is a function s : Kk k ! ðY ; normÞ that is s-discrete and of the

first Baire class satisfying the following conditions:

(a) sðKÞ [ K for each K in Kk k;

(b) if K1 , K2 and sðK2Þ [ K1 then sðK1Þ ¼ sðK2Þ;
(c) if fKa : a [ Ag, with A a directed set, is a decreasing net of nonempty

weakly compact sets with

K ¼
\

fKa : a [ Ag;
then
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sðKaÞ ! sðKÞ; in norm;

following A;

(d) if F is any upper semi-continuous set-valued function, from a metric

space X to Y with its weak topology, taking only nonempty weakly

compact values, than s � F is a selector for F that is, when regarded

as a function from X to Y with its norm topology, s-discrete and of the

first Baire class.

Weak� s-fragmentation for a dual Banach space is defined similarly to the

weak s-fragmentation for a Banach space. If Y� is the dual of an Asplund

space Y , then Y� is weak� s-fragmented using weak� closed sets, see the

remark after the statement of Theorem 3.3 above.

Theorem 4.4 Let Y� be a dual Banach space that is weak� s-fragmented
using weak� closed sets. Let Kk k be the space of nonempty weak� compact

subsets of Y� with the Hausdorff metric derived from the norm. Then there is a

function s : Kk k ! ðY�; normÞ that is s-discrete and of the first Baire class

satisfying the following conditions:

(a) sðKÞ [ K for each K in Kk k;

(b) if K1 , K2 and sðK2Þ [ K1 then sðK1Þ ¼ sðK2Þ;
(c) if fKa : a [ Ag, with A a directed set, is a decreasing net of nonempty

weak� compact sets with

K ¼
\

fKa : a [ Ag;
then

sðKaÞ ! sðKÞ; in norm;

following A;

(d) if F is any upper semi-continuous set-valued function, from a metric

space X to Y� with its weak� topology, taking only nonempty weakly

compact values, then s � F is a selector for F that is, when regarded as a

function from X to Y� with its norm topology, s-discrete and of the first

Baire class.

4.1 A SPECIAL THEOREM

In this section we prove the simple Theorem 4.1 stated in the introduction to

this chapter.

Proof of Theorem 4.1. Let p : ½0; 1� ! Q be a Peano curve mapping ½0; 1�
continuously onto the unit square Q. For each K inK , p�1ðKÞ is a closed set in
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½0; 1�. So we may take tðKÞ to be the smallest real number in p�1ðKÞ. Now take

sðKÞ to be pðtðKÞÞ for each K in K . Clearly sðKÞ [ K for each K in K .

Now if K1 , K2 then p�1ðK1Þ , p�1ðK2Þ, so that tðK2Þ # tðK1Þ. If, in addi-

tion, sðK2Þ [ K1 then pðtðK2ÞÞ ¼ sðK2Þ [ K1 and so tðK1Þ # tðK2Þ. Thus

tðK1Þ ¼ tðK2Þ and so sðK1Þ ¼ sðK2Þ.
Suppose that K1;K2;… is a decreasing sequence of closed sets in Q, conver-

ging in K to a closed set K0. The corresponding sequence of real numbers

tðKiÞ; i ¼ 1; 2;…;

is increasing and so tends to a limit in ½0; 1�, say t�. If we had

tðK0Þ , tðKiÞ
for some i $ 1, then K0 would contain the point sðK0Þ ¼ pðtðK0ÞÞ which is not
in Ki. Hence

tðK0Þ $ sup tðKiÞ ¼ t�:

Since p is continuous,

pðtðKiÞÞ ! pðt�Þ as i ! 1:

We have now proved that s satisfies the conditions (a), (b) and (c). It

remains to show that s is of the first Borel class as a map from K to Q.

As a first step we show that, if F is any nonempty closed set in Q, then the

set

KðFÞ ¼ fK [ K : K > F – �g
is closed in K . Consider any sequence K1;K2;… of sets of KðFÞ that

converges in K to some closed set K0. If K0 does not meet F, then there is

a positive distance, say 2e, between F and K0. So the e-neighborhood ðK0Þe of
K0 does not meet F. However, for all sufficiently large i, the set Ki lies in ðK0Þe
and cannot meet F. This contradiction shows that K0 meets F. HenceKðFÞ is
closed in K .

Now consider any open set G in Q. To prove that s as a map fromK to Q is

of the first Borel class, we need to prove that S�1ðGÞ is always an F s-set inK
with the Hausdorff metric. Consider the set

p�1ðGÞ:
This set is open in ½0; 1� and so is the union of a countable sequence of disjoint
open intervals, say

p�1ðGÞ ¼
[1
i¼1

Ii ;

so that
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G ¼
[1
i¼1

pðIiÞ:

Thus

s�1ðGÞ ¼
[1
i¼1

s�1 pðIiÞ

 �

:

It now suffices to prove that each set

s�1 pðIiÞ

 �

; i $ 1;

is an F s-set in K . Now

K [ s�1 pðIiÞ

 �

;

if and only if

tðKÞ [ Ii:

If Ii is the interval li , t , ui, the condition that tðKÞ belongs to Ii reduces to

the condition that

ðiÞ K > p ½0; li�

 � ¼ �

and

ðiiÞ K ðli; uiÞ

 �

– �:

Since pð½0; li�Þ is a closed set inQ, the result of the last paragraph shows that (i)
restricts K to lie in an open set in the metric spaceK , and so to lie in anF s-set

in K . Since pððli; uiÞÞ is a countable union of closed sets in Q, the same result

from the last paragraph shows that condition (ii) also restricts K to lie in an

F s-set. Since the intersection of two F s-sets is also an F s-set, the set

s�1ðpðIiÞÞ is an F s-set in K . Similar considerations apply if Ii happens to

be of the form ½0; uiÞ or ðli; 1�. Thus s�1ðGÞ is an F s-set in K and s is of the

first Borel class. A

4.2 A GENERAL THEOREM

We formulate a more general theorem that leads easily to the proofs of Theo-

rems 4.2, 4.3 and 4.4. We first need to introduce some ad hoc terminology.

When a metric r is defined on a Hausdorff space Z, we say that r has the e-
neighborhood property for compact sets if whenever G is an open set in Z

containing a compact set K of Z, the e-neighborhood

Ke ¼ fz : rðz; kÞ , eg
is contained in G for some e . 0.
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Theorem 4.5 Let Z be a completely regular Hausdorff space. Let r be a

metric on Z with the e-neighborhood property for compact sets, and suppose

that closed sets in Z are r-closed. Suppose that Z is s-fragmented by r using

closed sets. Let Kr be the space of nonempty compact sets of Z with the

Hausdorff metric derived from r.
Then there is a function s : Kr ! ðZ; rÞ that is s-discrete and of the first

Borel class satisfying the following conditions:

(a) sðKÞ [ K for each K in Kr;

(b) if K1 , K2 and sðK2Þ [ K1 then sðK1Þ ¼ sðK2Þ;
(c) if fKa : a [ Ag, with A a directed set, is a decreasing net of nonempty

compact sets in Z with

K ¼
\

fKa : a [ Ag;
then

rðsðKaÞ; sðKÞÞ ! 0

following A;

(d) if F is any upper semi-continuous set-valued function, from a metric

space X to Z, taking only nonempty compact values, then s � F is a

selector for F that is, when regarded as a function from X to ðZ; rÞ,
s-discrete and of the first Borel class.

We first establish a simple lemma showing that, if a locally convex topology

on a normed vector space is weaker than the norm topology, then the norm

metric has the e-neighborhood property for the compact sets in the locally

convex topology. For the theory of such topologies on normed vector spaces,

see, for example, Kelley and Namioka [44].

Lemma 4.1 LetT be a locally convex topology on a normed vector space Y,

and suppose that all T open sets of Y are norm open. Then the norm metric

has the e-neighborhood property for Y with the topology T .

Proof. Let K be aT compact set contained in aT open setG. For each point k

of K we can find a T open set UðkÞ, containing the origin 0, with

k þ UðkÞ þ UðkÞ , G:

The sets

k þ UðkÞ; k [ K;

form a T open cover of the T compact set K. So we may choose a finite set

k1; k2;…; kn from K with
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K ,
[n
i¼1

fki þ UðkiÞg:

Now \n
i¼1

UðkiÞ

is a T open set containing 0. Hence we can choose e . 0 so that

Bð0; eÞ ,
\n
i¼1

UðkiÞ:

Now, if

h [ Ke ¼ fy : minfky � kk : k [ Kg , eg;
we have

kh � kk , e

for some k in K. Then for some i, 1 # i # n,

k [ ki þ UðkiÞ:
Thus

h ¼ ki þ ðh � kÞ þ ðk � kiÞ

[ ki þ Bð0; eÞ þ UðkiÞ

, ki þ UðkiÞ þ UðkiÞ , G

and Ke , G, as required. A

Before starting our next lemma, it is convenient to introduce another term

from the theory of s-fragmentability. When r is a metric on a Hausdorff space

Z, we say that a set S in Z is fragmented by r down to e, if, for each nonempty

subset T of S, there is an open subset U in Z with

T > U – � and r-diam ðT > UÞ , e:

Lemma 4.2 Let Z be a completely regular Hausdorff space and let r be a

metric on Z. Let Z1, Z0 be closed sets in Z with D ¼ Z1\Z0 – �. Suppose that
e . 0 and that Z1 is fragmented by r down to e. Then it is possible to choose a
disjoint transfinite sequence

fBg : 0 # g , Gg
of F s-sets in Z, such that, for 0 # g , G we have:
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(a) the union [
0#b#g

Bb

is relatively open in D;

(b) Bg is nonempty with

r-diam ðclBgÞ , e ;

(c) [
0#g,G

Bg ¼ D:

Proof. First consider any nonempty relatively closed set F ofD ¼ Z1\Z0. Then

F ¼ bFnZ0
for some closed set bF contained in Z1. Since Z1 is fragmented to e, we can

choose an open set U in Z with

F > U – � and r-diam ðF > UÞ , e:

Choose a point z0 of F > U. Then z0 [ U, but z0 � ðZ\UÞ< Z0. Since Z is

completely regular, we can choose a continuous function h on Z with

hðz0Þ ¼ 0 and hðzÞ ¼ 1 on ðZnUÞ< Z0:

Let F 0 be the set of all points of F̂ with hðzÞ , 1
2
. The closure clF 0 is contained

in the set of points of F̂ with hðzÞ # 1
2
. Hence clF 0 does not meet the set

ðZ\UÞ< Z0. Thus

clF0 , F̂nZ0 ¼ F

and

clF0 , U;

so that

r-diam ðclF0Þ # r-diam ðF > UÞ , e:

Note that F0 is an F s-set contained in F and containing z0. Further, since F
0 is

relatively open in F̂, the set F̂\F0 is relatively closed in F̂ and

FnF0 ¼ ðF̂nZ0ÞnF0

¼ ðF̂nF0ÞnZ0
is relatively closed in D ¼ Z1\Z0.
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We define the sequence fBg : 0 # g , Gg, together with a second sequence
fRg : 0 # g , Gg inductively to satisfy the conditions (a) and (b) and also the

condition

(d) Rg ¼ D
�
<0#b,g Bb:

We start by taking R0 ¼ D. By the result of the last paragraph, we can take

B0 to be a nonempty F s-set contained in D, with r-diam ðclB0Þ , e and with
R0\B0 relatively closed in D. Thus B0 is relatively open in D.

Now suppose that for some ordinal g . 0, the sets Bb, Rb have been

defined, for 0 # b , g, satisfying the conditions (a), (b) and (d). Then

[
0#b,g

Bb ¼
[

0#b,g

[
0#a#b

Ba

8<:
9=;

is relatively open in D. If this union coincides with Z, we take G ¼ g and the

construction terminates. Otherwise, the set defined by

Rg ¼ D

� [
0#b,g

Bb:

is relatively closed in D and nonempty. By the first paragraph of this proof, we

can take Bg to be a nonempty F s-set in Z, contained in Rg, with

r-diam ðclBgÞ , e and with Rg\Bg relatively closed in D. Now

[
0#b#g

Bb ¼
[

0#b,g

Bb

8<:
9=;< Bg

¼ DnfRgnBgg
is relatively open in D, and the conditions (a), (b) and (d) are satisfied for this

ordinal g. As the sequence of sets[
0#b,g

Bb; 0 # g;

is strictly increasing, until the whole of D is covered, this transfinite process

terminates with a cover of D.

Note that, since

Bg , Rg ¼ D

� [
0#b,g

Bb ;

the sets Bg, 0 # g , G, are disjoint. A
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Lemma 4.3 Let Z be a completely regular Hausdorff space and let r be a

metric on Z. Suppose that Z is s-fragmented by r using closed sets. Let e . 0.

Then it is possible to choose an index set Q, a family

fSðuÞ : u [ Qg
of closed sets in Z, and

h : Kr ! Kr ;

q : Kr ! Q

satisfying the following conditions:

(a) for each K in Kr, the set

hðKÞ ¼ K > SðqðKÞÞ
is nonempty and of r-diameter less than e;

(b) if K1 , K2 and hðK2Þ> K1 – �, then
qðK1Þ ¼ qðK2Þ

and

hðK1Þ ¼ hðK2Þ> K1;

(c) if hðK1Þ> hðK2Þ – �, then

qðK1Þ ¼ qðK2Þ;

(d) if qðK1Þ ¼ qðK2Þ, then
r-diam ðhðK1Þ< hðK2ÞÞ , e;

(e) if A is a directed set and fKa : a [ Ag is a decreasing net of nonempty

compact sets with

K ¼
\

fKa : a [ Ag;
then for some a [ A,

qðKbÞ ¼ qðKÞ;
for all b beyond a in A;

(f) if F is any upper semi-continuous set-valued function, from a metric

space X to Z, taking only nonempty compact values, the sets

XðuÞ ¼ fx : qðFðxÞÞ ¼ ug; u [ Q;

form a disjoint discretely s-decomposable family of F s-sets.
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Proof. Since Z is s-fragmented by r using closed sets, given e . 0, we can

write

Z ¼
[1
n¼0

Zn

with Z0 ¼ �, and for n $ 1, Zn a closed set with the property that each non-

empty subset contains a nonempty relatively open subset of diameter less than

e. Except in the trivial case when Z is finite we may suppose that Zn\Zn�1 is
nonempty for each n $ 1. For each n $ 1 we apply Lemma 4.2 to the set

Dn ¼ ZnnZn�1
and choose a disjoint family

fBðn;gÞ : 0 # g , GðnÞg
of F s-sets in Z with the following properties:

(a) the union [
fBðn;bÞ : 0 # b # gg

is relatively open in Dn for 0 # g , GðnÞ;
(b) Bðn; gÞ is nonempty with

r-diam clBðn; gÞ , e

for 0 # g , GðnÞ;

ðgÞ
[

fBðn;gÞ : 0 # g , GðnÞg ¼ Dn:

We write

Rðn;gÞ ¼ Dnn
[

fBðn;bÞ : 0 # b , gg:

Since[
fBðn;bÞ : 0 # b , gg ¼

[ [
fBðn;aÞ : 0 # a # bg : 0 # b , g

n o
;

the set Rðn;gÞ is relatively closed in Dn ¼ Zn\Zn�1. Since Zn is closed, the set

Sðn;gÞ ¼ clRðn;gÞ
is a closed subset of Zn and

Rðn;gÞ ¼ Sðn; gÞnZn�1:
Note that, since the sets Rðn;gÞ decrease as g increases, so do the sets Sðn; gÞ.
For 0 # gþ 1 , GðnÞ, we write
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Tðn;gÞ ¼ Zn�1 < Sðn;gþ 1Þ:
We remark that, eventually, after a change of notation, the family

fSðn;gÞ : 0 # g , GðnÞ; 1 # ng
will become the family

fSðuÞ : u [ Qg:
We now introduce a function x on Kr with values of the form

xðKÞ ¼ nðKÞ; gðKÞ
 �
;

with

0 # gðKÞ , G nðKÞð Þ; 1 # nðKÞ:
We define nðKÞ to be the least integer n such that

K > Zn – �:

Then nðKÞ $ 1 and

K > ZnðKÞ�1 ¼ �:

For the rest of this paragraph, we give n the fixed value nðKÞ. For

0 # g , GðnÞ, we have
K > Dn

[
fBðn;bÞ : 0 # b , gg

/� �
¼ K > Rðn;gÞ

¼ K > Sðn;gÞnZn�1

 �

¼ K > Sðn; gÞ;
since K > Zn�1 ¼ �. Thus

K > Sðn; gÞ; 0 # g , GðnÞ;
is a decreasing sequence of compact sets and\

fK > Sðn;gÞ : 0 # g , GðnÞg ¼ K > Dn fBðn;gÞ : 0 # g , GðnÞgn

 �

¼ �:

Hence, for some g, 0 # g , GðnÞ, we have
K > Sðn; gÞ ¼ �:

There will be a least ordinal gwith this property. If gwere a limit ordinal, then

the sequence

K > Sðn;bÞ; 0 # b , g;
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would be a decreasing sequence of nonempty compact sets with empty inter-

section. Thus there is an ordinal gðKÞ, say, with 1 # gðKÞ þ 1 , G,

K > S nðKÞ; gðKÞ
 �
– �;

K > S nðKÞ;gðKÞ þ 1

 � ¼ �:

We define x so that xðKÞ has the value
xðKÞ ¼ nðKÞ;gðKÞ
 �

:

Note that we have chosen nðKÞ, gðKÞ so that

K > ZnðKÞ�1 ¼ �;

K > SðnðKÞ;gðKÞ þ 1Þ ¼ �;

K > S nðKÞ; gðKÞ
 �
– �:

Writing

Tðn; gÞ ¼ Zn�1 < Sðn;gþ 1Þ
we note that nðKÞ, gðKÞ satisfy

K > T nðKÞ;gðKÞ
 � ¼ �;

K > S nðKÞ; gðKÞ
 �
– �:

Now, if 1 # n�, 1 # g� , Gðn�Þ, and
K > Tðn�;g�Þ ¼ �;

K > Sðn�; g�Þ – �;

we show that we must have n� ¼ nðKÞ, g� ¼ gðKÞ. Since
Tðn�;g�Þ . Zn��1;

Sðn�;g�Þ , Zn� ;

we have

K > Zn��1 ¼ �; K > Zn� – �;

ensuring that n� ¼ nðKÞ. Then
K > Sðn�;g� þ 1Þ ¼ �; K > Sðn�;g�Þ – �;

ensuring that g� ¼ gðKÞ.
We now define a function h from Kr to Kr by taking
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hðKÞ ¼ K > S nðKÞ; gðKÞ
 �
:

(We regard h both as a point-valued function from the space Kr to the space

Kr and also as a set-valued function from Kr to Z.) By the choice of nðKÞ,
gðKÞ, the set hðKÞ is always a nonempty compact set in Z. Further, since

K , ZnZnðKÞ�1;

K > SðnðKÞ; gðKÞ þ 1Þ ¼ �;

we have

hðKÞ ¼ K > S nðKÞ; gðKÞ
 �
¼ K > ðSðnðKÞ;gðKÞÞnZnðKÞ�1


 �
SðnðKÞ; gðKÞ þ 1ÞnZnðKÞ�1Þ

 ��

¼ K > RðnðKÞ; gðKÞ
 �
R nðKÞ;gðKÞ þ 1Þ
 ��

¼ K > B nðKÞ; gðKÞ
 �
:

Since SðnðKÞ;gðKÞÞ is closed and BðnðKÞ;gðKÞÞ is of r-diameter less than e,
it follows that hðKÞ is a nonempty compact subset of K of r-diameter less than

e.
Now suppose that K1 , K2 and that hðK2Þ> K1 – �. Since K1 , K2, we

have

nðK2Þ # nðK1Þ:
If we had

nðK2Þ , nðK1Þ;
then we would have

hðK2Þ , ZnðK2Þ;

K1 > ZnðK2Þ ¼ �;

which would be impossible since hðK2Þ> K1 – �. Hence

nðK1Þ ¼ nðK2Þ:
Now, since K1 , K2, we have

gðK1Þ # gðK2Þ:
If we had

gðK1Þ , gðK2Þ;
then we would have
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hðK2Þ , S nðK2Þ;gðK2Þ

 �

;

K1 > S nðK2Þ;gðK1Þ þ 1

 � ¼ �;

and we would again have a contradiction. Thus we must have

gðK1Þ ¼ gðK2Þ:
Now

hðK1Þ ¼ K1 > S nðK1Þ;gðK1Þ

 �

;

hðK2Þ ¼ K2 > S nðK1Þ;gðK1Þ

 �

and K1 , K2 implies that

hðK1Þ ¼ hðK2Þ> K1:

Further, if

hðK1Þ> hðK2Þ – �;

then

B nðK1Þ; gðK1Þ

 �

> B nðK2Þ;gðK2Þ

 �

– �;

so that

nðK1Þ; gðK1Þ

 � ¼ nðK2Þ;gðK2Þ


 �
:

Finally, if

nðK1Þ; gðK1Þ

 � ¼ nðK2Þ;gðK2Þ


 �
;

then

hðK1Þ< hðK2Þ
is contained in

B nðK1Þ; gðK2Þ

 �

;

and so has r-diameter less than e.
Now let A be any directed set and consider a decreasing net fKa : a [ Ag of

nonempty compact sets in Z with intersection

K ¼
\

fKa : a [ Ag:
Since

K > S nðKÞ; gðKÞ
 �
– �;

we have

Ka > S nðKÞ; gðKÞ
 �
– �
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for each a in A. In particular,

Ka > ZnðKÞ ¼ �

for each a in A. We also have

K > ZnðKÞ�1 ¼ �:

Since fKa > ZnðKÞ�1 : a [ Ag is a decreasing net of compact sets with inter-

section

K > ZnðKÞ�1 ¼ �;

there must be some a in A with

Ka > ZnðKÞ�1 ¼ �:

Hence

Kb > ZnðKÞ�1 ¼ �

and

nðKbÞ ¼ nðKÞ
for all b beyond a in A. Since

K > T nðKÞ;gðKÞ
 � ¼ �;

we have

K > S nðKÞ; gðKÞ þ 1

 � ¼ �:

As before, by considering the directed subfamily

fKb > SðnðKÞ;gðKÞ þ 1Þ : b . a; b [ Ag;
we can choose b beyond a, so that

Kd > S nðKÞ; gðKÞ þ 1

 � ¼ �

and

gðKdÞ ¼ gðKÞ
for all d beyond b in A. Thus

xðKdÞ ¼ xðKÞ ¼ nðKÞ;gðKÞ
 �
for all d beyond b in A.

Now consider any upper semi-continuous set-valued function F, from a

metric space X to Z, taking only nonempty compact values. We define a family

of sets

fXðn;gÞ : 1 # n; 0 # g , GðnÞg
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in X by taking

Xðn;gÞ ¼ fx : xðFðxÞÞ ¼ ðn;gÞg:
These sets are all disjoint. We consider separately the countable sequence of

families

fXðn;gÞ : 0 # g , GðnÞg; n $ 1:

For fixed n and 0 # g , GðxÞ, we have
Xðn; gÞ

¼ fx : FðxÞ> Sðn;gÞ – � and FðxÞ> Tðn; gÞ ¼ �g

¼ fx : FðxÞ> Sðn;gÞ – �; FðxÞ> Zn�1 ¼ � and FðxÞ> Sðn;gþ 1Þ ¼ �g

¼ fx : FðxÞ> Zn�1 ¼ �g> Gðn;gþ 1ÞnGðn;gÞ
 �
;

where we write

Gðn;bÞ ¼ fx : FðxÞ> Sðn;bÞ ¼ �g
for 0 # b , G. Since Sðn;bÞ is closed and F is upper semi-continuous, each

set

Gðn;bÞ; 0 # b , G;

is an open set in X. When b is a successor ordinal, write

Yðn;bÞ ¼ Gðn;bÞnGðn;b � 1Þ

¼ Gðn;bÞ
[

fGðn; dÞ : 0 # d , bg
/

:

When b is a limit ordinal write

Yðn;bÞ ¼ Gðn;bÞ
[

fGðn; dÞ : 0 # d , bg
/

¼ fx : FðxÞ> Sðn;bÞ ¼ �g
[

ffx : FðxÞ> Sðn; dÞ ¼ �g : 0 # d , bg:
/

Since FðxÞ> Sðn; dÞ, 0 # d , b, is a decreasing sequence of compact sets,

FðxÞ> Sðn;bÞ ¼ �

implies that

FðxÞ> Sðn; dÞ ¼ �

for some d, 0 # d , b. Hence Yðn;bÞ – � when b is a limit ordinal. Now the

family

fYðn;bÞ : 0 # b , GðnÞg
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differs from the family

fGðn; gþ 1ÞnGðn;gÞ : 0 # g , Gg
only by the inclusion of certain empty sets (those corresponding to limit

ordinals b). Since Yðn;bÞ has the form
Yðn;bÞ ¼ Gðn;bÞ

[
fGðn; dÞ : 0 # d , bg

/
with the setsGðn;bÞ open in the metric space X, it follows, by Lemma 2.6, that

the family

fYðn;bÞ : 0 # b , GðnÞg;
and so also the family

fGðn; gþ 1ÞnGðn;gÞ : 0 # g , Gg;
are discretely s-decomposable families of F s-sets. Since

fx : FðxÞ> Zn�1 ¼ �g
is open, it follows that the whole family

Xðn; gÞ ¼ fx : FðxÞ> Zn�1 ¼ �g> Gðn;gþ 1ÞnGðn; gÞ
 �
;

0 # g , GðnÞ, 1 # n is a disjoint discretely s-decomposable family of F s-

sets.

It now remains to define the families and functions that we require in terms

of the families and functions that we have constructed. We take

Q ¼ fu ¼ ðn;gÞ : 0 # g , GðnÞ; 1 # ng
and define

SðuÞ ¼ Sðn; gÞ; with ðn;gÞ ¼ u:

The function h : Kr ! Kr remains unchanged. We take

qðKÞ ¼ ðnðKÞ; gðKÞÞ:
It is easy to check that our requirements are satisfied. A

Proof of Theorem 4.5. For e ¼ 2�n and n ¼ 1; 2;…, we use Lemma 4.3 to

construct an index set QðnÞ, a family

fSnðuÞ : u [ QðnÞg
of closed sets in Z, and functions

hn : Kr ! Kr;
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qn : Kr ! QðnÞ
satisfying the following conditions:

(a) for each K in Kr, the set

hnðKÞ ¼ K > Sn qnðKÞ

 �

is nonempty and of r-diameter less than 2�n;

(b) if K1 , K2 and hnðK2Þ> K1 – �, then
qnðK1Þ ¼ qnðK2Þ

and

hnðK1Þ ¼ hnðK2Þ> K1;

(c) if hnðK1Þ> hnðK2Þ – �, then

qnðK1Þ ¼ qnðK2Þ;

(d) if qnðK1Þ ¼qnðK2Þ, then
r-diam ðhnðK1Þ< hnðK2ÞÞ , 2�n;

(e) if A is a directed set and fKa : a [ Ag is a decreasing net of nonempty

compact sets with

K ¼
\

fKa : a [ Ag;
then for some a [ A,

qnðKbÞ ¼ qnðKÞ
for all b beyond a in A;

(f) if F is any upper semi-continuous set-valued function, from a metric

space X to Z, taking only nonempty compact values, the sets

XnðuÞ ¼ fx : qnðFðxÞÞ ¼ ug; u [ QðnÞ;
form a disjoint discretely s-decomposable family of F s-sets.

It is convenient to write h0ðKÞ ¼ k0ðKÞ ¼ K, and to writeFð0Þ ¼ f�g for the
set of empty sequences of length zero. For n $ 1, letFðnÞ denote the index set
consisting of all sequences

vnðKÞ ¼ w1;w2;…;wn

defined by

wi ¼ qi ki�1ðKÞ

 �

; 1 # i # n;

with
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kiðKÞ ¼ hi ki�1ðKÞ

 �

; 1 # i # n;

for some K in Kr. Write

Tn vnðKÞ

 � ¼ S1ðw1Þ> S2ðw2Þ>…> SnðwnÞ:

We verify that

knðKÞ ¼ K > Tn vnðKÞ

 �

:

To see this, note that

knðKÞ ¼ hn kn�1ðKÞ

 �

¼ kn�1ðKÞ> Sn qnðkn�1ðKÞÞ

 �

¼ kn�1ðKÞ> Sn wnÞ

 �

:

Applying this inductively

knðKÞ ¼ K > S1ðw1Þ> S2ðw2Þ>…> SnðwnÞ

¼ K > Tn vnðKÞ

 �

;

since k0ðKÞ ¼ K. Note that we defined functions

vn : Kr ! FðnÞ
and

kn : Kr ! Kr;

with

knðKÞ ¼ hn � hn�1 �… � h2 � h1ðKÞ

¼ K > Tn vnðKÞ

 �

:

Now define the function

s : Kr ! Kr

by

sðKÞ ¼
\1
n¼1

knðKÞ:

We verify that sðKÞ is a single point in Z, and that the corresponding function

s : Kr ! Z satisfies our requirements.

The condition (a) ensures that the sequence

K; k1ðKÞ; k2ðKÞ;…
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is a decreasing sequence of nonempty compact sets with r-diameter tending to

zero. Hence sðKÞ is a well-defined singleton contained in K, for each K inKr.

Thus (a) of Theorem 4.5 holds.

Suppose that K1, K2 are two sets of Kr with

sðK2Þ [ K1 , K2:

Then sðK2Þ [ h1ðK2Þ so that K1 , K2 and h1ðK2Þ> K1 – �. By condition (b)

we have

q1ðK1Þ ¼ q1ðK2Þ and h1ðK1Þ ¼ h1ðK2Þ> K1:

Thus

sðK2Þ [ h1ðK1Þ , h1ðK2Þ
or

sðK2Þ [ k1ðK1Þ , k1ðK2Þ:
Applying this argument inductively, we find that

sðK2Þ [ knðK1Þ , knðK2Þ
for all n $ 1. Hence

sðK2Þ [
\1
n¼1

knðK1Þ ¼ fsðK1Þg:

Thus

sðK1Þ ¼ sðK2Þ
and (b) of Theorem 4.5 holds.

Now suppose that K1, K2 are sets of Kr with

vnðK1Þ ¼ vnðK2Þ ¼ w1;w2;…;wn:

Then

knðKiÞ ¼ hn kn�1ðKiÞ

 �

for i ¼ 1; 2 and

qn kn�1ðK1Þ

 � ¼ qn kn�1ðK2Þ


 � ¼ wn:

By the condition (d),

r-diam knðK1Þ< knðK2Þ

 �

, 2�n:

Let A be any directed set and let fKa : a [ Ag be a decreasing net of none-

mpty compact sets in Z with

K ¼
\

fKa : a [ Ag:

SELECTORS FOR COMPACT SETS 85



Let n $ 1 be given. By the condition (e), there is an a1 in A with

q1ðKbÞ ¼ q1ðKÞ
for all b beyond a1 in A. For all such b, we have

k1ðKbÞ ¼ Kb > T1 q1ðKÞ

 �

;

k1ðKÞ ¼ K > T1 q1ðKÞ

 �

:

Applying the same argument to the net

fk1ðKbÞ : b [ A; b . a1g ¼ Kb > T1 q1ðKÞ

 �

: b [ A; b . a1

n o
of nonempty compact sets and the function h2, we obtain an a2 . a1 so that

q2 k1ðKbÞ
� �

¼ q2 k1ðKÞ

 �

for all b beyond a2 in A. After n steps, we obtain an in A such that

vðKbÞ ¼ vnðKÞ
for all b beyond an in A. This ensures that

r-diam knðKbÞ< knðKÞ
� �

, 2�n

for all b beyond an in A. Thus

r sðKbÞ; sðKÞ
� �

, 2�n

for all b beyond an in A. This shows that sðKbÞ converges to sðKÞ in Z with the

metric r, following the directed set A. So conclusion (c) of Theorem 4.5

follows.

Let F be any upper semi-continuous set-valued function, from a metric

space X to Z, taking only nonempty compact values. We show that, for

each n $ 1, the sets

JnðwÞ ¼ fx : vnðFðxÞÞ ¼ wg; w [ FðnÞ;
form a disjoint discretely s-decomposable family of F s-sets in X. By the

result (f), this is true when n ¼ 1. Suppose that it is true for some n $ 1.

Consider any

w ¼ w1;w2;…;wn;wnþ1

in Fðnþ 1Þ. Then
Jnþ1ðwÞ ¼ fx : vnþ1ðFðxÞÞ ¼ wg

¼ x : vn FðxÞð Þ ¼ w j nf g> x : qnþ1 knðFðxÞ

 � ¼ wnþ1

� �
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¼ Jnðw j nÞ> x : qnþ1 FðxÞ> Tnðw j nÞ
 � ¼ wnþ1

� �
:

On the set Jnðw j nÞ the set-valued function

FðxÞ> Tnðw j nÞ
is upper semi-continuous and takes only nonempty compact values in Z. It

follows by condition (f) that, for each fixed x [ FðnÞ, the family

fJnþ1ðwÞ : w [ Fðnþ 1Þ; w j n ¼ xg
is a disjoint discretely s-decomposable family of F s-sets in the space JnðxÞ,
considered relative to JnðxÞ. By Lemma 2.3, it follows that the family

fJnþ1ðwÞ : w [ Fðnþ 1Þg
is a disjoint discretely s-decomposable family of F s-sets. We now show that

the family

fJnðwÞ : w [ FðnÞ; n $ 1g
is a discretely s-decomposable family of F s-sets that forms a base for the

function

f ¼ s � F : X ! ðZ; rÞ:
Let G be any r-open set in Z; we show that f �1ðGÞ is the union of the sets

JnðwÞ that it contains. Consider any point x� in f �1ðGÞ. Then

f ðx�Þ ¼ s � Fðx�Þ [ G. Choose n so large that the spherical ball with center

f ðx�Þ and radius 2�n is contained in G. Write w ¼ vðFðx�ÞÞ. Then
s � Fðx�Þ , kn Fðx�Þ
 �

:

If x is any point of JnðwÞ, then vðFðxÞÞ ¼ w. By the result (d)

r-diam knðFðxÞÞ< knðFðx�ÞÞ

 �

, 2�n:

Since

f ðx�Þ ¼ s � Fðx�Þ , kn Fðx�Þ
 �
;

we have

kn FðxÞð Þ , G

and

f ðxÞ ¼ s � FðxÞ [ kn FðxÞð Þ , G:

Thus

x [ f �1ðGÞ:
This shows that
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x� [ JnðwÞ , f �1ðGÞ:
So f �1ðGÞ is the union of the sets JnðwÞ, w [ FðnÞ, n $ 1, that it contains.

It now follows that f is a s-discrete function of the first Borel class.

If r has the e-neighborhood property, it follows from the definition of this

property, that the representation function

R : Kr ! Z;

given by

RðKÞ ¼ K;

is an upper semi-continuous set-valued function, from Kr to Z, taking only

nonempty compact values. By the result of the last paragraph, the selector

s ¼ s � R

is a s-discrete function of the first Borel class from Kr to ðZ; rÞ. A

Proof of Theorem 4.2. The result follows immediately from Theorem 4.5 since

the metric r has the e-neighborhood property for the compact sets of ðY ; rÞ and
ðY ; rÞ is automatically fragmented by r. A

Proof of Theorems 4.3 and 4.4.The results follow immediately from Theorem

4.5 on using Lemma 4.1 and Theorem 2.1.

4.3 REMARKS

1. As we have already remarked, Theorem 4.4 is closely related to a result

of Ghoussoub, Maurey and Schachermayer [14]. Their result is less

general than Theorem 4.4 in that they need to assume that their space

is fragmented rather than s-fragmented by closed sets; it is more general

in that they are able to work with their concept of ‘‘a slice-upper semi

continuous multivalued map’’. They also obtain selections from closed

bounded sets into certain types of their extreme points.

2. Ghoussoub, Maurey and Schachermayer [14, p. 489] state that a func-

tion between two topological spaces X and Y is Baire-1 if the inverse

image of every open subset of Y is an F s-set in X. Such a function

would more usually be called a function of the first Borel class; func-

tions of the first Baire class are usually defined as functions that are

pointwise limits of continuous functions. The two classes do not coin-

cide even when X and Y are both metric spaces (see Example 2.1 above).

This means that their paper needs to be read with this distinction in

mind. However, the two concepts are equivalent when X is a metric

space and Y is a convex subset of normed linear space.
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3. Many metric spaces can be expressed as the continuous image of the

positive real axis ½0;1Þ. It is easy to verify that the proof of Theorem 4.1

applies with minor modifications to the closed sets of any such space.

4. In the proof of the key Lemma 4.3 we make a partial selection by

combining the method of first choice, in fixing nðKÞ, and the method

of deferred choice, in fixing gðKÞ. It might be possible, and would

probably be more elegant, if the proof could be more closely modeled

on the proof of Theorem 4.1.

5. If in the proof of Theorem 4.1, the curve p : ½0; 1� ! Q is taken to be the

rather special Peano curve constructed relatively recently by Pach and

Rogers [65], it is easy to verify that the selector s for K satisfies the

following mysterious extra condition:

(d) if K is any closed set of K , the set

K� ¼
[

fsðHÞ : H [ K and H . Kg
is a closed convex subset of Q that meets K just at the point sðKÞ.

6. While we have not explicitly written the statements into the conclusions,

all the selectors in Theorems 4.2–4.5, being s-discrete and of the first

Borel class, will be such that their points of discontinuity are F s-sets of

the first Baire category in X, just as in the theorems of Chapter 3.
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Chapter 5

Applications

In this chapter we mainly use theorems that we have already established to

give results for a variety of set-valued maps that have geometric origins. In

particular we study subdifferentials, two sorts of attainment maps, metric

projections and continuous maps to a space of compact convex sets. For

these purposes we study maximal monotone maps. We also give results that

act as partial converses to Theorems 3.2 and 3.3.

A set-valued map F from a Banach space X to its dual space X� is said to be

a monotone map if

hx2 � x1; x
�
2 � x�1 i $ 0

for all choices of x1, x
�
1 , x2, x

�
2 with

x�1 [ Fðx1Þ and x�2 [ Fðx2Þ:
Here we allow F to take the value �; we use

DðFÞ ¼ fx : FðxÞ – �g
to denote the domain of F. A set-valued map F from X to X� is said to be a

maximal monotone map, if it is a monotone map and it has a graph

GrðFÞ ¼
[

ffxg £ FðxÞ : x [ Xg
that is a proper subset of the graph of no monotone map from X to X�.

Suppose that

FðxÞ ¼
[

fFgðxÞ : 0 # g , Gg
for all x in X, with fFg : 0 # g , Gg a transfinite sequence of monotone maps

with increasing graphs. If

x�1 [ Fðx1Þ and x�2 [ Fðx2Þ;
then for some g, 0 # g , G, we have

x�1 [ Fgðx1Þ and x�2 [ Fgðx2Þ;
so that

hx2 � x1; x
�
2 � x2i $ 0:



Thus F is necessarily a monotone map whose graph includes the graphs of all

the maps Fg, 0 # g , G. It follows by Zorn’s lemma that every monotone map

from X to X� has a graph that is contained in the graph of some maximal

monotone map from X to X�.
In Section 5.1 we develop some of the known properties of maximal mono-

tone maps (see Theorem 5.9) and prove the following selection result.

Theorem 5.1 Let X be a Banach space with dual space X�. Suppose that

each weak� compact set in X� is weak� fragmented. Let H be a maximal

monotone map from X to X�. Let D be the domain of H and let D0 be the

interior of D. Let U0 be the set of points of D0 at which H is point-valued and

norm upper semi-continuous.

Then U0 is a dense Gd-subset of D0.

The map H has a selector h from D to ðX�; normÞ that is of the first Baire

class.

For each selector f for H from D0 to ðX�; normÞ, of any kind, the set of

points where f is norm continuous coincides with U0.

It is convenient to introduce the extended real line R1 ¼ R< fþ1g,
topologized by taking the intervals of the form ðt;þ1� as a base for the

neighborhoods of the point þ1. When X is a Banach space and f is a contin-

uous convex function from X to R1, the subdifferential Dxf of f at a point x of

X is defined to be the set of elements x� of X� satisfying the condition

f ðxÞ þ hu; x�i # f ðxþ uÞ
for all u in X. Except when f only takes the value þ1, this subdifferential Df

turns out to be a maximal monotone map. We verify this in Section 5.2 and

then prove the following theorem.

Theorem 5.2 Let X be a Banach space with dual space X�.
If each weak� compact subset of X� is weak� fragmented, then the sub-

differential map Df corresponding to each continuous convex function from X

to R1, that is not identically þ1, has a selector of the first norm Baire class

on the domain D of Df and so is continuous at all points of aGd-set dense in D.

If the subdifferential map of each continuous convex function from X to R has

a selector that is norm continuous at all points of aGd-set dense in X, then X is

an Asplund space.

Since the subdifferential map Df of a continuous convex function from X to

R is necessarily a weak� upper semi-continuous set-valued map taking only

nonempty weak� compact convex values, the second part of this theorem,

taken with the fact that the weak� compact subsets of the dual of an Asplund

space are weak� fragmented, provides a strong converse to Theorem 3.3.
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Let K be a nonempty weakly compact set in a Banach space X with dual

space X�. The attainment map from X� to K is defined to be the set-valued

map FK : X� ! K, with

FKðx�Þ ¼ fx [ K : hx; x�i ¼ supfhk; x�i : k [ Kgg
for all x� in X�. In Section 5.3, we discuss such maps and obtain the following

theorem.

Theorem 5.3 Let K be a nonempty weakly compact set in a Banach space X

with dual space X�. Let FK : X� ! K be the attainment map for K. Let U� be

the set of points of X� at which FK is point-valued and norm upper semi-

continuous. Then U� is a dense Gd-set in X�.
The map FK has a selector f of the first norm Baire class. Further, for each

selector g for FK the set of points where g is norm continuous coincides with

U�.

Let K be a nonempty weak� compact set in the dual X� of a Banach space X.
The attainment map from X to K is defined to be the set-valued map

FK : X ! K, with

FKðxÞ ¼ fx� [ K : hx; x�i ¼ supfhx; k�i : k� [ Kgg
for all x in X. We study such maps in Section 5.4, and we prove the following

theorem (see Jayne, Orihuela , Pallarés and Vera [41, Proposition 25, p. 268]).

Theorem 5.4 Let K be a nonempty weak� compact set in the dual X� of a

Banach space X. Let FK : X ! K be the attainment map from X to K. Then FK

is a weak� upper semi-continuous map from X to K taking only nonempty

weak� compact values.

If K is convex and weak� fragmented by the norm on X�, then FK has a

selector f : X ! ðK; normÞ that is of the first Baire class.

In the case when K is the unit ball of X�, this selector has been called the

Jayne–Rogers selector and has been generalized by Deville, Godefroy and

Zizler [7, p. 18 et seq.].

In Chapter 7 we discuss in some detail a partial converse to Theorem 5.4.

Let K be a nonempty set in a Banach space X. For each x in X, we write

rðxÞ ¼ inffkx � kk : k [ Kg
and

FðxÞ ¼ fk : kk � xk ¼ rðxÞ and k [ Kg:
The set-valued map F is called the nearest point map of K or the metric
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projection onto K. This map has been much studied, see Kenderov [45] and

references given there. We prove two simple results in Section 5.5.

Theorem 5.5 Let K be a nonempty compact set in a Banach space X. Then

the nearest point map F from X to K is weakly upper semi-continuous with

nonempty weakly compact values, and so has a selector f : X ! ðK; normÞ of
the first Baire class. If the norm on X is strictly convex, then F is a minimal

weakly upper semi-continuous map with nonempty weakly compact values,

and F is point-valued and norm upper semi-continuous at the points of a dense

Gd-subset of X.

Theorem 5.6 Let K be a nonempty weak� closed set in a dual Banach space

X� and suppose that K is weak� fragmented. Then the nearest point map F

from X� to K is weak� upper semi-continuous with nonempty weak� compact

values, and so has a selector f : X� ! ðK; normÞ of the first Baire class. If the

norm on X� is strictly convex, then F is a minimal weak� upper semi-contin-

uous map with nonempty weak� compact values, and F is point-valued and

norm upper semi-continuous at the points of a dense Gd-subset of X.

So far, we have been content to obtain selectors of the first Baire class that

are pointwise limits of continuous functions without obtaining any effective

control of the continuous functions tending to the selector. When the set-

valued map takes as values subsets of a fixed convex set in a Banach space,

we can ensure that the continuous functions converging to the selector also

take their values in the convex set (see Theorem 1.4 and the last clause of

Theorem 2.1). In Section 5.6 we study a more complicated situation. We prove

two theorems that can be regarded as parameterized versions of Theorems 5.5

and 5.3.

Theorem 5.7 Let X be a metric space and let Y be a Banach space that is s-
fragmented. Let H be a set-valued map from X to Y with nonempty weakly

compact convex values, and suppose that H is a continuous map from X to the

space of nonempty bounded norm closed sets in Y taken with the Hausdorff

metric. Let h be a continuous function from X to Y. For each x in X, write

rðxÞ ¼ inffkh � hðxÞk : h [ HðxÞg
and

FðxÞ ¼ fy [ H : ky � hðxÞk ¼ rðxÞg:
Then F has a selector f that is the pointwise limit of a sequence fhng of

continuous selectors for H.

Theorem 5.8 Let X be a Banach space and let Y be a Banach space that is
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s-fragmented with dual space Y�. Let H be a set-valued map from X to Y with

nonempty weakly compact convex values, and suppose that H is a continuous

map from X to the space of nonempty bounded norm closed sets in Y taken

with the Hausdorff metric. Let h� be a continuous function from X to Y�. For
each x in X write

FðxÞ ¼ fy [ HðxÞ : hy;h�ðxÞi ¼ supfhh;h�ðxÞi : h [ HðxÞgg:
Then F has a selector f that is the pointwise limit of a sequence fhng of

continuous selectors for H.

These theorems may perhaps have some practical significance. Consider

Theorem 5.7 in the light of the following circumstances. Suppose that the

operations of a firm depend on the position of a point x in a parameter space X

and that the firm has no control of the position x in X. Suppose that for each x

in X the operation of the firm can be specified by the choice of a point y in a

Banach space Y , but that, for various practical reasons, y has to be chosen from

a nonempty convex weakly compact set HðxÞ. Suppose that, for optimality, for

a given value of x, the point y needs to be chosen from HðxÞ to minimize a

continuous real-valued function, say hy; y�ðxÞi, with y�ðxÞ in Y�. We suppose

that the firm seeks a strategy for its operations in the form of a map

h : X ! Y ;

with

hðxÞ [ HðxÞ; for x [ X;

with h continuous, since the firm wishes to avoid disconcerting discontinuities

in its operations, and with h in some sense nearly optimal. Under the condi-

tions of Theorem 5.7, possible solutions are provided by the functions hn,

n ¼ 1; 2;…. To find a good choice, further investigation would be necessary.

Naturally there has to be a trade-off between the approach of the solution h to

the ‘‘optimal’’ solution f and the rate of variation of h with x.

5.1 MONOTONE MAPS AND MAXIMAL MONOTONE MAPS

In this section we develop the parts of the theory of monotone maps and of

maximal monotone maps that we need. For a more extensive account of this

interesting theory, see [58].

We then prove the selection theorem, Theorem 5.1, stated in the introduc-

tion of this chapter.

In the main introduction to this chapter, we have already defined the mono-

tone maps and the maximal monotone maps from a Banach space X to its dual

space X�, and have noted that the graph of a monotone map is always included

in the graph of a maximal monotone map. We remark that if F is a monotone
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map from X to X�, then the values of F corresponding to distinct points x1, x2
in X are ‘‘almost separated’’ in the following way. For any x�1 in Fðx1Þ and any
x�2 in Fðx2Þ, we have

hx2 � x1; x
�
2 � x�1 i $ 0;

so that

hx2 � x1; x
�
1 i # hx2 � x1; x

�
2 i

and

supfhx2 � x1; x
�i : x� [ Fðx1Þg # inffhx2 � x1; x

�i : x� [ Fðx2Þg:
Usually one has strict inequality, in this last inequality, for many pairs x1, x2.

We say that a monotone map F is locally bounded on an open set G in X if

each point g of G has an open neighborhood NðgÞ with kf ðNðgÞÞk, defined by

kFðNðgÞÞk ¼ supfkx�k : x� [ FðNðgÞÞg
finite. Monotone maps that are nowhere locally bounded do exist (see Exam-

ple 5.1 below), but they are more difficult to handle. We now give a criterion

that ensures that a monotone map is bounded on an open set.

Lemma 5.1 Let F be a monotone map from a Banach space X to its dual

space X�. For r . 0, write

FrðxÞ ¼ FðxÞ> ðrB�Þ
for all x in X. If the domain of Fr is dense in an open set G, then

kFðGÞk # r:

Proof. We suppose that there are points j, j� satisfying

j [ G; j� [ FðjÞ; kj�k . r;

and we seek a contradiction. We first choose an integer n so large that

kj�k .
nþ 1

n � 1
r;

and then choose e . 0 so small that

kj�k .
ðnþ 1Þr
n � 1 � ne

:

Since j� – 0, we can choose h in X with

khk ¼ 1; hh; j�=kj�ki . 1 � e:

Consider the set CðdÞ of all points x with
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kx � j � ndhk , d;

with d . 0. Then CðdÞ is an open set contained in the set

kx � jk , ðnþ 1Þd:
Since j [ G, we can choose d . 0 so small that

CðdÞ , G:

Since the domain of Fr is dense in G, we can choose z and z� with

z [ CðdÞ; z� [ FðzÞ; kz�k # r:

Then

kz � j � ndhk , d; kz � jk , ðnþ 1Þd:
Since F is a monotone map, we have

0 # hz � j; z� � j�i ¼ hz � j; z�i � hz � j � ndh; j�i � hndh; j�i

, ðnþ 1Þdkz�k þ dkj�k � ndð1 � eÞkj�k

# ðn � 1 � neÞd ðnþ 1Þr
n � 1 � ne

� kj�k
� 	

, 0

by the choice of n and e. This contradiction proves the lemma. A

Corollary 5.1 If G is an open set contained in the domain of a monotone

map F, then

supfsupfkx�k : x� [ FðxÞg : x [ Gg ¼ supfinffkx�k : x� [ FðxÞg : x [ Gg:

To verify this corollary note that, if

supfinffkx�k : x� [ FðxÞg : x [ Gg ¼ r;

then, for each e . 0, the domain of FrþeðxÞ ¼ FðxÞ> ðr þ eÞB� includesG, so
that kFðGÞk # r þ e and kFðGÞk # r.

The next lemma gives information about the values taken by a maximal

monotone map.

Lemma 5.2 Let H be a maximal monotone map from a Banach space X to

X�. Then HðxÞ is weak� closed and convex (and perhaps empty) for each x in

X.

Proof. Fix x0 in the domain of H and suppose that x�1 ; x
�
2 are points of Hðx0Þ.

Then for each choice of j, j� with

j [ X; j� [ HðjÞ;
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we have

hj � x0; j
� � x�1 i $ 0;

hj � x0; j
� � x�2 i $ 0;

so that

hj � x0; j
� � f1 � uÞx�1 þ ux�1 gi $ 0

for 0 # u # 1. As H is a maximal monotone map, we must have

ð1 � uÞx�1 þ ux�2 [ Hðx0Þ
for 0 # u # 1. Hence Hðx0Þ is convex.

Now consider any point x�0 in the weak� closure of Hðx0Þ. For each choice

of j, j� with

j [ X; j� [ HðjÞ;
and each choice of e . 0, the set of points x� with

hj � x0; x
� � x�0 i $ �e

is a weak� neighborhood of x�0 , and so contains a point, x�e in Hðx0Þ. Hence
hj � x0; x

�
e � x�0 i $ �e

and as x�e [ Hðx0Þ,
hj � x0; j

� � x�e i $ 0:

Thus

hj � x0; j
� � x�0 i $ �e

for e . 0, so that

hj � x0; j
� � x�0 i $ 0:

Since this holds for all choices of j, j� and H is a maximal monotone map, we

must have x�0 [ Hðx0Þ. Hence Hðx0Þ is weak� closed, as well as convex. A

Theorem 5.9 Let H be a maximal monotone map from a Banach space X to

X�. For each r . 0, write

HrðxÞ ¼ HðxÞ> ðrB�Þ
for x[ X. Then the domain DðHrÞ is closed and Hr takes only nonempty weak

�

compact convex values and is weak� upper semi-continuous on DðHrÞ.
If H has a selector h that is norm continuous at an interior point x0 of DðHÞ,

then Hðx0Þ reduces to a single point and H is norm upper semi-continuous at

x0.
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Proof. We prove that the graph

GðHrÞ ¼ fðx; x�Þ : x [ X and x� [ HrðxÞg
of Hr is closed in X £ ðX�;weak�Þ. Let ðj; j�Þ be a point in the closure of this

graph. Then kj�k # r. Consider any pair ðz; z�Þ of points with
z [ X; z� [ HðzÞ:

Let e . 0 be given and write

d ¼
1
2
e

kz�k þ r
:

The set of points ðx; x�Þ with

kx � jk , d; hz � j; z� � x�i , hz � j; z� � j�i þ 1

2
e

is a neighborhood of ðj; j�Þ in X £ ðX�;weak�Þ. So we can choose a point in

the neighborhood, say ðh;h�Þ. Then
kh � jk , d;

hz � j; z� � h�i , hz � j; z� � j�i þ 1

2
e

and

h� [ HðhÞ; kh�k # r:

Further, as H is a monotone map,

hz � h; z� � h�i $ 0:

Thus

hz � j; z� � j�i . hz � j; z� � h�i � 1

2
e

¼ hz � h; z� � h�i þ hh � j; z� � h�i � 1

2
e

$ �kh � jk·kz� � h�k � 1

2
e

$ �dfkz�k þ rg � 1

2
e ¼ �e:

Since e may be arbitrarily small, we must have

hz � j; z� � j�i $ 0
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for all choices of z, z� with z� [ HðzÞ. Since H is a maximal monotone map,

we must have j� [ HðjÞ and so also j� [ HrðjÞ. Thus the graph GðHrÞ is
closed in X £ ðX�;weak�Þ.

Now DðHrÞ is the projection onto X of the closed set GðHrÞ through the

weak� compact set rB�. Hence DðHrÞ is closed in X.

By Lemma 5.2, each set HðxÞ, x [ X, is weak� closed and convex. Since

rB� is weak� compact and convex, so is

HrðxÞ ¼ HðxÞ> ðrB�Þ
for each x in X.

Now consider any weak� closed set J in X�. The set H�1
r ðJÞ is the projection

on X of the closed set

ðX £ JÞ> GðHrÞ
through the weak� compact set rB� and so is closed in X. Hence Hr is weak

�

upper semi-continuous on its closed domain DðHrÞ and so also on X.

Finally, suppose thatH has a selector h that is norm continuous at an interior

point x0 of DðHÞ. Let e . 0 be given. Then we can choose d . 0 so that all

points x with

kx � x0k , d

lie in DðHÞ and satisfy

khðxÞ � hðx0Þk , e:

Note that the set function K defined by

KðxÞ ¼ HðxÞ � hðx0Þ

¼ fx� � hðx0Þ : x� [ HðxÞg
is a maximal monotone map from X to X�, with domain DðHÞ. Further, the
open ball Bðx0; dÞ is contained in the domain DðKeÞ of the reduced map Ke

defined by

KeðxÞ ¼ KðxÞ> ðeB�Þ
for all x in X. By Lemma 5.1,

kKðBðx0; dÞÞk # e;

and so

kx� � hðx0Þk # e

for all pairs x, x� with

kx � x0k # d; x� [ HðxÞ:
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Since emay be arbitrarily small, this implies thatHðx0Þ ¼ fhðx0Þg and thatH is

norm upper semi-continuous at x0. Further, the rate of the semi-convergence

of H to Hðx0Þ is controlled by the rate at which h converges to hðx0Þ. More

precisely, for all sufficiently small d . 0,

supfkx� � hðx0Þk : x� [ HðxÞ and kx � x0k , dg
# supfkhðxÞ � hðx0Þk : kx � x0k , dg:

Proof of Theorem 5.1. Let H be a maximal monotone map from the Banach

space X to its dual X�, all of whose weak� compact sets are weak� fragmented.

For each r . 0, write

HrðxÞ ¼ HðxÞ> ðrB�Þ
for all x in X. Then

D ¼ DðHÞ ¼
[1
r¼1

DðHrÞ;

and D is an F s-set in X, by Theorem 5.9. Further, each map Hr is a weak�

upper semi-continuous map from X to X� taking only nonempty weak�

compact convex values on its closed domain DðHrÞ. By Theorem 3.3, Hr

has a selector, say hr, on DðHrÞ that is s-discrete and of the first Borel class

as a map from DðHrÞ to ðX�; normÞ. Now define a function h on D by taking

hðxÞ ¼ h1ðxÞ; if x [ DðH1Þ;

hðxÞ ¼ hr; if x [ DðHrÞnDðHr�1Þ and r $ 2:

Now h is a selector for H on D that is s-discrete and of the first Borel class.

Hence, by Theorem 2.1, h is of the first Baire class on D.

Now assume that the set D0 of interior points of D is nonempty, and

consider the restriction of h to D0. Since D0 is a completely metrizable

space, the set V0 where h is norm continuous is a dense Gd-subset of D0.

By Theorem 5.9, H is point-valued and norm upper semi-continuous at each

point of V0. Thus V0 , U0. Conversely, at each point of U0, H is point-valued

and norm upper semi-continuous, forcing h to be norm continuous. Thus U0

coincides with V0 and is a dense Gd-subset of D0.

If f is any selector for H, of any kind, on D0, the same argument shows that

the set of points of D0 where f is norm continuous coincides with U0. A

5.2 SUBDIFFERENTIAL MAPS

In this section we verify that the subdifferential maps of continuous convex

functions from a Banach space X to R1, that are not identically infinite, are
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maximal monotone maps from X to X�. We then deduce Theorem 5.2 as a

consequence of Theorem 5.1.

We first prove the following lemma giving the properties of subdifferential

maps that we shall need to use.

Lemma 5.3 Let f be a continuous convex function, from a Banach space X

to R1, that is finite at at least one point of X. Let D be the set of points x of X

for which f ðxÞ is finite. Then D is an open convex set in X. The subdifferential

map Df of f is a maximal monotone map from X to X� with D as its domain

of definition.

Proof. Since f is convex the set D of points xwith f ðxÞ , þ1 is convex. Since

f is continuous to R1, the set D is open.

Fix a point a in X with f ðaÞ , þ1. It is clear that if j � D, then f ðjÞ ¼ þ1,

and we cannot find any j� in X� satisfying

f ðjÞ þ ha � j; j�i # f ðaÞ:
Thus j is not in the domain of Df . However, if j [ D, then f ðxÞ is less than
f ðjÞ þ 1 for all x in an open set, G say, contained in D. Now the epigraph, A

say, of f in X £ R contains the nonempty open set G £ ðf ðxÞ þ 1;þ1Þ. Now
ðx; f ðxÞ � eÞ does not belong to A when e . 0. Thus ðx; f ðxÞÞ is a point on the

boundary of the convex set A in X £ R. Now X £ R is a Banach space. By the

Hahn–Banach theorem there is a linear functional, say ‘, on X £ R, such that

‘ðj; tÞ # ‘ x; f ðxÞ
 �
for all points ðj; tÞ in A. Now the general linear functional on X £ R takes the

form

hðx; tÞ; ðx�; t�Þi ¼ hx; x�i þ tt�;

with ðx�; t�Þ in X� £ R. Thus, for some j� in X� and some t� [ R, we have

hy; j�i þ tt� # hx; j�i þ f ðxÞt�

for ðy; tÞ in A. In particular, the points ðx; f ðxÞ þ pÞ, p $ 0, belong to A so that

pt� # 0:

Hence t� # 0. The possibility that t� ¼ 0 is excluded, since we cannot have

hy; j�i # hx; j�i
for all y in D because x is an interior point of D. Thus t� must be negative, and

dividing our inequality by �t� and taking t ¼ f ðyÞ, we have

hy; j�=ð�t�Þi � f ðyÞ # hx; j�=ð�t�Þi � f ðxÞ
or

CHAPTER 5102



f ðxÞ þ hy � x; j�=ð�t�Þi # f ðyÞ
for all y in D. This also holds when y � D and f ðyÞ ¼ þ1. Thus j�=ð�t�Þ
belongs to Dxf , and x belongs to the domain of Df . Hence the domain of Df

coincides with D.

Now, if j, z belong to D and

j� [ Djf ; z� [ Dzf ;

we have

f ðjÞ þ hz � j; j�i # f ðzÞ
and

f ðzÞ þ hj � z; z�i # f ðjÞ;
so that

hz � j; z� � j�i ¼ �hz � j; j�i � hj � z; z�i $ 0:

Thus Df is a monotone map from X to X�.
Following Minty [58, Theorem 2], we show that Df is a maximal monotone

map from X to X�. We suppose that j [ X and that j� � Dj f , and seek to

prove that ðj; j�Þ can lie in the graph of no monotone map whose graph

contains that of Df . We need to consider two cases.

Case (a) Suppose that j [ D. Since j� � Dj f , there is some u in X with

f ðjÞ þ hu; j�i . f ðjþ uÞ:
This implies that jþ u [ D. Consider the real-valued function

wðtÞ ¼ f ðjþ tuÞ � f ðjÞ � thu; j�i
for t [ ½0; 1�. Clearly w is convex. Also wð0Þ ¼ 0, wð1Þ , 0. Now w has left

and right derivatives for each t in ½0; 1�. The right derivative w0
r is nondecreas-

ing and

wðtÞ ¼
Zt

0
w0
rðsÞ ds:

Hence we can choose t1 with 0 , t1 , 1 and w0
rðtÞ , 0. Since t ¼ jþ t1u

belongs to Df , we can find t� in Dt f satisfying

f ðtÞ þ hv; t�i # f ðtþ vÞ
for all v in X. Taking v ¼ ðt � t1Þu we obtain

f ðtÞ þ ðt � t1Þhu; t�i # f ðtþ ðt � t1ÞuÞ

¼ f ðjþ tuÞ
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for all real t, so that

wðtÞ � wðt1Þ ¼ f ðjþ tuÞ � f ðjþ t1uÞ � ðt � t1Þhu; j�i

$ ðt � t1Þhu; t� � j�i:
Since w0

rðt1Þ , 0, this implies that

hu; t� � j�i , 0;

so that

ht � j; t� � j�i ¼ t1hu; t� � j�i , 0

and ðj; j�Þ can be in the graph of no monotone map whose graph contains the

point ðt; t�Þ in the graph of Df .

Case (b) Suppose that j � D. Choose any point z in D and write u ¼ j � z.
The line segment zþ ut, 0 # t # 1 passes from the point z in D to the point j
not in D. Since D is convex and open, we can choose t1, 0 , t1 # 1, so that

zþ t1u lies on the boundary of D. Then f ðzþ t1uÞ ¼ þ1 and f ðzþ tuÞ tends
to þ1 as t tends to t1 from below. Since the function wðtÞ ¼ f ðzþ tuÞ is

convex on ½0; t1Þ we can choose t2 with 0 , t2 , t1 # 1 and

w0
‘ðt2Þ . hu; j�i:

Write t ¼ zþ t2u and choose t� in Dtf . Then for all e . 0;

f ðtÞ þ h�eu; t�i # f ðt � euÞ;
so that

wðt2 � eÞ � wðt2Þ ¼ f ðt � euÞ � f ðtÞ $ �ehu; t�i
for e . 0. Thus

lim
e!0þ

wðt2 � eÞ � wðt2Þ
�e # hu; t�i

and

hu; j�i , w0
‘ðt2Þ # hu; t�i:

Now

hu; j� � t�i , 0

and

hj � t; j� � t�i ¼ ð1 � t2Þhu; j� � t�i
, 0:
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Again we conclude that ðj; j�Þ can be in the graph of no monotone map from X

to X� whose graph includes the point ðt; t�Þ in the graph of Df .

Taking Cases (a) and (b) together we conclude that Df is a maximal mono-

tone map from X to X�. A

Proof of Theorem 5.2. We first suppose that each weak� compact subset of X�

is weak� fragmented. Let Df be the subdifferential map of a continuous

convex function, from X to R1, that is finite for at least one point of X. Let

D be the set of all points x where f ðxÞ is finite. By Lemma 5.3, D is an open

convex set in X, and the subdifferential map Df is a maximal monotone map

from X to X� with D as its domain.

By Theorem 5.1, the map Df has a selector, h say, that is of the first Baire

class, as a map from D to ðX�; normÞ, and is norm continuous at the points of a

Gd-set, say D0, that is dense in D. This proves the first assertion of Theorem

5.2.

We now drop the assumption that the weak� compact subsets of X� are

weak� fragmented. We assume that the subdifferential map of each continuous

convex function from X toR has a selector that is norm continuous at all points

of a dense Gd-set in X. Consider any such continuous convex function f from

X to R. We need to prove that f is Fréchet differentiable at all points of a Gd-

set dense in X. Using Lemma 5.3, the subdifferential map Df is a maximal

monotone map from X to X� with X as its domain. By our special assumption

we have a selector h forDf on X that is continuous at all points of someGd-set,

sayD0, dense in X. By Theorem 5.9, the set-valued functionDf is point-valued

and norm upper semi-continuous at each point of D0. Consider any point x0 of

D0, and any point x of X. By the subdifferential property,

f ðx0Þ þ hx � x0; hðx0Þi # f ðxÞ;

f ðxÞ þ hx0 � x; hðxÞi # f ðx0Þ;
so that f ðxÞ lies in the closed interval

f ðx0Þ þ hx � x0; hðx0Þi; f ðx0Þ þ hx � x0; hðxÞi
� �

of length

hx � x0; hðxÞ � hðx0Þij j:
Thus

f ðxÞ � f ðx0Þ þ hx � x0; hðx0Þij j # hx � x0; hðxÞ � hðx0Þij j

# kx � x0k·khðxÞ � hðx0Þk:
Since hðxÞ converges in norm to hðx0Þ as x converges to x0, the function f is
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Fréchet differentiable with derivative hðx0Þ at x0. Thus X is an Asplund

space. A

5.3 ATTAINMENT MAPS FROM X� TO X

In this section we give the proof of Theorem 5.3.

Proof of Theorem 5.3. Let K be a nonempty weakly compact set in the Banach

space X. The attainment map from X� to K is defined by

FKðx�Þ ¼ fx [ K : hx; x�i ¼ supfhk; x�i : k [ Kgg
for all x� in X�. Since K is nonempty and weakly compact, we see that FKðx�Þ
is a nonempty weakly compact set, for each x� in X�. We regard X as a subset

of X�� and prove that FK is a monotone map from X� to X��. Let j�, z� be

distinct points of X� and suppose that j and z are points with

j [ FKðj�Þ; z [ FKðz�Þ:
Then

hj; j�i ¼ supfhk; j�i : k [ Kg $ hz; j�i;
and similarly

hz; z�i $ hj; z�i;
so that

hj � z; j� � z�i ¼ hj; j�i � hz; j�i þ hz; z�i � hj; z�i $ 0:

Thus FK is a monotone map from X� to X�� that happens to take all its values

in X.

We now verify that FK is a weakly upper semi-continuous map from

ðX�; normÞ to ðX;weakÞ taking only nonempty weakly compact values.

Consider any j� in X� and any weakly open set G in X containing FKðj�Þ.
Since K\G is weakly compact, hx; j�i attains its supremum over K\G at some

point h in K\G. Since h is not in FKðj�Þ, this supremum, q say, must be strictly

less than the value, p say, that hx; j�i takes on FKðj�Þ. Thus
hx; j�i # q; for x in K\G;

and

hx; j�i ¼ p; for x in FKðj�Þ:
Choose M so that

K , MB:

Then, provided
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kz� � j�k ,
p � q

3M
;

we have

hx; z�i � hx; j�i�� �� # 1

3
ðp � qÞ

for all x in K. Hence

hx; z�i # 2

3
qþ 1

3
p; for x in K\G;

and

hx; z�i $ 1

3
qþ 2

3
p; for x in FKðj�Þ:

Thus hx; z�i cannot attain its supremum over K, which is at least 1
3
qþ 2

3
p, at

any point of K\G. This implies that FKðz�Þ , G. Thus FK is weakly upper

semi-continuous.

Now K, being weakly compact in X, is fragmented (see Namioka [60]). By

Theorem 3.2, it follows that the weakly upper semi-continuous map FK , taking

only nonempty weakly compact values, has a selector, f say, of the first Baire

class from ðX�; normÞ to ðX; normÞ, and f is norm to norm continuous on a

dense Gd-set U
� in X�.

As we have seen, FK is a monotone map from X� to X��. Let H be a

maximal monotone map from X� to X�� whose graph contains that of FK .

Then f is a selector for H that is norm to norm continuous at each point of U�.
By Theorem 5.1, the set of points, where H is point-valued and norm to norm

upper semi-continuous, coincides with U�. This implies that FK is point-

valued and norm to norm upper semi-continuous at each point of U�. On
the other hand, f has to be norm to norm continuous at each point where FK

is point-valued and norm to norm upper semi-continuous. Now consider any

selector g for FK . Then g is necessarily norm continuous at each point of U�.
Since g is also a selector for H, it follows, from the last part of Theorem 5.1,

that each point where g is norm continuous belongs to U�. A

5.4 ATTAINMENT MAPS FROM X TO X�

In this section we give the proof of Theorem 5.4.

Proof of Theorem 5.4. Let K be a nonempty weak� compact set in the dual X�

of a Banach space X. The attainment map from X to K is defined by

FKðxÞ ¼ fx� [ K : hx; x�i ¼ supfhx; k�i : k� [ Kgg
for all x in X. The arguments used in the proof of Theorem 5.3 with the roles of
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X and X�� taken over by X� and the role of X� taken over by X, show that FK is

a monotone map from X to X�, with nonempty weak� compact values, and

that FK is weak� upper semi-continuous.

When K is convex and weak� fragmented by the norm on X�, we can use

Theorem 3.3 to deduce that FK has a selector f : X ! ðK; normÞ that is of the
first Baire class. A

5.5 METRIC PROJECTIONS OR NEAREST POINT MAPS

In this section we prove Theorems 5.5 and 5.6.

Proof of Theorem 5.5. We first prove that the nearest point map F from the

Banach space X to its nonempty weakly compact set K is weakly upper semi-

continuous. Recall that

rðxÞ ¼ inffkx � kk : k [ Kg
and

FðxÞ ¼ fk : kx � kk ¼ rðxÞ and k [ Kg:
We also use Bðj; rÞ to denote the closed ball

Bðj; rÞ ¼ fx : kx � jk # rg:
Since

FðxÞ ¼
\1
n¼1

K > B x; rðxÞ þ ð1=nÞ
 �
is the intersection of a decreasing sequence of nonempty weakly compact sets,

the set FðxÞ is itself nonempty and weakly compact. Thus, for each x in X we

can choose a point kðxÞ in FðxÞ. Then, for each j in X we have

rðjÞ # kj � kðxÞk # kj � xk þ kx � kðxÞk

¼ kj � xk þ rðxÞ:
Thus r satisfies the Lipschitz condition

jrðjÞ � rðxÞj # kj � xk:
This implies that

FðjÞ , B j; rðjÞ
 �
, B j; rðxÞ þ kj � xk
 �
, B x; rðxÞ þ 2kj � xk
 �

:
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Now consider any weakly open set G containing FðxÞ. The sets

K > B x; rðxÞ þ ð1=nÞ
 �nG;
n $ 1, are a decreasing sequence of weakly compact sets with intersection

FðxÞnG ¼ �:

Hence at least one of these sets, say

K > B x; rðxÞ þ ð1=nÞ
 �nG;
is empty. Now, provided kj � xk , ð1=2nÞ, we have

FðjÞ , K > B x; rðxÞ þ 2kj � xk
 �
, K > B x; rðxÞ þ ð1=nÞ
 �

, G:

Thus F is weakly upper semi-continuous at x, as required.

The weakly compact set K is automatically fragmented by the metric on X.

Applying Theorem 3.2, it follows that F has a selector f : X ! ðK; normÞ that
is of the first Baire class.

Now suppose that the norm on X is strictly convex. We show that F is a

minimal weakly upper semi-continuous map with nonempty weakly compact

values. Consider any weakly upper semi-continuous map H from X to K,

taking only nonempty weakly compact values, with

HðxÞ , FðxÞ
for each x in X. Suppose that, for some x in X and some k in K we have

k [ FðxÞ and k � HðxÞ:
Then

kk � xk ¼ rðxÞ:
Consider the point

jðlÞ ¼ xþ lðk � xÞ
for 0 , l , 1. Clearly

r jðlÞð Þ # kk � fxþ lðk � xÞgk

¼ ð1 � lÞkk � xk ¼ ð1 � lÞrðxÞ:
If h is any point of K other than k we have

kh � xk $ rðxÞ:
Now

h � x ¼ ðh � jðlÞÞ þ lðk � xÞ:
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Since the norm is strictly convex we have

kh � xk # kh � jðlÞk þ lkk � xk
with strict inequality unless

h � jðlÞ ¼ ðh � xÞ � lðk � xÞ
is a positive scalar multiple of k � x, in which case h � x is a positive scalar

multiple of k � x. So we have

kh � jðlÞk $ kh � xk � lkk � xk

$ rðxÞ � lrðxÞ

¼ ð1 � lÞrðxÞ $ rðjðlÞÞ;
with strict inequality unless h � x is a positive scalar multiple of k � x. In both

cases we conclude that

kh � jðlÞk . rðjðlÞÞ:
Thus h does not belong to FðjðlÞÞ, and FðjðlÞÞ reduces to the single point k.

Since

� – HðjðlÞÞ , FðjðlÞÞ ¼ fkg;
the set HðjðlÞÞ also reduces to the point k. If we now let l tend to zero and use

the weak lower semi-continuity of H at x, we conclude that k [ HðxÞ. This
contradiction shows that F is minimal.

We now apply Theorem 3.5, remembering that a Banach space is complete,

and obtain a dense Gd-set U in X, with F point-valued and norm upper semi-

continuous at each point of U. A

Proof of Theorem 5.6. The proof follows the proof of Theorem 5.5 with a few

minor changes. A

5.6 SOME SELECTIONS INTO FAMILIES OF CONVEX SETS

In this section we prove Theorems 5.7 and 5.8 obtaining them as consequences

of a more complicated theorem. We need to introduce a special type of joint

continuity.

If X is a topological space and ðY ; rÞ is a metric space we say that a map

‘ : X £ Y ! R is jointly (a) continuous with respect to X and (b) uniformly

continuous on bounded sets with respect to Y, if, given any e . 0, any x� in X

and any bounded set S in Y, there is a neighborhood N of x� in X and a d . 0,

with
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j‘ðx; yÞ � ‘ðx�; y�Þj , e;

whenever x [ N and y, y� in S satisfy rðy; y�Þ , d.
We note that this condition is satisfied by the function

‘ðx; yÞ ¼ ky � hðxÞk
under the conditions of Theorem 5.7, and by the function

‘ðx; yÞ ¼ �hy;h�ðxÞi
under the conditions of Theorem 5.8. Further, in each of these cases, for each x

in X and each real t, the set of y satisfying

‘ðx; yÞ # t

is weakly closed in Y . Thus, in each case, ‘ðx;·Þ is a weakly lower semi-

continuous real-valued function.

We prove the following theorem, and deduce Theorems 5.7 and 5.8 directly

from it.

Theorem 5.10 Let X be a metric space and let Y be a Banach space that is

s-fragmented. Let H be a set-valued map from X to Y with nonempty convex

weakly compact values, and suppose that H is a continuous map from X to the

space of nonempty bounded norm closed sets in Y taken with the Hausdorff

metric.

Let ‘ : X £ Y ! R be a map that is jointly (a) continuous with respect to X

and (b) uniformly continuous on bounded sets with respect to Y. Suppose

further that, for each x in X, ‘ðx;·Þ is lower semi-continuous as a real-valued

function on ðY ;weakÞ.
Write

mðxÞ ¼ inff‘ðx; yÞ : y [ HðxÞg
for each x in X. Then it is possible to choose a sequence h1; h2;…of continuous

selectors for H converging pointwise to a selector h for H satisfying

‘ðx; hðxÞÞ ¼ mðxÞ
for each x in X.

We prove three lemmas.

Lemma 5.4 Let Y be a Banach space. Let K be a weakly compact set

contained in a weakly open set G in Y. Then there is an e . 0 and a weakly

open set J with
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K , J , G

and with kj � ek $ e whenever j [ J and e � G.

Proof. Since K is a weakly compact subset of the weakly open set G,

there is a weak neighborhood U of the origin of Y such that K þ U , G

(see, e.g., Kelley and Namioka [44, Theorem 5.2 (vi), p. 35]). Choose e .
0 so that

Bð0; eÞ ¼ fy : kyk , eg
is contained in 1

2
U. Then J ¼ K þ 1

2
U is weakly open and

J þ Bð0; eÞ , J þ 1

2
U , K þ U , G:

The result follows. A

Lemma 5.5 Let X be a metric space and let Y be a Banach sphere. Let H be

a set-valued map from X to Y with nonempty weakly compact values and

suppose that H is a continuous function from X to the space of nonempty

bounded norm closed sets in Y taken with the Hausdorff metric.

Let ‘ : X £ Y ! R be a map that is jointly (a) continuous with respect to X

and (b) uniformly continuous on bounded sets with respect to Y. Suppose

further that, for each x in X, ‘ðx;·Þ is lower semi-continuous as a real-valued

function on ðY ;weakÞ.
Write

mðxÞ ¼ inff‘ðx; yÞ : y [ HðxÞg
and

FðxÞ ¼ HðxÞ> fy : ‘ðx; yÞ ¼ mðxÞg
for each x in X.

Then m is a continuous real-valued function on X and F is a weakly upper

semi-continuous set-valued function from X to Y taking only nonempty weakly

compact values.

Proof. Since HðxÞ is nonempty and weakly compact and ‘ðx;·Þ is a weakly

lower semi-continuous real-valued function, the infimum mðxÞ of ‘ðx;·Þ over
HðxÞ is attained on HðxÞ; let hðxÞ be some point of HðxÞ where this infimum is

attained. Note also that FðxÞ ¼ HðxÞ> fy : ‘ðx; yÞ ¼ mðxÞg is weakly

compact.

We first prove that m is continuous on X. Let x� in X and e . 0 be given.

Then

Hðx�Þ þ Bð0; 1Þ
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is bounded in Y . By the continuity property of ‘, we can choose a neighbor-

hood N1 of x
� and a d with 0 , d , 1, so that

j‘ðx; yÞ � ‘ðx�; y�Þj , e;

whenever x is in N1 and y, y
� are in Hðx�Þ þ Bð0; 1Þ and satisfy ky � y�k , d.

By the continuity of H in the Hausdorff metric, d say, we can choose a

neighborhood N2 of x
� such that

dðHðxÞ;Hðx�ÞÞ , d

for all x in N2. Now, provided x [ N1 > N2, for each y in HðxÞ there is a y� in

Hðx�Þ with ky � y�k , d, so that

‘ðx; yÞ $ ‘ðx�; y�Þ � e

$ mðx�Þ � e:

Hence mðxÞ $ mðx�Þ � e, when x [ N1 > N2. Further, when x [ N1 > N2,

there will be an h in HðxÞ with kh � hðx�Þk , d, so that

mðxÞ # ‘ðx;hÞ

# ‘ðx�;hðx�ÞÞ þ e

¼ mðx�Þ þ e:
Thus m is continuous on X.

It remains to prove that F is weakly upper semi-continuous. Let x� be any

point of X and let G be any weakly open set in Y that contains Fðx�Þ. We need

to show that FðxÞ , G for all x in a suitable neighborhood of x�. We suppose

that this is not the case and we seek a contradiction. Then, for each neighbor-

hood N of x�, there is a point xðNÞ in N with

FðxðNÞÞnG – �:

By Lemma 5.4, we can choose e . 0 and a weakly open set J with

Fðx�Þ , J , G

and with kj � ek, for all points j in J and e not in G.

By the continuity property of ‘, for each n$ 1, we can choose dn with 0 ,
dn , e and a neighborhood Nð1Þ

n of x� with

j‘ðx; yÞ � ‘ðx�; y�Þj , 1=n;

whenever x is in Nð1Þ
n and y, y� are in Hðx�Þ þ Bð0; 1Þ with ky � y�k , dn.

By the continuity of H we can choose a neighborhood Nð2Þ
n of x� with

dðHðxÞ;Hðx�ÞÞ , dn

for all x in Nð2Þ
n .
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By the continuity of m, we can choose a neighborhood Nð3Þ
n of x� such that

jmðxÞ � mðx�Þj , 1=n

for all x in Nð3Þ
n .

Using our supposition concerning the neighborhoods N of x�, for each n $
1, we can choose xn in Nn ¼ Nð1Þ

n > Nð2Þ
n > Nð3Þ

n and yn in Y with

yn [ FðxnÞ; yn � G:

Since xn [ Nð2Þ
n , we can choose zn in Hðx�Þ with

kzn � ynk # d HðxnÞ;Hðx�Þ
 �
, dn , e:

Since yn � G, it follows from our choice of J, that

zn � J:

Since xn [ Nð1Þ
n and zn and yn belong to Hðx�Þ þ Bð0; 1Þ and satisfy

kzn � ynk , dn, we have

‘ðx�; znÞ # ‘ðxn; ynÞ þ 1=n:

Since yn [ FðxnÞ and xn [ Nð3Þ
n , this yields

‘ðx�; znÞ # mðxnÞ þ 1=n

# mðx�Þ þ 2=n:

Thus
‘ðx�; ynÞ ! mðx�Þ

as n ! 1.

For n $ 1, write

Zn ¼ wk cl fzn; znþ1; znþ2;…g:
Then, for each n $ 1 and z . 0, the set

ðHðx�ÞnJÞ> fy : ‘ðx�; yÞ # mðx�Þ þ zg> Zn

is a weakly compact set in Y containing zm for all sufficiently large m. Since

these sets decrease as n increases and z decreases, the set\
h.0

\
n$1

ðHðx�ÞnJÞ> fy : ‘ðx�; yÞ # mðx�Þ þ zg> Zn

is nonempty. Take z to be a point in this set. Then

z [ ðHðx�ÞnJÞ> fy : ‘ðx�; yÞ # mðx�Þg

, Fðx�ÞnJ ¼ �:

This contradiction completes the proof. A
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Lemma 5.6 Let X be a metric space and let Y be a Banach space. Let H be a

norm lower semi-continuous map from X to Y taking only nonempty convex

norm closed values. Let h be a selector for H of the first Baire class. Then there

is a sequence h1; h2; h3;… of continuous selectors for H that converge point-

wise to h.

Proof. Since h is of the first Baire class, we can choose a sequence f1; f2; f3;…

of continuous functions from X to Y converging pointwise to h. We first show

that there is a second such sequence g1; g2; g3;… converging pointwise to h

and satisfying
dðgnðxÞ;HðxÞÞ , 1=n

for all x in X, where we use dðy;HÞ to denote

inffky � hk : h [ Hg:
For each n, m with m $ n $ 1, write

Unm ¼ fx [ X : dðfmðxÞ;HðxÞÞ , 1=ng:
If x [ Unm, then there is a point h in HðxÞ with

kfmðxÞ � hk , 1=n:

Write
e ¼ ð1=nÞ � kfmðxÞ � hk:

Since fm is continuous and H is lower semi-continuous, we can choose d . 0

so that

kfmðjÞ � fmðxÞk ,
1

2
e

and there is a point z ¼ zðjÞ in HðjÞ with

kz � hk ,
1

2
e

for all j with kj � xk , d. Now, for each j with kj � xk , d,

dðfmðjÞ;HðjÞÞ # kfmðjÞ � zk
# kfmðxÞ � hk þ kh � zk þ kfmðjÞ � fmðxÞk
, 1=n;

and so j [ Unm. Thus Unm is open.

Since fm converges pointwise to the selector h for H, the family

fUnm : m $ ng
covers X, for each fixed n $ 1. By Lemma 1.1, for each n $ 1, there will be a

locally finite partition of unity fpng : g [ GðnÞg for X refining the family
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fUnm : m $ ng. For each g in GðnÞ, choose mðgÞ $ n with the support of png
contained in UnmðgÞ. Write

gnðxÞ ¼
X

fpngðxÞfmðgÞðxÞ : g [ GðnÞg
for n$ 1 and x[ X. Then each gn is continuous. Since the support of pngðxÞ is
contained UnmðgÞ, we have

dðfmðgÞðxÞ;HðxÞÞ , 1=n;

when pngðxÞ – 0. Using the convexity of HðxÞ this yields
dðgnðxÞ;HðxÞÞ , 1=n

for all x in X and n$ 1. To see that gn converges pointwise to h, let x in X and

e . 0 be given. Choose N so large that kfnðxÞ � hðxÞk , e for n $ N. Then,

for n $ N,

kgnðxÞ � hðxÞk ¼
X

fpngðxÞ fmðgÞðxÞ � hðxÞ
� �

: g [ GðnÞ
��� ���

#
X

fpngðxÞkfmðgÞðxÞ � hðxÞk : g [ GðnÞg

, e

as required.

Now, for each n $ 1, and each x in X, write

LnðxÞ ¼ BðgnðxÞ; 1=nÞ> HðxÞ
and

MnðxÞ ¼ norm cl LnðxÞ:
The condition dðgnðxÞ;HðxÞÞ , 1=n ensures that LnðxÞ is nonempty. To prove

that Ln is a norm lower semi-continuous map, for each n $ 1, we use an

argument similar to that used to prove that the sets Umn are open. Consider

any n $ 1, any x in X and any y in LnðxÞ. Then there is a point h in HðxÞ with
kgnðxÞ � hk , 1=n:

Write

e ¼ ð1=nÞ � kgnðxÞ � hk:
Using the continuity of gnðxÞ and the norm lower semi-continuity of H, we can

choose d . 0, so that

kgnðjÞ � gnðxÞk ,
1

2
e

and there is a point z ¼ zðjÞ in HðjÞ with
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kz � hk ,
1

2
e

for all j with kj � xk , d. Then

kz � gnðjÞk # kh � gnðxÞk þ kz � hk þ kgnðjÞ � gnðxÞk

, 1=n

for all j with kj � xk , d. Thus, for all j with kj � xk , d there is point z in
LnðjÞ with kz � hk , 1

2
e. Since we may replace e by any smaller positive

number, it follows that Ln is norm lower semi-continuous for each n $ 1.

Clearly the norm closure Mn of Ln is also norm lower semi-continuous.

Since Mn maps to the nonempty closed convex sets of Y , Michael’s selec-

tion theorem, Theorem 1.1, ensures the existence of a continuous selector hn
for Mn. Now hn is a continuous selector for H satisfying

khnðxÞ � gnðxÞk # 1=n

for all x. Hence the sequence h1, h2, h3, converges pointwise to h and satisfies

our requirements. A

Proof of Theorem 5.10. We write

FðxÞ ¼ HðxÞ> fy : ‘ðx; yÞ ¼ mðxÞg
for each x in X. By Lemma 5.5, the map F is a weakly upper semi-continuous

set-valued map taking only nonempty weakly compact values. By Theorem

4.2 part (d), the set-valued map F has a selector h of the first Baire class.

Since H is continuous in the Hausdorff metric, it is norm lower semi-

continuous as a set-valued map to Y . (Note that, in general, it does not follow

that this map is norm upper semi-continuous.) Now, by Lemma 5.6, we can

choose the required continuous selectors h1; h2; h3;… for H converging to the

first Baire class selector h for H satisfying

‘ðx; hðxÞÞ ¼ mðxÞ
for each x in X. A

Proof of Theorem 5.7. The result follows directly from Theorem 5.10 and the

remarks before the statement of that theorem. A

Proof of Theorem 5.8. The result follows directly from Theorem 5.10 and the

remarks before the statement of that theorem. A
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5.7 EXAMPLE

We give an example illustrating the difficulties that arise when one studies

lower semi-continuous convex functions or maximal monotone maps whose

domain contains no interior point.

Example 5.1 There is a lower semi-continuous convex function f : ‘2 !
R1 with the following properties. The set L1 of points of ‘

2 where f is finite is

a dense linear subspace of ‘2 that is not closed. The subdifferential Df is well

defined; the set L2 of points where Df is nonempty is a relatively dense linear

subspace of L2 strictly contained in L1. Df is a maximal monotone map on ‘
2.

At each point x of L2 the set Df ðxÞ reduces to a single point, say f 0ðxÞ. The
function f 0 is locally bounded at no point of L2; it is, however, of the first Baire
class on L2.

Construction. Let

x ¼ x1; x2;…;

where

kxk ¼
ffiffiffiffiffiffiffiX1
i¼1

x2i

vuut , þ1

denotes a typical point of ‘2 and its norm. Define f : ‘2 ! R1 by

f ðxÞ ¼
X1
i¼1

ix2i :

Clearly the set L1 of all points x of ‘
2 for which f ðxÞ is finite is a dense linear

subspace of ‘2 that does not coincide with ‘2. Further f is convex on ‘2. For

each real t the set of points x of ‘2 with

f ðxÞ ¼
X1
i¼1

ix2i # t ð5:1Þ

is closed in ‘2. To see this, suppose that a sequence of points xð1Þ; xð2Þ; xð3Þ;…
of ‘2 satisfying (5.1) converges to a point xð0Þ of ‘2. ThenX1

i¼1

i xð0Þi

� �2¼ sup
N

XN
i¼1

i xð0Þi

� �2
¼ sup

N
lim
n!1

XN
i¼1

i xðnÞi

� �2
# t
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and xð0Þ belongs to the set. Thus f is lower semi-continuous. Now let L2 be the

set of all points x of ‘2 with X1
i¼1

i2x2i , þ1:

Clearly L2 is a relatively dense linear subspace of L1 strictly contained in L1.

We want to determine the subdifferential Df of f . If x � L1, then f ðxÞ ¼ þ1
and Df ðxÞ ¼ �. Now consider any x in L1 and any d in ‘2. Suppose that we can

find an i $ 1 with

di – 2ixi:

Then we can find a point u� ¼ u�1 ; u
�
2 ; u

�
3 ;… in ‘2 with

u�j ¼ 0; when j – i;

0 , jiu�i j , j2ixi � dij; and
sign u�i ¼ sign ðdi � 2ixiÞ:

Then

sign ðdi � 2ixi � iu�i Þ ¼ sign ðdi � 2ixiÞ ¼ sign u�i :

Thus

ðdi � 2ixi � iu�i Þu�i . 0

and

uidi . 2ixiu
�
i þ iu�2i ;

so that

f ðxÞ þ hu�; di ¼
X1
j¼1

jx2j

0@ 1Aþ uidi

. f ðxþ u�Þ:
This ensures that d � Df ðxÞ. Hence the only point that can possibly be inDf ðxÞ
is

2ðx1; 2x2; 3x3;…Þ ¼ f 0ðxÞ;
say. However, this point is not in ‘2 when x [ L1\L2. So

Df ðxÞ ¼ �; when x � L2;

Df ðxÞ , ff 0ðxÞg; when x [ L2:

It is easy to verify that
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f ðxÞ þ hu; f 0ðxÞi # f ðxþ uÞ
for all u in ‘2 when x [ L2. Hence

Df ðxÞ ¼ ff 0ðxÞg; when x [ L2:

We now verify thatDf is a maximal monotone map on ‘2. If x1, x2 [ ‘2 and

x�1 [ Df ðx1Þ; x�2 [ Df ðx2Þ;
then x1 and x2 belong to L2 and

x�1 ¼ f 0ðx1Þ; x�2 ¼ f 0ðx2Þ;
so that

hx2 � x1; x
�
2 � x�1 i ¼ hx2 � x1; f

0ðx2Þ � f 0ðx1Þi

¼
X1
i¼1

xð2Þi � xð1Þi

� �
2ixð2Þi � 2ixð1Þi

� �

¼ 2
X1
i¼1

xð2Þi � xð1Þi

� �2
$ 0:

Thus Df is a monotone map.

Suppose that Df is not a maximal monotone map, so that there is a mono-

tone map H with

HðxÞ . Df ðxÞ; for all x;

and

HðjÞnDf ðjÞ – �

for some j in ‘2. Then we can choose z in

HðjÞnDf ðjÞ:
If j [ L2, then X1

i¼1

i2j2i , þ1

and f 0ðjÞ is welldefined. Since z � Df ðjÞ we have

z – f 0ðjÞ
and we can choose i $ 1 with

zi – 2iji:
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Similarly, if j � L2, we have X1
i¼1

i2j2i ¼ þ1;

X1
i¼1

z2i , þ1;

so that we can again choose i $ 1, with

zi – 2iji:

In each case write

j0 ¼ j1; j2;…; ji þ di; jiþ1;…

with di to be chosen later. Then

z [ HðjÞ
and z0; defined by z0 ¼ f 0ðj0Þ, belongs to

Df ðj0Þ , Hðj0Þ:
But

hj0 � j; z0 � zi ¼ ðji þ di � jiÞð2iji þ 2idi � ziÞ

¼ dið2iji � zi þ 2idiÞ

, 0;

provided di is sufficiently small with the same sign as zi � 2iji. Thus H cannot

be a monotone map and Df is a maximal monotone map.

The function f 0 is clearly a selector for the maximal monotone map Df on its

domain L2. However, if j [ L2 and we take

jðiÞ ¼ jþ ð0; 0; 0;…; 1=
p
i;… Þ;

the nonzero element 1=
p
i occurring in the ith place, we see that jðiÞ converges

to j through L2 as i ! 1, but

f 0ðjðiÞÞ ¼ f 0ðjÞ þ ð0; 0; 0;…; 2
p
i;… Þ;

so that

kf 0ðjðiÞÞk ! 1 as i ! 1:

On the other hand, f 0 is the pointwise limit on L2 of the sequence of continuous

functions hðiÞ, i ¼ 1; 2; 3;…, defined by
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hðiÞðxÞ ¼ ð2x1; 4x2; 6x3;…; 2ixi; 0; 0;…Þ
for x [ L2.

5.8 REMARKS

The results in Sections 5.1–5.5 are refinements of some results in a field that

has been much investigated. The results on monotone maps, maximal mono-

tone maps and subdifferentials were largely developed from simpler begin-

nings by R. T. Rockafellar. The results on attainment maps and the nearest

point map owe much to P. S. Kenderov. For an account of much of this work

see Phelps [66]. However, all these writers ignore the existence of selectors of

the first Baire class; such selectors were first found by Jayne and Rogers [31].

Although we have obtained Theorem 5.3, on the attainment map FK : X� !
K from the dual X� of a Banach space X to a weakly compact set K in X,

another approach is perhaps simpler in the special case when K is convex. In

this case, it is easy to prove directly that FK is a weakly upper semi-continuous

map from X� to K, taking only nonempty weakly compact convex values. One

can then prove that FK is minimal amongst all such maps taking only none-

mpty weakly compact convex values. Such a minimal map is necessarily

point-valued and norm upper semi-continuous on a norm dense Gd-set U in

X�. The map FK being weakly upper semi-continuous with non-

empty weakly compact values has a selector f , of the first norm Baire class,

which is necessarily norm continuous at the points of U.

When we have proved Srivatsa’s theorem, see Theorem 6.2 below, we shall

be able to drop the conditions in Theorems 5.7 and 5.8 that the Banach space Y

be s-fragmented. These theorems appear here for the first time. We are grate-

ful to E. Michael and I. Namioka for some comments on a previous draft.
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Chapter 6

Selectors for upper semi-continuous set-valued maps
with nonempty values that are otherwise arbitrary

In this chapter we prove three main theorems, the first two due to

V. V. Srivatsa, and the third by use of his method (see [74]). Srivatsa obtained

his results and wrote them out in detail during a visit to University College

London for the session 1984–85; publication was much delayed.

Another account is given by Jayne, Orihuela, Pallarés and Vera [41].

Theorem 6.1 (Srivatsa) Let X and Y be metric spaces and let F be an upper

semi-continuous set-valued map from X to Y taking only nonempty values.

Then F has a selector f that is s-discrete and of the first Borel class.

Theorem 6.2 (Srivatsa) Let X be a metric space and let Z be a convex

subset of a Banach space Y. Let F be an upper semi-continuous set-valued

map from X to Z, with the weak topology of Y, taking only nonempty values.

Then F has a selector f , which, when regarded as a map from X to Z with the

norm topology of Y, is of the first Baire class.

Theorem 6.3 (After Srivatsa) Let X be a metric space and let K be a

compact Hausdorff space. Let Z be a convex subset of the space CðKÞ of

continuous real-valued functions on K. Let F be an upper semi-continuous

set-valued map from X to Z, with the topology of pointwise convergence of

CðKÞ, taking only nonempty values. Then F has a selector f , which, when

regarded as a map from X to Z with the topology of uniform convergence on

CðXÞ, is of the first Baire class.

We also prove the following result of Srivatsa, extending a result of Kura-

towski and Ryll-Nardzewski (see Chapter 1, Remark 10).

Theorem 6.4 Let X and Y be metric spaces. Let F be a lower semi-contin-

uous set-valued map from X to Y taking only nonempty values that are

complete in the metric of Y. Then F has a selector f that is s-discrete and

of the first Borel class.



In Section 6.1 we prove some ‘‘diagonal lemmas’’. Although we shall not

make explicit use of the concept, these lemmas are related to the ‘‘boundary’’

of an upper semi-continuous map, introduced by Choquet [6], and developed

by S. Dolecki, S. Rolewicz, A. Lechicki, and J. E. Jayne, C. A. Rogers, R. W.

Hansell and I. Labuda; see the paper [21] by the four last named authors and

the references given there.

In Section 6.2 we give the proofs of the main theorems. In Section 6.3 we

prove Theorem 6.4. In view of Theorems 6.2 and 6.3 and recalling Theorem

3.3, it is perhaps suprising that we cannot prove the following apparently

relatively weak statement.

(A) Let X be a complete metric space and let Y� be a dual Banach space that

is weak� s-fragmented using weak� closed sets. Let F be an upper semi-

continuous set-valued map from X to Y� with its weak� topology, taking
only nonempty norm complete values. Then F has a selector f that is of

the first Baire class as a map from X to Y� with its norm topology.

Of course, if the words ‘‘weak� compact’’ were substituted for the words

‘‘norm complete’’, the modified statment would follow from Theorem 3.3.

Never-the-less, in Section 6.4. we give an example, suggested to us in detail

by M. Valdivia, showing that the statement (A) is false.

In Section 6.5 we make some remarks.

6.1 DIAGONAL LEMMAS

If X is a metric space and Y is a topological space and F is a set-valued map

from X to Y , we say that F has the diagonal property if: whenever x0 is the

limit of a sequence x1; x2;… of points of X, all distinct from x0, and

yi [ FðxiÞnFðx0Þ; i $ 1;

then there is a point y0 in Fðx0Þ that is the limit point of a subsequence of the

sequence y1; y2; y3;…. A simple example of a set-valued map with this prop-

erty is given in Remark 5 at the end of this chapter. If X is a metric space and Z

is a convex set in a normed linear space Y , and F is a set-valued function from

X to Z, we say that F has the convex diagonal property if: whenever x0 is the

limit of a sequence x1; x2;… of points, all distinct from x0, and

yi [ FðxiÞnFðx0Þ; i $ 1;

then there is a point y0 in Fðx0Þ that is the norm limit of a sequence of finite

rational convex combinations of the points yi, i $ 1.

Lemma 6.1 Let X and Y be metric spaces. Let F be a set-valued map from X

to Y with F�1ðCÞ closed in X whenever C is a closed countable set in Y. Then F

has the diagonal property.
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Proof. Let x0 be the limit of a sequence x1; x2;… of points of X, all distinct

from x0. Suppose that

yi [ FðxiÞnFðx0Þ; i $ 1:

We need to show that there is a point y0 in Fðx0Þ that is the limit of a

subsequence of the sequence y1; y2; y3;…. If the set

C ¼ fyi : i $ 1g
were closed in Y , the set

F�1ðCÞ
would be closed in X, and containing the points x1; x2;…, would also contain

x0, ensuring that at least one of the points yi, i $ 1, of C would lie in Fðx0Þ,
contradicting the choice of y1; y2; y3;…. Hence the set C is not closed.

Now there will be a point, z0 say, not in C, and a sequence z1; z2; z3;… of

distinct points chosen from y1; y2; y3;… converging to z0. The set

D ¼ fzi : i $ 0g
is a closed countable set in Y . Thus F�1ðDÞ is closed in X and so contains x0.

Since Fðx0Þ contains none of the points zi, i $ 1, it must contain z0. Now the

point y0 ¼ z0 satisfies our requirements. A

Lemma 6.2 Let X be a metric space and let Z be a convex set in a Banach

space Y. Let F be a set-valued map from X to Z with F�1ðCÞ closed in X

whenever C is closed separable and convex in Z using the norm topology of Y.

Then F has the convex diagonal property.

Proof. Suppose that x0 is the limit of a sequence x1; x2;… of points of X, all

distinct from x0, and that

yi [ FðxiÞnFðx0Þ; i $ 1:

We need to show that there is a point y0 in Fðx0Þ that is the limit in norm of a

sequence of finite rational convex combinations of the points yi, i $ 1.

Let C be the norm closure in Z of the finite rational convex combinations of

points chosen from fyi : i $ 1g. Then C is closed, separable and convex in Z.

Hence F�1ðCÞ is closed in X. Since

xi [ F�1ðCÞ; i $ 1;

we must have

x0 [ F�1ðCÞ
and there is a point y0 of C in Fðx0Þ. Consequently, y0 in Fðx0Þ is the norm limit
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of a sequence of finite rational convex combinations of points chosen from

fyi : i $ 1g, as required A.

Before our next lemmas, we give some definitions and quote some results.

A convenient reference is Floret’s book [12]; we give some page references to

that book. A set A in a Hausdorff space X is said to be countably compact if

every sequence in A has a cluster point in A, and A is said to be relatively

countably compact if every sequence in A has a cluster point in X (see p. 7). A

Hausdorff space X is said to be angelic, if each relatively countably compact

set A in X is relatively compact in X and each point of A’s closure is the limit

of a sequence of points in A (see p. 30). It is known that when K is a compact

Hausdorff space, the space CpðKÞ of continuous real-valued functions on K,

with the topology of pointwise convergence, is angelic (see p. 36, referring

back to p. 11 for the definition of vX). By a result of Grothendieck (see p. 45),

a set A in the Banach space CðKÞ is weakly compact, if, and only if, it is

pointwise compact and bounded. Further (see p. 47), when A in CðKÞ is

weakly compact, the weak and the pointwise topologies coincide on A.

Lemma 6.3 Let X be a metric space and let Y be a Hausdorff space that is

angelic. Let F be a set-valued map from X to Y with F�1ðCÞ closed in X

whenever C is closed and separable in Y. Then F has the diagonal property.

Proof. Let x0 be the limit point of a sequence x1; x2;… of points of X, all

distinct from x0. Suppose that y1; y2; y3;… is a sequence of points of Y with

yi [ FðxiÞnFðx0Þ; i $ 1:

We need to show that there is a point y0 in Fðx0Þ that is the limit of a

subsequence of the sequence y1; y2; y3;….

Write

C ¼ cl fyi : i $ 1g:
Then F�1ðCÞ is closed in X, contains the points x1; x2;…, and so also contains

x0. Thus Fðx0Þ contains a point y0 that is not in the set

S ¼ fyi : i $ 1g;
but is in the closure C of this set. In particular, S has a cluster point in Y .

Applying this argument to each subsequence of the sequence ðyiÞ, we find

that S is relatively countably compact. Since Y is angelic, S is relatively

compact in Y and, by the remark above, each point of the closure C of S is

the limit of a sequence of points of S. Thus the point y0 chosen in the last

paragraph satisfies our requirements. A

Lemma 6.4 Let K be a compact Hausdorff space and let CðKÞ be the Banach
space of real-valued continuous functions on K. Let X be a metric space and
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let Z be a bounded convex set in CðKÞ. Let F be a pointwise upper semi-

continuous set-valued map from X to CðKÞ, taking values in Z. Then F has the

convex diagonal property.

Proof. Since CpðKÞ is angelic, the hypotheses of Lemma 6.3 are satisfied with

Y ¼ CpðKÞ. Thus F, regarded as a map to CpðKÞ, has the diagonal property.

Now suppose that x0 is the limit of a sequence x1; x2;… of points of X all

distinct from x0 and that

yi [ FðxiÞnFðx0Þ; i $ 1:

We need to prove that there is a point y0 that is the norm limit of a subsequence

of the sequence y1; y2; y3;….

Since F, regarded as a map from X to CpðKÞ, has the diagonal property,

there is a point z0 in Fðx0Þ that is the pointwise limit of a subsequence, say

z1; z2;…, of y1; y2; y3;…. Now

D ¼ fzi : i $ 0g
is compact in CpðKÞ. Further, D is bounded in CðKÞ, since it is contained in Z.
By the results of Grothendieck, quoted above, it follows that D is weakly

compact in CðKÞ and that the weak and pointwise topologies coincide on D.

Hence z0 in Fðx0Þ is the weak limit of z1; z2; z3;….

Now z0 in Fðx0Þ is the norm limit of a sequence of finite rational convex

combinations of the points y1; y2; y3;…, as required. A

6.2 SELECTION THEOREMS

In this section we prove the main selection theorems stated in the introduction.

We first prove three lemmas that provide the basis for the selection processes

in the theorems. In each lemma, the function f provides a selector for the set-

valued function

Fe ¼ fy : dðy;FðxÞÞ , eg:

Lemma 6.5 Let X and Y be metric spaces. Let F be an upper semi-contin-

uous set-valued map from X to Y, taking only nonempty values. Let y0 be a

given point of FðXÞ and let e . 0 and d . 0 be given. Then there is a disjoint

discretely s-decomposable family U of F s-sets covering X and a function f

from X to Y satisfying the following conditions:

(1) for each U in U, diamU , d;

(2) f ðxÞ ¼ y0, whenever y0 [ FðxÞ;
(3) f is constant on each set U in U and takes a value in FðUÞ;
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(4) for each x in X,

FðxÞ> Bðf ðxÞ; eÞ – �:

Lemma 6.6 Let X be a metric space and let Z be a convex subset of a

Banach space Y. Let F be an upper semi-continuous set-valued map from X

to Z with its weak topology, taking only nonempty values. Let y0 be a given

point in FðXÞ and let e . 0 and d . 0 be given. Then there is a disjoint

discretely s-decomposable family U of F s-sets covering X and a function

f from X to Z satisfying the conditions (1)–(4) of Lemma 6.5.

Lemma 6.7 Let X be a metric space and let K be a compact Hausdorff

space. Let Z be a bounded convex subset of the space CðKÞ of continuous
real-valued functions on K. Let F be a pointwise upper semi-continuous set-

valued map from X to CðKÞ, taking only nonempty values contained in Z. Let

y0 be a given point of FðzÞ and let e . 0 and d . 0 be given. Then there is a

disjoint discretely s-decomposable family U of F s-sets covering X and a

function f from X to Z satisfying the conditions (1)–(4) of Lemma 6.5.

Proof of Lemma 6.5. Write

V0 ¼ fx : y0 [ FðxÞg:
Then V0 ¼ F�1ðfy0gÞ is a closed subset of X. Since X is a metric space, we can

choose, inductively, discretely s-decomposable partitions VðnÞ
of X\V0 into

nonempty F s-sets, with

diamV ðnÞ , d=n; for V ðnÞ [ VðnÞ
;

and with Vðnþ1Þ
a refinement of VðnÞ

for n $ 1. For each V ðnÞ in Vðnþ1Þ

choose

xðnÞ ¼ xðnÞðV ðnÞÞ [ V ðnÞ

and

yðnÞ ¼ yðnÞðV ðnÞÞ [ FðxðnÞÞ:
Define a function gðnÞ : X ! Y , by taking

gðnÞðxÞ ¼ y0; x [ V0;

gðnÞðxÞ ¼ yðnÞðV ðnÞÞ; if x [ V ðnÞ [ VðnÞ
;

for each n $ 1. Note that, for each x in X\V0, we have a unique sequence of

sets V ðnÞ, n $ 1, with

x [ V ðnÞ [ VðnÞ
; n $ 1;
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and corresponding sequences xðnÞ, n $ 1, and yðnÞ, n $ 1, with

xðnÞ [ V ðnÞ; n $ 1;

yðnÞ [ FðxðnÞÞ; n $ 1;

yðnÞ ¼ gðnÞðxÞ; n $ 1;

and

xðnÞ ! x as n ! 1:

Perhaps

yðnÞ ¼ gðnÞðxÞ [ FðxÞ
for infinitely many n $ 1. If not, we have

yðnÞ [ FðxðnÞÞnFðxÞ
for all sufficiently large n. Hence, by Lemma 6.1, there will be a subsequence

of the sequence yðnÞ, n $ 1, converging to some point of FðxÞ. Thus, in either

case, there will be infinitely many n for which

FðxÞ> B gðnÞðxÞ; 1
2
e

� �
¼ FðxÞ> B yðnÞ;

1

2
e

� �
– �:

This shows that [1
n¼1

x : FðxÞ> B gðnÞðxÞ; 1
2
e

� �
– �


 �
¼ X;

on remembering that

gðnÞðxÞ ¼ y0 [ FðxÞ;
when x [ V0.

Write

XðnÞ ¼ x : FðxÞ> B gðnÞðxÞ; 1
2
e

� �
– �


 �
;

JðnÞ ¼ XðnÞ [n�1
r¼1

XðrÞ
-

for n $ 1. Then JðnÞ, n $ 1, are disjoint sets with union X. SinceVðnÞ
refines

VðrÞ
for 1 # r # n � 1, the functions gðrÞ, 1 # r # n, are constant on each set

V ðnÞ in VðnÞ
. Thus the sets

V ðnÞ > XðrÞ; 1 # r # n;
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are relatively closed in V ðnÞ, and

V ðnÞ >JðnÞ ¼ V ðnÞ > XðnÞ
� � [n�1

r¼1

V ðnÞ > XðrÞ
 !-

is an F s-set in X. Let W be the family of nonempty sets amongst the sets

V0 and JðnÞ > V ðnÞ with n $ 1 and V ðnÞ [ VðnÞ
:

Then W is a discretely s-decomposable partition of X into nonempty F s-

sets. Now, if x [ X\V0, there is a unique W [ W , a unique n $ 1, and a

unique V ðnÞ in VðnÞ
with

x [ W ¼ JðnÞ > V ðnÞ:

Since x [ XðnÞ, we have

FðxÞ> B gðnÞðxÞ; 1
2
e

� �
– �

and

gðnÞðxÞ ¼ yðnÞðV ðnÞÞ;
since x [ V ðnÞ. Similarly, for all j in W ,

FðjÞ> B gðnÞðjÞ; 1
2
e

� �
– �;

with

gðnÞðjÞ ¼ ynðV ðnÞÞ:
So we can choose jðWÞ and hðWÞ depending onW , but not on the position of x

in W , with

jðWÞ [ W ;

hðWÞ [ FðjðWÞÞ> B yðnÞðV ðnÞÞ; 1
2
e

� �
:

This choice ensures that

d hðWÞ; yðnÞðV ðnÞÞ
� �

#
1

2
e ;

so that

FðjÞ> B hðWÞ; e
 �
. FðjÞ> B yðnÞðV ðnÞÞ; 1

2
e

� �
– �

for j [ W . We can now define f : X ! Y by taking
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f ðxÞ ¼ y0; if x [ V0;

f ðxÞ ¼ hðWÞ; if x � V0; but x [ W [ W :

This ensures that: f ðxÞ ¼ y0 whenever y0 [ FðxÞ; f is constant on each setW in

W and takes a value in FðWÞ; and
FðxÞ> Bðf ðxÞ; eÞ – �

for each x in X. Further, diamW , d for each W in W , with the possible

exception of V0. We now need to replace the set V0 by a union of sets of small

diameter. Choose a disjoint discretely s-decomposable family T of nonempty

F s-sets, each of diameter less than d, and with union V0. Take U to be the

family

U ¼ T < WnfV0g

 �

:

Then f and U satisfy our requirements. A

Proof of Lemma 6.6. As in the proof of Lemma 6.5, define V0, choose the

families VðnÞ
, the points

xðnÞ ¼ xðnÞðV ðnÞÞ; yðnÞ ¼ yðnÞðV ðnÞÞ
for V ðnÞ [ VðnÞ

, and define the functions gðnÞ, but now as functions from X to

Z, all for n $ 1. Further note that for each x in X\V0 there are again unique

sequences V ðnÞ, xðnÞ, yðnÞ with

x [ V ðnÞ [ VðnÞ
;

xðnÞ ¼ xðnÞðV ðnÞÞ [ V ðnÞ;

yðnÞ ¼ yðnÞðV ðnÞÞ [ FðxðnÞÞ;

yðnÞ ¼ gðnÞðxÞ
for n $ 1, and with

xðnÞ ! x as n ! 1:

Perhaps

yðnÞ ¼ gðnÞðxÞ [ FðxÞ
for infinitely many n $ 1. If not, we have

yðnÞ [ FðxðnÞÞnFðxÞ
for all sufficiently large n. Hence, by Lemma 6.2, there will be a sequence of

finite rational convex combinations of the points
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yðnÞ ¼ gðnÞðxÞ; n $ 1;

converging in norm to some point of FðxÞ. This ensures that, in either case,

there will be a finite rational convex combination, say gðxÞ, of the points

gðnÞðxÞ, n $ 1, with

FðxÞ> B gðxÞ; 1
2
e

� �
– �:

Let hðmÞ, m ¼ 1; 2;…, be an enumeration of all the finite rational convex

combinations of the functions gðnÞ, n $ 1. Then, for each x in X, there will

be an m $ 1 with

hðmÞðxÞ ¼ gðxÞ
and so

FðxÞ> B hðmÞðxÞ; 1
2
e

� �
– �

for this m. For each m $ 1, let

ni ¼ niðmÞ; 1 # i # k ¼ kðmÞ;
and let

1 # n1 , n2 , … , nk

be the integers n for which gðnÞ is used in forming the finite rational convex

combination hðmÞ. Let

NðmÞ ¼ maxfnkðrÞðrÞ : 1 # r # mg:
Since

VðNðmÞÞ
refines VðNÞ

; for 1 # N # NðmÞ;
the functions

gðNÞ; 1 # N # NðmÞ;
and so also the functions

hðrÞ; 1 # r # m;

are constant on each member of VðNðmÞÞ
. To simplify the notation write

WðmÞ ¼ V ðNðmÞÞ

and

zðmÞ W ðmÞ
� �

¼ yðNðmÞÞ V ðNðmÞÞ
� �
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for

W ðmÞ ¼ V ðNðmÞÞ;

with W ðmÞ in WðmÞ ¼ V ðNðmÞÞ
:

Write

XðmÞ ¼ x : FðxÞ> B hðmÞðxÞ; 1
2
e

� �
– �


 �

JðmÞ ¼ XðmÞ [m�1
r¼1

XðrÞ
-

for m$ 1. Then JðmÞ, m$ 1, are disjoint sets with union X. As we have seen,

the functions hðrÞ, 1 # r # m, are constant on each setW ðmÞ ofWðmÞ
. Thus the

sets

W ðmÞ > XðrÞ ¼ W ðmÞ > x : FðxÞ> B hðrÞðxÞ; 1
2
e

� �
– �


 �
1 # r # m are relatively closed in W ðmÞ and

W ðmÞ >JðmÞ ¼ W ðmÞ > XðmÞ
� �

n
[m�1
r¼1

W ðmÞ > XðrÞ
 !

:

is an F s-set in X. Let W be the family of nonempty sets amongst the sets

V0 and JðmÞ >W ðmÞ; with m $ 1; and W ðmÞ [ WðmÞ
:

Then W is a discretely s-decomposable partition of X into F s-sets. The rest

of the proof can now be completed following the last three paragraphs of the

proof of Lemma 6.5, making only obvious notational changes. A

Proof of Lemma 6.7. The proof follows the proof of Lemma 6.6 with minor

changes. It is necessary to work with the space CpðKÞ rather than with the

space Y , and to use Lemma 6.4 in place of Lemma 6.2. One needs to note that,

since F is pointwise upper semi-continuous to CðKÞ, taking its values in Z, F is

also pointwise upper semi-continuous to Z. Further, each norm closed ball,

such as BðgðnÞðxÞ; 1
2
eÞ in Z is a closed set in the pointwise topology of Z. A

Proof of Theorem 6.1. We suppose that X and Y are metric spaces and that F is

an upper semi-continuous set-valued map from X to Y taking only nonempty

values.

Take y0 to be any point of FðXÞ and write

f0ðxÞ ¼ y0; for x [ X:

We define a sequence fn, n $ 0, of functions from X to Y and a sequence Un,
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n $ 1, of discretely s-decomposable partitions of X into F s-sets, with the

following properties:

(1) Un refines Un�1 for n $ 2;

(2) when n $ 1 and fn�1ðxÞ [ FðxÞ, then fnðxÞ ¼ fn�1ðxÞ;
(3) the function fn is constant on each set U in Un and takes a value in

FðUÞ when n ¼ 1

and in

FðUÞ> B fn�1ðxÞ;
1

2

� �n� �
when n $ 2;

(4) for each n $ 1 and each x in X,

FðxÞ> B fnðxÞ;
1

2

� �n� �
– �;

(5) for each n $ 1 and each U in Un,

diamU ,
1

2

� �n
:

To start the construction we apply Lemma 6.5 with the chosen point y0 and

with e ¼ d ¼ 1
2
. This yields a function f1 from X to Y and a discretely s-

decomposable partition U1 of X into F s-sets satisfying the conditions (2),

(3), (4) and (5) with n ¼ 1.

Now suppose that n $ 1 and that the functions fr and the partitionsUr have

been chosen for 1 # r # n satisfying our requirements. For U in Un we

consider set-valued function FU : U ! Y , defined by

FUðxÞ ¼ FðxÞ> B fnðxÞ;
1

2

� �n� �

¼ FðxÞ> B ynðUÞ; 1

2

� �n� �
;

where ynðUÞ is the constant value taken by fn on U. Since BðynðUÞ; ð1
2
ÞnÞ is a

fixed closed set, it follows from condition (4) that FU is an upper semi-contin-

uous map from U to Y taking only nonempty values. We now apply Lemma

6.5 with X ¼ U, F ¼ FU , y0 ¼ ynðUÞ, e ¼ d ¼ ð1
2
Þnþ1, to obtain a function

f ðUÞ
nþ1 and a discretely s-decomposable partition UðUÞ

nþ1 of U into F s-sets

satisfying the conditions (2)–(5) when we confine our attentions to U and to

its partition UðUÞ
nþi and replace n by nþ 1.

Write
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Unþ1 ¼
[

fUðUÞ
nþ1 : U [ Ung

and

fnþ1ðxÞ ¼ f ðUÞ
nþ1ðxÞ for x [ U [ Un:

By Lemma 2.3 the family Unþ1 is a discretely s-decomposable partition of X

intoF s-sets refining the familyUn. It is now easy to verify that the conditions

(1)–(5) hold with n replaced by nþ 1. In this way, the families fn, n $ 0, and

Un, n $ 1, can be constructed inductively satisfying our requirements.

We concentrate, for a time, on a fixed value of x. It may be that fNðxÞ [ FðxÞ
for some N $ 1. In this case, it follows by (2) that

fnðxÞ ¼ fNðxÞ [ FðxÞ
for all n $ N. Thus, in this case, fnðxÞ converges to a point of FðxÞ. Otherwise,

fnðxÞ � FðxÞ; for n $ 1:

By (3),

fnðxÞ [ FðjnÞ
for some jn in the member U of Un containing x. By (5), we have

jn [ B x;
1

2

� �n� �
for n $ 1. Thus jn ! x as n ! 1, and

hn ¼ fnðxÞ [ FðjnÞnFðxÞ
for n $ 1. By Lemma 6.1, the sequence hn, n $ 1, has a subsequence conver-

ging to a point of FðxÞ. But condition (3) ensures that

hn ¼ fnðxÞ; n $ 1

is a Cauchy sequence. Hence, in this second case, fnðxÞ converges to a point of
FðxÞ.

Write

f ðxÞ ¼ lim
n!1 fnðxÞ

for all x in X. By the results of the last paragraph, f ðxÞ is well defined and

belongs to FðxÞ for each x in X. Thus f is a selector for F. Further, f is the

uniform limit of the functions fn, each of these being constant on the sets of a

discretely s-decomposable family of F s-sets. Thus each fn and so also f is s-
discrete and of the first Borel class (see Theorem 2.1). A

Proof of Theorem 6.2. We suppose that X is a metric space and Z is a convex

subset of a Banach space Y . Suppose also that F is an upper semi-continuous
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set-valued map from X to Z, with the weak topology of Y , taking only non-

empty values.

As in the first part of the proof of Theorem 6.1, but using Z in place of Y and

Lemma 6.6 in place of Lemma 6.5, we define a sequence fn, n $ 0, of func-

tions from X to Z and a sequence Un, n $ 1, of discretely s-decomposable

partitions of X into F s-sets, with the properties (1)–(5) of that proof. We

repeat these properties, word for word, for the reader’s convenience:

(1) Un refines Un�1 for n $ 2;

(2) when n $ 1 and fn�1ðxÞ [ FðxÞ then fnðxÞ ¼ fn�1ðxÞ;
(3) the function fn is constant on each set U in Un and takes a value in

FðUÞ; when n ¼ 1;

and in

FðUÞ> B fn�1ðxÞ;
1

2

� �n� �
; when n $ 2;

(4) for each n $ 1 and each x in X,

FðxÞ> B fnðxÞ;
1

2

� �n� �
– �;

(5) for each n $ 1 and each U in Un,

diamU ,
1

2

� �n
:

We now concentrate, for a time, on a fixed value of x. It may be that fNðxÞ [
FðxÞ for some N $ 1. In this case, it follows by (2) that

fnðxÞ ¼ fNðxÞ [ FðxÞ
for all n $ N. Thus, in this case, fnðxÞ converges to a point of FðxÞ. Otherwise,

fnðxÞ � FðxÞ; for n $ 1:

By (3),

fnðxÞ [ FðjnÞ
for some jn in the member U of Un containing x. By (5), we have

jn [ B x;
1

2

� �n� �
for n $ 1. Thus jn ! x as n ! 1, and

hn ¼ fnðxÞ [ FðjnÞnFðxÞ
for n $ 1. The condition (3) ensures that the sequence
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hn ¼ fnðxÞ; n $ 1;

is a Cauchy sequence in the Banach space Y , and so converges to some point,

f ðxÞ say, in Y , but not as far as we know yet in Z. However, the set

S ¼ ff ðxÞg< fhn : n $ 1g
is closed in Y so that S> Z is relatively closed in Z, in both cases using the

weak topology. Hence

F�1ðS> ZÞ
is closed in X, and containing the points jn, n $ 1, must also contain the point

x. Thus

f ðxÞ [ FðxÞ , Z

and in this case also

f ðxÞ ¼ lim
n!1 fnðxÞ

exists and belongs to Z.

Now f is a selector for F and, being the uniform limit of the functions fn,

each a function that is constant on the sets of a discretely s-decomposable

family ofF s-sets, is of the first Baire class as a map from X to Z with the norm

topology (see Theorem 2.1). A

Proof of Theorem 6.3.We suppose that X is a metric space, that K is a compact

Hausdorff space and that Z is a convex subset of the Banach space CðKÞ of
continuous real-valued functions on K. Suppose that F is a pointwise upper

semi-continuous set-valued map from X to Z, taking only nonempty values.

We first consider the case when Z is norm bounded in CðKÞ. In this case we
follow the proof of Theorem 6.2, but using CpðKÞ for Y and Lemma 6.7 for

Lemma 6.6. We obtain a selector f : X ! Z for F that is of the first Baire class

for the norm topology on Z.

Now consider the case of a general set Z. Write

Zn ¼ Z > ðnBðKÞÞ;
where BðKÞ is the closed unit ball of CðKÞ,

FnðxÞ ¼ FðxÞ> Zn;

Xn ¼ F�1ðZnÞ:
Then [1

n¼1

Xn ¼ X
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and Fn is a pointwise upper semi-continuous set-valued map from Xn to Zn,

taking only nonempty values, for n $ 1. By the result of the last paragraph

there will be a selector fn : Xn ! Zn for Fn that is of the first Baire class for the

norm topology of Zn. Now write

Jn ¼ Xn

[n�1
r¼1

Xr

 !-
and

f ðxÞ ¼ fnðxÞ when x [ Jn:

This ensures that f : X ! Z is a selector for F that is of the first Baire class.

Since Z is a convex set in CðKÞ, this selector is of the first Baire class, as

required. A

6.3 A SELECTION THEOREM FOR LOWER SEMI-CONTINUOUS

SET-VALUED MAPS

In this section we give a simple proof of Theorem 6.4.

Proof of Theorem 6.4. Let X and Y be metric spaces and let F be a lower semi-

continuous set-valued map from X to Y taking only nonempty values that are

complete in the metric on Y . Choose a sequenceV n, n $ 1, of open covers of

Y with

diamV , 2�n; when V [ V n;

and arrange that

V nþ1 refines V n;

when n $ 1. For each n $ 1, let Un be the corresponding family

fU ¼ F�1ðVÞ : V [ V ng:
Since F is lower semi-continuous,Un is an open cover of X andUnþ1 refines

Un for n $ 1.

By Lemma 2.1, we can choose a discretely s-decomposable partition W 1

of X into F s-sets, with W 1 refining U1. By choosing a corresponding parti-

tion forU2, and then taking its intersection withW 1 we obtain a discretely s-
decomposable partition W 2 of X into F s-sets, with W 2 refining both U2

and W 1. Proceeding inductively we obtain a sequence W n, n $ 1, of s-
decomposable partitions of X into F s-sets with

W n refines Un;
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W nþ1 refines W n;

for n $ 1.

For each n $ 1 and each nonemptyWn inW n choose a point hnðWnÞ in Vn,

where Un is the unique set in Un that contains Wn and Vn is the unique set in

V n with Un ¼ F�1ðVnÞ. Define functions fn and wn from X to Y by taking

fnðxÞ ¼ hnðWnÞ;
when

x [ Wn [ W n;

and choosing
wnðxÞ [ FðxÞ> Vn;

when

x [ Wn , Un ¼ F�1ðVnÞ;
with Wn [ W n, Un [ Un and Vn [ V n uniquely determined by this condi-

tion. Note that the choice of wnðxÞ is always possible as the presence of x in

F�1ðVnÞ ensures that FðxÞ> Vn – �.
Consider any x in X and any n $ 1. Then

x [ Wnþ1 , Wn

for unique sets Wn [ W n and Wnþ1 [ W nþ1. Further Wn , Un, Wnþ1 ,
Unþ1 for unique sets Un, Unþ1 in Un and Unþ1. Since

x [ Un; x [ Unþ1;

we must have Unþ1 , Un. Thus the points

wnðxÞ; wnþ1ðxÞ; fnðxÞ; fnþ1ðxÞ
all lie in the unique set Vn in V n with F�1ðVnÞ ¼ Un, and

dðwnþ1ðxÞ;wnðxÞÞ , 2�n;

dðfnðxÞ;wnðxÞÞ , 2�n:

Thus the sequence wnðxÞ is a Cauchy sequence lying in the complete set

FðxÞ. Hence the formula

f ðxÞ ¼ lim
n!1wnðxÞ

defines a point of FðxÞ and so f is a selector for F. Further we obtain

dðfnðxÞ; f ðxÞÞ # 2�n þ dðwnðxÞ; f ðxÞÞ

# 2�nþ2;
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so that the sequence of functions fn converges uniformly to f . Since each

function fn is constant on the sets of a discretely s-decomposable partition

of X into F s-sets it follows by Theorem 2.1 that f is a s-discrete function of

the first Borel class. A

6.4 EXAMPLE

In this section, following a suggestion of Valdivia, we construct an example.

Example There is a complete metric space X, a dual Banach space Y� that

is weak� s-fragmented using weak� closed sets and an upper semi-continuous

set-valued map F from X to Y� with its weak� topology, taking only nonempty

norm complete values in Y� and having no selector f that is of the first Baire

class as a map from X to Y� with its norm topology.

Construction Let v1 be the first uncountable ordinal and let ½0;v1� be the

space of all ordinals g with 0 # g # v1 with the order topology. We take Y�

to be the dual space C�ð½0;v1�Þ of the space Cð½0;v1�Þ of continuous real-
valued functions on ½0;v1�with the supremum norm. Since the space ½0;v1� is
scattered, the space Cð½0;v1�Þ is an Asplund space (see the discussion on

Asplund spaces in Chapter 7). Hence C�ð½0;v1�Þ has the Radon–Nikodým

property and so Y� ¼ C�ð½0;v1�Þ with its weak� topology is s-fragmented

using weak� closed sets as required.

We take X to be the subspace of Cð½0;v1�Þ of all nonnegative functions x on
½0;v1� with

xðv1Þ ¼ kxk1 ¼ 1

and use the supremum norm on Cð½0;v1�Þ to define the metric on X. Clearly X

is a complete metric space, as required.

We remark that C�ð½0;v1�Þ is the space of all measures m on ½0;v1�. Since
v1 is not a measureable cardinal, all these measures m are atomic, and the

norm on Cpð½0;v1�Þ is given by

kmk1 ¼
X

fjmðgÞj : 0 # g # v1g:
We now define a set-valued map F from X to Y�. We first take GðxÞ to be the

set
GðxÞ ¼ fg : 0 # g # v1 and xðgÞ ¼ 1g

for each x in X. Note that v1 [ GðxÞ for each x[ X. For each x in X, take FðxÞ
to be the set

fm [ Y� : kmk1 ¼ 1; mðgÞ $ 0; for 0 # g # v1

and mðgÞ ¼ 0 for g 6[ GðxÞ; and mðv1Þ ¼ 0g:
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It is clear that F takes only norm complete values in Y�. For each x in X,

xðv1Þ ¼ 1. Since v1 has uncountable cofinality we have some d with 0 , d ,
v1 and

xðgÞ ¼ 1; for d # g # v1:

This ensures that d [ GðxÞ so that the Dirac measure on d belongs to FðxÞ.
Thus F takes only nonempty norm complete values, as required. We prove that

the set-valued map

F : X ! ðY�;weak�Þ
is upper semi-continuous. Consider any x0 in X, and any weak� open set G

with

Fðx0Þ , G:

We need to prove that for some e . 0,

Fðfx [ X : kx � x0k1 , egÞ , G:

Suppose that this is not true. Then we can choose xi, mi, i ¼ 1; 2;… with

xi [ X, kxi � x0k1 , 1=i, and mi [ FðxiÞ\G, for i $ 1. Then

mi [ K ¼ fm : kmk1 # 1g n G

for i $ 1, and K is weak� compact. By the weak� compactness of K, we can

choose k in K with the property that each weak� neighborhood of k contains

mi for infinitely many values of i. We obtain a contradiction by studying all the

possible forms for k.

Case (a) Suppose that kðgÞ , 0 for some g in ½0;v1�. Since
kð½0;g�Þ ¼

X
fkðhÞ : 0 # h # gg # kkk1 # 1

for some d, either 0 or a successor ordinal, we have

0 # d # g and kð½d;g�Þ , 0:

Define y0 in Y ¼ Cð½0;v1�Þ by taking

y0ðhÞ ¼
1; if h [ ½d;g�;
0; otherwise:

(
Then

hy0;ki , 0;

but

hy0;mi $ 0

for all m in FðXÞ. Thus
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N ¼ fm [ Y� : hy0;mi , 0g
is a weak� neighborhood of k containing none of the points mi, i $ 1.

Case (b) Suppose that kkk1 , 1. Consider the point y in Y with

yðgÞ ¼ 1; for 0 # g # v1:

Then the set

N ¼ m : hy;mi , 1

2
þ 1

2
kkk1


 �
is a weak� neighborhood of k containing none of the points mi, i $ 1.

Case (c) Suppose that kðgÞ . 0 for some g with 0 # g # v1 and g � Gðx0Þ.
Since x0 is continuous on ½0;v1� the set Gðx0Þ is closed in ½0;v1�. So we can

choose d with 0 # d # g, d either 0 or a successor ordinal,

½d;g�> Gðx0Þ ¼ �;

and

kð½d;g�Þ . 0:

Define y in Y by taking

yðhÞ ¼
1; if d # h # g;

0; otherwise:

(
Then

N ¼ fm : hy0;mi . 0g
is a weak� neighborhood of k. Since ½d; g� is compact in ½0;v1� and x0 is

continuous with

x0ðhÞ , 1; for d # h # g;

we have

supfx0ðhÞ : d # h # gg , 1:

Thus

e ¼ 1 � supfx0ðhÞ : d # h # gg
is positive. Hence, for each x in X with

kx � x0k1 , e ;

we have

xðhÞ , 1; for d # h # g;
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so that

GðxÞ> ½d;g� ¼ �

and

hy;mi ¼ 0

for all m in FðxÞ with kx � x0k1 , e: Thus N contains none of the points mi

with i $ 1=e.

Case (d) Suppose that kðv1Þ . 0. For each i$ 1, miðv1Þ ¼ 0, and since vi is

of uncountable cofinality, we can choose d , v1 with

miðhÞ ¼ 0; for di # h # v1:

Now we can choose a successor ordinal d with

di # d # v1; for i $ 1:

Define y in Y by taking

yðhÞ ¼
1; if d # h # v1;

0; otherwise:

(
Then

N ¼ m : hy;mi . 1

2
kðv1Þ


 �
is a weak� neighborhood of k containing none of the points mi, i $ 1.

In each of the cases (a) to (d) we reach a contradiction. Thus k must satisfy

the conditions

kðgÞ $ 0; for 0 # g # v1;

kkk1 $ 1;

kðgÞ ¼ 0; when g 6 [ Gðx0Þ;

and kðv1Þ ¼ 0:

Since we also have kkk1 # 1, from k [ K, we conclude that k [ Fðx0Þ. Since
Fðx0Þ , G, this contradicts the choice of k. Hence F is upper semi-continuous

as a map to ðY�;weak�).
We now consider any selector f for F. We study f in a neighborhood of any

point x0 of X. Write m0 ¼ f ðx0Þ. Then m0ðgÞ is positive for countably many g
and m0ðv1Þ ¼ 0. Hence we can choose an ordinal d with 0 , d , v1 and

m0ðgÞ ¼ 0; for d # g # v1:
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Take z to be the function in X defined by

zðgÞ ¼
1; for 0 # g # d;

0; for dþ 1 # g # v1:

(
For each e . 0, write

xeðgÞ ¼ maxf0; x0ðgÞ � ejðgÞg
for 0 # g # v1. Then xe belongs to X with

kx0 � xek1 # e

and

GðxeÞ , ½dþ 1;v1�:
Now me ¼ f ðxeÞ is concentrated on ½dþ 1;v1�, while m0 ¼ f ðx0Þ is concen-
trated on ½0; d�. Thus

kf ðx0Þ � f ðxeÞk1 ¼ km0 � mek1 ¼ km0k1 þ kmek1 ¼ 2

and f is not norm continuous at x0. If f were a function of the first Baire class

from X to ðY�, norm), then the set of points of norm discontinuity of f would

be of the first category in X (see, e.g., [47, pp. 397–398]). Since X is complete,

f must have a point of norm continuity. This contradiction shows that F has no

selector that is of the first Baire class as a map from X to ðY�, norm).

6.5 REMARKS

1. In the proof of Theorem 6.1, it would be possible to replace the condi-

tion:

(a) F is upper semi-continuous;

by the condition:

(b) F�1ðCÞ is closed in X whenever C is a closed countable set in Y .

However the gain in generality would be spurious since the condition (b)

implies the condition (a).

2. In Theorem 6.2 it would be possible, by making minor modifications to

the proof, to replace the condition:

(a) F is weakly upper semi-continuous;

by the condition

(b) F�1ðCÞ is closed in X whenever C is convex, norm closed and norm

separable in Z.

3. If one drops the condition that Z be convex in CðKÞ in Theorem 6.3, one
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still obtains a selector that is s-discrete and of the first Borel class. This

is clear from the proof that we have given.

4. Theorem 6.4 is not true if F is allowed to take nonempty but otherwise

arbitrary values. Indeed, the result fails in a case when X and Y are the

unit interval and F is a lower semi-continuous set-valued map taking

only nonempty countable values.

5. We give a very simple example to illustrate the nature of the diagonal

lemmas. Consider the set-valued map F from R to R2 that maps the

points j of R to the discs

FðjÞ ¼ fðy; zÞ : y2 þ z2 # ðrðjÞÞ2g
in R2, where

rðjÞ ¼ 1;

if j is not of the form 1=m with m a positive integer, while

rðjÞ ¼ 1þ ð1=mÞ;
when j is of this form 1=m with m a positive integer. It is easy to verify

that F is upper semi-continuous as a map from R to R2. Now suppose

that GðFÞ is the graph of F in R3, and that ðxðnÞ; yðnÞ; zðnÞÞ, n$ 1, is any

‘‘diagonal’’ sequence of points in GðFÞ with xðnÞ converging to some j
in R and with

xðnÞ – j;

ðyðnÞ; zðnÞÞ [ FðxðnÞÞ n FðjÞ
for n $ 1. Then

FðxðnÞÞ n FðjÞ ¼ �;

unless xðnÞ is of the form 1=mðnÞ, for some positive integer mðnÞ. Thus
xðnÞ is necessarily of this form, for each n $ 1. Further, as xðnÞ
converges to j, while xðnÞ does not assume the value j, we must have

j ¼ 0 and mðnÞ ! 1 as n ! 1. Now the point ðyðnÞ; zðnÞÞ lies in the

annular region

1 , y2 þ z2 # 1þ ð1=mðnÞÞ2:
Thus the sequence ðyðnÞ; zðnÞÞ has a subsequence converging to a point

on the circle

y2 þ z2 ¼ 1

contained in the disc Fð0Þ.
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Chapter 7

Further applications

In Chapter 5 we have given some applications of the existence theorems for

selectors of the first Baire class, giving detailed proofs based on well known

basic results in general topology and Banach space theory. In this chapter we

give some further applications, but we only give some of the details of the

proofs and have to quote some difficult results without proofs, since the proofs

would take us too far from our main themes.

Our results are centered around the theory of Asplund spaces. We start by

discussing some of the work done on these spaces.

E. Asplund [1] introduced ‘‘strong differentiability spaces’’ defining them to

be those real Banach spaces where every continuous convex function defined

on a convex subset is Fréchet differentiable on a Gd-subset of its domain. He

obtained properties of the dual of such a Banach space and established the

following result.

Theorem (Asplund) If a real Banach space admits an equivalent norm

whose dual norm is locally uniformly convex, then the original space is a

strong differentiability space.

After Asplund’s untimely death, these strong differentiability spaces were

renamed Asplund spaces by Namioka and Phelps in a paper [61] that devel-

oped the theory of these spaces. They prove that a Banach space X is an

Asplund space if and only if the dual space Xp has the following property:

every nonempty bounded subset of Xp has nonempty relatively weakp

open subsets of arbitrarily small diameter,

that is, in our terminology,

every bounded subset of Xp is weakp fragmented by the norm.

They show that the dual Xp of an Asplund space has the Radon–Nikodým

property, so that by a result of Stegall [75] every separable subspace of X has a

separable dual. They also prove that every closed linear subspace of an

Asplund space is an Asplund space.

We note that in Theorem 5.2 we have used the existence of a Baire first class

selector to give a new proof of the result of Namioka and Phelps that X is an



Asplund space if each bounded nonempty subset of Xp is weakp fragmented by

the norm. The result of Asplund that we have quoted leaves open two ques-

tions.

If X is an Asplund space does X have an equivalent norm whose dual

norm is locally uniformly convex?

If X is an Asplund space does Xp have an equivalent norm that is locally

uniformly convex?

The answer to the first of these questions is ‘‘No’’. In Theorem 18 of their

paper [61], Namioka and Phelps show that, when K is a nonempty compact

Hausdorff space, then CðKÞ is an Asplund space if and only if K is scattered. In

particular, if V is any ordinal, the ordinal interval [0,V� with its interval

topology is a scattered compact Hausdorff space, and Cð½0;V�Þ is an Asplund

space. However, Talagrand [80] has shown that when V is uncountable

Cð½0;V�Þ has no equivalent norm with a strictly convex dual norm.

Thus, as we have said, the answer to the first question is ‘‘No’’. Neverthe

less, Fabian and Godefroy [10] have recently shown that the answer to the

second question is ‘‘Yes’’. We give an outline of their proof of their theorem in

Sections 7.1 and 7.2 (see Theorem 7.2 in Section 7.2).

We note that the theorem of Namioka and Phelps, that in the dual Xp of an

Asplund space X every bounded subset is weakp fragmented by the norm, is a

converse to Theorem 5.2. Does the somewhat similar Theorem 5.4 have a

converse? Recall that Theorem 5.4 tells us that if Kp is a nonempty convex

weakp compact set in the dual Xp of a Banach space, and Kp is weakp frag-

mented by the norm of Xp, then the attainment map from X to Kp has a selector

that is of the first Baire class from ðX; normÞ to ðXp; normÞ.
In Section 7.3 we prove the following partial converse to this result.

Theorem 7.1 Let Kp be a nonempty weakp compact set in the dual Xp of a

Banach space X. Suppose that the attainment map F from X to Kp has a

selector f that is of the first Baire class as a map from ðX norm) to (Xp,

norm). Provided X contains no isomorphic copy of ‘1ðNÞ; the set Kp is

weakp fragmented by the norm in Xp:

The problem of finding a converse to Theorem 5.4 was discussed by Jayne,

Orihuela, Pallarés and Vera [41]. We follow the proof of their Theorem 26

closely, but not too closely, since they claimed to prove the above theorem

without the proviso that X contains no isomorphic copy of ‘1ðNÞ, while we

need this proviso, and give Example 7.1 to show that some such proviso is

necessary.
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7.1 BOUNDARY LEMMAS

A subset Sp of a set Kp in the dual Xp of a Banach space X is said to be a

boundary for Kp if, for each x in X, there is a point sp in Sp with

x; sp
� � ¼ sup x; kp

� �
: kp [ Kp

� �
:

We prove two lemmas on boundaries in dual Banach spaces. The first is

closely related to Theorem I.2 of Godefroy [15], and uses ideas from his

proof, but avoids use of Simons’ Lemma [72]. The second boundary lemma

is tacitly included within the second step of the proof of Theorem 1 of Fabian

and Godefroy [10]. We follow their proof closely.

We now state our two boundary lemmas.

Lemma 7.1 Let X be a separable Banach space that contains no isomorphic

copy of ‘1ðNÞ. Let Kp be a nonempty convex set in Xp, and let Sp be a

boundary for Kp. Then Kp is contained in the norm closure of the linear

span of Sp:

Lemma 7.2 Let X be a separable Banach space that contains no isomorphic

copy of ‘1ðNÞ. Let Kp be a nonempty weakp compact convex set in Xp.

Suppose that the attainment map F from X to Kp has a selector f that is of

the first Baire class as a map from (X, norm) to (Xp, norm). Then f ðxÞ is a
separable boundary for Kp and Kp is contained in a separable subspace of Xp.

Proof of Lemma 7.1. Since Sp is a boundary for Kp, for each point x– 0 in X,

there is a point sp in Sp with

x; sp
� � ¼ sup x; xp

� �
: xp [ Kp

� �
:

Suppose that there is a point kp – 0 in Kp that is not in spSp, the norm closed

linear span of Sp. Then, by the Hahn–Banach theorem, there is a linear func-

tional jpp on Xp with

‘p; jpp
� � ¼ 0 for all ‘p in spSp

and

kp; jpp
� � ¼ kp

�� ��; jpp
�� �� ¼ 1:

We use a result of Odell and Rosenthall [64]. Since X is separable and there is

no isomorphic copy of ‘1ðNÞ in X, each element of Xpp can be obtained as the

weakp limit in Xpp of a sequence of points in X. Applying this result to the point

jpp chosen above, there will be a sequence fn; n$ 1, of X weakp convergent to

jpp in Xpp: In particular,

lim
n!1 kp; fn

� � ¼ kp; jpp
� � ¼ kp

�� �� – 0:
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Thus, by omitting a finite set of points from the sequence, we may suppose that

fn; k
p

� �
.

1

2
kp
�� ��; for n $ 1:

This ensures that

fnk k $
1

2
; for n $ 1:

Now, for each sp in Sp; the weakp convergence to jpp ensures that

lim
n!1 fn; s

p
� � ¼ jpp; sp

� � ¼ 0:

However, as we have seen

lim
n!1 fn; k

p
� � ¼ jpp; kp

� � ¼ kp
�� �� – 0:

This proves the lemma. A

Proof of Lemma 7.2. Recall that the attainment map F : X ! Kp is defined by

FðxÞ ¼ xp [ Kp : x; xp
� � ¼ supf x; yp� �

: yp [ Kpg� �
:

This map has, by a hypothesis of the lemma, a selector f of the first Baire class

as a map from ðX; normÞ to (Xp; norm). By this choice of f , for each x in X,

x; f ðxÞh i ¼ sup x; kp
� �

: kp [ Kp
� �

:

So for each x in X and each kp in Kp;

x; kp
� �

# x; f ðxÞh i and f ðxÞ [ Kp:

This means that the set f ðXÞ ¼ f ðxÞ : x [ Xf g is a boundary for Kp in Xp.

We next show that f ðXÞ has a countable norm dense set. Since f is of the first

Baire class, we can write

f ¼ lim
p!1 fp;

the limit being taken pointwise, and each function fp : X ! Xp being contin-

uous from ðX; normÞ to ðXp; normÞ. Let xq; q$ 1, be a countable dense set in X.

For each p; q we can choose a point dpðp; qÞ with dpðp; qÞ [ f ðXÞ and
dpðp; qÞ � fpðxqÞ
��� ��� # 2 inf kp � fpðxqÞ

��� ��� : kp [ f ðXÞ
n o

:

Now suppose that e . 0 is given and yp, equal to f ðxÞ; say, is chosen in f ðXÞ.
We can choose p so large that

fpðxÞ � f ðxÞ
��� ��� , 1

6
e:

Since fp is continuous and xq; q$ 1; is dense in X, we can choose q$ 1; so that
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fpðxqÞ � fpðxÞ
��� ��� , 1

6
e:

This ensures that

fpðxÞ � f ðxÞ
��� ��� , 1

3
e and f ðxÞ [ f ðXÞ:

By the choice of dpðp; qÞ we have

dpðp; qÞ � fpðxqÞ
��� ��� # 2 f ðxÞ � fpðxqÞ

��� ��� , 2

3
e:

Hence

dpðp; qÞ � f ðxÞ�� �� , 2

3
eþ 1

3
e ¼ e:

Thus the countable set

Do ¼ dðp; qÞ : p $ 1; q $ 1f g
is dense in f ðXÞ, as required.

Now the countable set D1 of all finite rational linear combinations of the

points of D0 is dense in the norm closed linear span L of f ðXÞ. Since f ðXÞ is a
boundary of Kp, Lemma 7.1 applies and shows that Kp is contained in the

separable subspace L of Xp. A

7.2 DUALS OF ASPLUND SPACES

In this section we give an outline of the way that Fabian and Godefroy [10] use

a selection result as the first step of their theorem.

Theorem 7.2 (Fabian and Godefroy) The dual of an Asplund space has a

locally uniformly convex norm that is equivalent to the original norm.

As we have already remarked, some Asplund spaces have no norms equiva-

lent to their original norms whose dual norms are strictly convex.

We recall the definition of a locally uniformly convex norm on a Banach

space. A norm ·k k on a Banach space X is said to be locally uniformly convex

if, whenever a point x and a sequence fxng of points in X satisfy the conditions

xnk k ! xk k and
1

2
xþ 1

2
xn

���� ����! xk k as n ! 1

then xn � xk k ! 0 as n ! 1. This condition implies that, near a point x on the

unit sphere, the unit ball is uniformly strictly convex, the uniformity being

with respect to the different directions of approach to x along the unit sphere.

Step 1. Consider the attainment map F : X ! Bp from X to the unit ball Bp
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of Xp. By the result of Namioka and Phelps quoted in the introductory section

of this chapter, each bounded subset of Xp is weakp fragmented by the norm.

Applying Theorem 5.4, we obtain a selector d for F that is of the first Baire

class as a map from ðX; norm) to (Bp, norm). Hence we can choose a sequence

fdng of continuous functions from ðX, norm) to (Bp, norm) with dn converging

pointwise to d as n ! 1. We useD to denote the set-valued map from X to Bp,

defined by

DðxÞ ¼ fd1ðxÞ; d2ðxÞ;…g:
Note that since d is a selector for the attainment map, dðXÞ is a boundary for

Bp:

Step 2. Let V be a linear subspace of X. In this step we show that when V is a

separable subspace of X, the closed linear span

sp xp Vj : xp [ DðVÞ� �
coincides with the dual space Vp of V :

Note that when V is a linear subspace of X, any linear functional on V can be

extended, without increase of norm, to yield a linear functional on X. So the

linear functionals on V can be obtained (in general in many ways) as the

restrictions to V of the linear functionals of X. Thus, we can (and we do)

regard the dual space Vp of V as those distinct functionals xp Vj obtained by

restricting an xp in Xp to V ; the norm in the dual Vp being

xp Vj
�� �� ¼ sup xpðvÞ�� �� : v [ V ; vk k ¼ 1

� �
:

Since dðXÞ is a boundary of Bp it is easy to see that

d Vj ¼ spfxp Vj : xp [ dðVÞg:
Since for each v in V ,

dnðvÞ ! dðvÞ
as n ! 1: We also have

Vp ¼ spfxp Vj : xp [ DðVÞg:
Step 3. This next step shows that for any subspace V of X we still have

spfxp Vj : xp [ DðVÞg ¼ Vp:

The idea is to use a reduction of the general case to the separable case. We fix

our attention on a particular point, say f , in the dual space Vp and aim to

choose a suitable separable subspace Y of V . The point f Yj is automatically in

Yp. Since Y is separable, Step 2 applies and yields

f Yj [ spfxp Yj : xp [ DðYÞg:
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The space Y has to be chosen in a very special way to enable the completion of

the proof.

We shall obtain Y as the norm closure of

W ¼
[1
n¼1

Wn;

where W1;W2;… is an increasing sequence of separable subspaces of V , with

dual spaces Wp
1 ;W

p
2 ;…: passing ever closer to f .

We start by taking W1 to be any one-dimensional subspace of V . When

n $ 1, and Wn has been chosen as a separable subspace of V , we choose a

countable sequence fzðnÞj g dense in Wn. Since the functions di; i $ 1, are

continuous, the points

diðzðnÞj Þ; i $ 1; j $ 1;

will be dense in DðWnÞ: We take Dn to be the set of all finite rational linear

combinations of the points diðzðnÞj Þ; i $ 1; j $ 1. In the case when n $ 2 and

Wn�1 , Wn, we choose the sequence ðzðnÞj Þ to include all the points of the

sequence ðzðn�1Þj Þ: Clearly Dn is a countable subset of Xp:

Once Dn has been chosen for some n $ 1; for each d in Dn we note that

f Vj � d Vjk kVp¼ supf f � d; vh i : v [ V and vk k ¼ 1g:
Thus we can choose a vðn; dÞ in V with vðn; dÞk k ¼ 1 and

f � d; vðn; dÞh i $ f Vj � d Vjk kVp�ð1=nÞ:
We useV nþ1 to denote the set of all points vðn; dÞ chosen in this way. This set
V nþ1 is a countable subset of V . We take

Wnþ1 ¼ spfWn < Vnþ1g:
In this way we construct the following objects.

An increasing sequence W1;W2;… of separable linear subspaces of V .

An increasing sequence fzð1Þj g; fzð2Þj g;… of countable sequences in V with

diðzðnÞj Þ; i $ 1; j $ 1;

dense in DðWnÞ; for n $ 1:

An increasing sequence of countable setsDn in X
p;Dn consisting of all

finite rational linear combinations of points from DðfzðnÞj gÞ:
A sequence V 2;V 3;… of countable subsets of V , with

Vnþ1 ¼ fvðn; dÞ : d [ Dng;
where vðn; dÞ is chosen for each d in Dn so that

FURTHER APPLICATIONS 153



f � d; vðn; dÞh i $ f Vj � d Vjk kVp�ð1=nÞ;
and vðn; dÞk k # 1; vðn; dÞ [ V :

We also have

Wnþ1 ¼ sp Wn < Vnþ1

� �
for n $ 1:

We complete the construction of Y to be the norm closure

Y ¼ clW

of the linear space W , which is not in general closed. Note that

Y ¼ cl
S1
n¼m

Wn

for each m $ 1: Clearly Y is a separable subspace of V .

Since Y , V , we have f Yj [ Yp: Since Y is separable we can apply Step 2.

This yields

f Yj [ Yp ¼ spfDY ðYÞg ¼ spfxp Yj : xp [ DðYÞg:
Let e . 0 be given. Choose m $ 2=e: Now we can choose a point g in

spfDY ðYÞg
with

f Yj � gk kYp, e=2:

Now gwill be a finite linear combination of points inDY ðYÞ: So we can replace
g by a finite rational linear combination h of the same points ofDY ðYÞ; and still
have

f Yj � hk kYp, e=2:

Since

Y ¼ cl
[1
n¼m

Wn

and the functions di are continuous, the point h can be replaced by the same

finite rational linear combination j of points taken fromDY ð
S1

n¼m WnÞ; and still
have

f Yj � j Yjk kYp, e=2:

Since the sequences fdiðzðnÞj Þgi$1;j$1 are dense in DðWnÞ for each n, we can

replace the finite rational linear combination j by the same finite rational linear

combination k of points in
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[1
n¼m

DðfzðnÞj gÞ;

with

f Yj � k Yjk kYp, e=2:

Let ‘ be the largest integer, necessarily at leastm, involved as an index n in the

representation of k in terms of points from the setsDðfzðnÞj gÞ, n $ m. Then k is a

finite rational linear combination of points in

[‘
n¼m

DðfzðnÞj gÞ:

Since the sequences fzðnÞj g; n $ 1, are increasing, k is a finite rational linear

combination of points fromDðfzð‘Þj gÞ and so k is a point ofD‘. Hence there is a

point v(‘; kÞ in V ‘þ1 satisfying f � k; vð‘; kÞh i $ f Vj � k Vjk kVp�ð1=‘Þ and
vð‘; kÞk k , 1:

Now

f Vj � k Vjk kVp# ð1=‘Þ þ f � k; vð‘; kÞh i

¼ ð1=‘Þ þ f Yj ¼ k Yj ; vð‘; kÞh i

# ð1=mÞ þ f Yj � k Yjk kYp

, ðe=2Þ þ ðe=2Þ ¼ e:

Recall that f being in Vp coincides with f Vj ; and that k Vj [ sp D Vj


VÞ: Thus

the distance of f from sp D Vj


VÞ is at most e. Since this holds for all e . 0 we

have

f [ spfD Vj ðVÞg:
Since f may be any point of Vp;

Vp ¼ spfxp Vj : xp [ DðVÞg
as required.

Step 4.We remark that the set-valued mapD : X ! 2X
p

introduced in Step 1

is a norm to weak lower semi-continuous map with DðxÞ a countable set for

every x in X.

Now Fabian [9], following but modifying work of John and Zizler [42, 43],

has proved the following theorem.

Theorem (Fabian) Let X be a Banach space with a norm to weak lower

semi-continuous multivalued mapping D : X ! 2X
p

such that Dx is a counta-

ble set for every x in X and that
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spfxp Vj : xp [ DðVÞg ¼ Vp

for every subspace V of X.

Then, if m is the first ordinal with cardinality that of dens X, there exists a

nondecreasing ‘‘long sequence’’ fMa : v # a # mg of subspaces of X and a

‘‘long sequence’’ fPa : v # a , mg of linear projections on Xp forming a

Projective Resolution of the Identity, the sequence fMa : v # a # mg satisfy-
ing the conditions:

(i) dens Ma # a;

(ii) <b,aMbþ1 is dense in Ma;

(iii) the mapping Ra : PaX
p ! Mp

a defined by Ra f ¼ f Ma

��� ; f [ PaX
p, is a

surjective isometry and Paf ¼ R�1
a ðf MaÞ

��� for all f [ Xp:

By the initial remark of this step and the result of Step 3, when X is an

Asplund space, X satisfies the hypothesis of Fabian’s theorem. The conclu-

sions of Fabian’s theorem combined with known techniques shows that the

dual of any Asplund space has an equivalent locally uniformly convex norm.

7.3 A PARTIAL CONVERSE TO THEOREM 5.4

This section is much easier to follow than Section 7.2. We first prove Theorem

7.1 stated in the introduction to this chapter. We then verify the following

example showing that something like the proviso is needed in this theorem.

Example 7.1 The attainment map from the space ‘1ðNÞ to the unit ball Bp of

the dual space ‘1ðNÞ of ‘1ðNÞ, has a selector that is of the first Baire class as
a map from (‘1ðNÞ, norm) to (‘1ðNÞ, norm), but ðBp; weakpÞ is not fragmen-
ted by the norm.

The proof of Theorem 7.1 follows (but elaborates) the first part of the proof

Theorem 26 of a paper by Jayne, Orihuela, Pallarés and Vera [41], but avoids

the lacuna in their proof by use of the proviso written into our restatement of

the theorem and by appeal to Lemma 7.2.

Proof of Theorem 7.1. Let Kp be a nonempty weakp compact set in the dual Xp

of a Banach space X that contains no isomorphic copy of ‘1. Suppose further

the attainment map F from X to Kp has a selector f that is of the first Baire

class as a map from ðX, norm) to (Xp; norm).

In order to show that ðKp; weakp) is fragmented by the norm of Xp; we seek

to apply a result of Namioka [60, Theorem 3.4], which generalizes an earlier

result of Stegall [75]. Namioka considers a weakp compact set in the dual X of
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a Banach space, If A is a bounded subset of X he introduces a pseudo norm nA
for Xp defined by

nAðxpÞ ¼ sup x; xp
� ��� ��x [ A
� �

:

He proves, in particular, that if Kp is separable for nA for each bounded

countable subset A of X, then ðKp; weak) is fragmented by the norm in Xp.

In this result, it is clearly sufficient to confine attention to countable subsets A

of the unit ball of X. Then

nAðxpÞ ¼ sup x; xp
� ��� �� : x [ A
� �

# sup x; xp
� ��� �� : xk k , 1
� � ¼ xp

�� ��:
Now for any countable set A contained in the unit ball of X we consider the

closed linear span S of A. S is a closed separable subspace of X. By the Hahn–

Banach theorem, every linear functional defined on S can be extended, without

change of norm to a linear functional on X: It follows that the dual space Sp of

S can be identified with the functions on S obtained by restriction to S of the

linear functionals on X, the norm of such a function g on S being taken to be

gk k ¼ supfgðxÞ : x [ S; xk k # 1g:
We use p to denote the restriction map p : Xp ! Sp, with pðxpÞ taken to be the

restriction of xp to S, for each xp in Xp. Clearly p is a linear map with norm 1.

We verify that p is a continuous map from ðXp; weakp) to (Sp, weakpÞ A
typical basic weakp open neighborhood of the origin of Sp is of the form

sp [ Sp : si; s
p

� �
, 1 for 1 # i # n

� �
for points s1; s2;…; sn in S. The inverse image under p of this weakp open

neighborhood is

xp [ Xp : si; x
p

� �
, 1 for 1 # i # n

� �
for the same points s1; s2;…; sn in S. Hence p is continuous as a map from

ðXp;weakpÞ to ðSp, weakpÞ: Since Kp is weakp compact in Xp; it follows that

pðKpÞ is weakp compact in Sp:

Recall that we are supposing that f is a Baire class 1 selector for the

attainment map for Kp. So

s; f ðsÞh i ¼ sup s; kp
� �

: kp [ Kp
� �

for each s in S. Thus, for s in S and kp in Kp;

s; pðkpÞ� � ¼ s; kp
� �

# s; f ðsÞh i ¼ s; pðf ðsÞÞh i
and pðf ðsÞÞ [ pðKpÞ: Hence, for s in S and sp in pðKpÞ;

s; sp
� �

# s; pðf ðsÞÞh i and pðf ðsÞÞ [ pðKpÞ:
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This means that the set

fpðf ðsÞÞ : s [ Sg
is a boundary for pðKpÞ in Sp and pWf is a selector for the attainment web from

S to pðKpÞ. Since p is continuous and f is of the first Baire class, pWf is also of

the first Baire class from ðS, norm) to ðSp norm).

Since we are assuming that X contains no isomorphic copy of ‘1ðNÞ, the
subspace S can contain no such copy. Now S, Sp, pðKpÞ and p � f satisfy the

conditions of Lemma 7.2. Hence, by that lemma, pðKpÞ contains a countable
norm dense subset, Do say. For each point do in Do pick a point d1 in Kp with

pðd1Þ ¼ do; and take D1 to be the set chosen in this way. Then D1 is a coun-

table set in Kp that is dense with respect to the pseudo norm q on Xp defined by

qðxpÞ ¼ pðxpÞ�� ��:
Since A is contained in the unit ball of S,

nAðxpÞ ¼ sup x; xp
� ��� : x [ A
� �

# sup x; xp
� ��� �� : x [ S; xk k # 1
� �

¼ pðxpÞ�� �� ¼ qðxpÞ:
Thus D1 is a countable set in K

p that is dense in Kp with respect to the pseudo

norm nA.

Applying Namioka’s result we conclude that ðKp, weakp) is fragmented in

Xp by the norm.

Verification of Example 7.1 Regard ‘1ðNÞ as the dual of ‘1ðNÞ Then Bp is

a convex weakp compact set in ‘1ðNÞ:
The attainment map F : ‘1ðNÞ ! Bp is defined by

FðxÞ ¼ xp : x; xp
� � ¼ supf x; yp� �

: yp
�� �� # 1

� �
FðxÞ ¼ xp : x; xp

� � ¼ supf x; yp� �
: yp
�� �� # 1 and xp

�� �� # 1
� �

:

If x ¼ fx1; x2;…g in ‘1ðNÞ and yp ¼ fyp1; yp2;…g in ‘1ðNÞ, then

sup x; yp
� �

: yp
�� �� # 1

� � ¼ sup
X1
i¼1

xiy
p
i : ypi
�� �� # 1; i $ 1

( )

¼
X1
i¼1

xij j;

and this supremum is attained just when

ypi ¼ sign x1; if x1 – 0;
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ypi [ ½�1; 1�; if xi ¼ 0:

Thus

FðxÞ ¼ fyp : ypi ¼ sign xi if xi – 0; ypi [ ½�1; 1� if xi ¼ 0g:
A selector for this attainment map is the function f :‘1ðNÞ ! Bp defined by

f ðxÞ ¼ yp

with

ypi ¼ sign xi if x1 – 0

ypi ¼ 0 if xi ¼ 0:

Now, for each n $ 1; take

f ðnÞðxÞ ¼ ypðnÞ;

with

ypðnÞ ¼ xij j tanhðnxiÞ; i $ 1:

Then for each fixed x in ‘1ðNÞ the sum P
xij j converges and

lim
n!1 f ðnÞðxÞ ¼ f ðxÞ in ‘1ðNÞ:

Further, for each fixed n $ 1; the map f ðnÞ : ‘1ðNÞ ! ‘1ðNÞ is continuous.
Thus the attainment map has a Baire first class selector. However the set ðBp;

weakpÞ is not even s-fragmented by the norm in ‘1ðNÞ:

7.4 REMARKS

1. For the convenience of the masochistic reader we quote the statement of

Simons’ multipurpose lemma that we have not used in the proof of

Lemma 7.1. We recall the notation he uses. When X is a nonempty

set and f [ ‘1ðXÞ write Sðf Þ ¼ sup f ðXÞ and fk k ¼ sup f ðXÞj j:
Lemma (Simons) We suppose that for all n $ 1; fn [ ‘1ðXÞ and

supn$1 fnk k , 1: We suppose further that Y , X and that, whenever

ln $ 0 and
P

n$1 ln ¼ 1, there exists y [ Y such that
P

n$1 lnfnðyÞ ¼
SðPn$1 lnfnÞ: Then

sup
y[Y

lim supn!1fnðyÞ $ inf Sðconvffn : n $ 1gÞ:

2. The lacuna in the proof of Theorem 26 of the paper by Jayne, Orihuela,

Pallarés and Vera arose since they applied Theorem I.2 of Godefroy [15]

without verifying that the conditions of this theorem were satisfied.
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3. We conjecture that Lemma 7.1 holds without the condition that the

Banach space X be separable. Perhaps this can be established by use

of Fabian and Godefroy’s method of reduction to the separable case. An

alternative approach might be to modify the result of Haydon [24,

Theorem 3.1]. Haydon proves that if a Banach space contains no

isomorphic copy of ‘1, then every weakp compact convex subset of Xp

is the norm closed convex hull of its extreme points.
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