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Preface

Suppose that F(x) is a non-empty set in a space Y for all x in a metric space X.
A point-valued function s from X to Y that satisfies s(x) € F(x) forallx € X is
called a selector for F. Two problems have been studied in many forms by
many authors:

(a) When can a continuous selector be found for F?
(b) Given a measure on X, when can one find a measurable selector for F?

The theory of continuous selectors for lower semi-continuous set-valued
maps, after study by several authors, has been brought to a very satisfactory
state by E. Michael, see Chapter 1. The simplest of upper semi-continuous set-
valued map are easily seen to lack continuous selectors. For example, if we
define f: [0, 1] — R? by

Fx)=0, if 0 =x<1/2,
Fx)y=1,if 12<x=1, and

F(1/2)={(1/2,y): 0=y =1},

then F is an upper semi-continuous map on [0, 1], whose values are non-empty
compact convex subsets of Rz, and F clearly does not have a continuous
selector.

For sometime we have thought that the theory of measurable selectors was
somewhat lacking, in that one knows little about the topological properties of
measurable functions. It is surprising that in very general circumstances upper
semi-continuous set-valued maps do have selectors that, although not contin-
uous, are of the first Baire class; that is, are the pointwise limits of sequences
of continuous functions.

In the book we are mainly concerned with proving results showing the
existence of selections of the first Baire class. We give a number of geome-
trically interesting examples, and some unexpected consequences for func-
tional analysis.

J. E. Jayne
C. A. Rogers
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Introduction

Zermelo [81] presented a proof that any set can be wellordered. His proof was
based on the apparently clear idea that if M is any set with a given cardinal
number, then it is possible for each nonempty subset M’ of M to choose an
element m’ of M’ and call it the distinguished element of M.

Borel [4] wrote accepting that Zermelo had proved that the proposition: “A
set M can be expressed as a wellordered set” was implied by the proposition:
“Given an arbitrary nonempty subset M’ of a set M it is possible to choose a
point m’ of M' and call it the distinguished element of M'.”

He also remarked that the second proposition follows from the first.

However, Borel did not accept the second proposition and felt that an
argument that exhausts the elements of an uncountable set by use of a transfi-
nite sequence of choices was outside the domain of mathematics.

This dispute led to much discussion and in particular to letters from Hada-
mard to Borel, Baire to Hadamard, Lebesgue to Borel and Borel to Hadamard
[18] or see the reprint in Hadamard [17].

The general consensus seems to have been that these were two acceptable
types of mathematicians, each with their own type of mathematics. The
“realists” felt that mathematics should be concerned with entities that could
be defined in a finite number of words or entities that could be established as
the unique realization of a specification written in a finite number of words. On
the other hand, the “idealists” could use their imagination freely and could
imagine the completion of transfinite operations. This foreshadowed the
distinction between those mathematicians who refuse to use the axiom of
choice and those who use it freely.

Lusin in his book [51] discusses these issues in depth.

In this book we study selection theorems that are related to the axiom of
choice. Indeed, the most general form of the selection problem is equivalent to
the axiom of choice.

First selection problem Let F be a set-valued map from a set X to a set Y, so
that F(x) is a nonempty subset Y for each x in X. Is there a point-valued map f,
called a selector for F, from X to Y with f(x) € F(x) for each x in X?

Since this selection problem is clearly equivalent to the axiom of choice, we
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are concerned with a less well-defined problem that we shall study in many
special cases.

Second selection problem Let F be a set-valued map with nonempty values
from a topological space X to a topological space Y. When can one find a
point-valued function f from X to Y with f(x) € F(x) for all x in X and arrange
that f is a function of some given Borel or Baire class?

To ensure that the answer to this second problem is “Yes!” we need to
impose quite strong conditions on the spaces X and Y and on the set-valued
function F’; the class of the selector f will depend on the conditions imposed.
In most of the results we need to use the axiom of choice, but in a subtle,
indirect way; one cannot expect to find a selector that belongs to any Borel or
Baire class by a direct use of the axiom of choice.

When the problem is formulated in very specific terms the selector may well
be obtained without appeal to the axiom of choice. Consider the following
simple example. Suppose that X and Y are both the unit interval and that the
set-values of F' are nonempty intervals of [0, 1] and that

GF) = JlxxF(x): x € X}
is a closed convex set in [0, 1] X [0, 1]. In this case the selector f defined by
f)=inf{y:y € F(x)}, for0<x<1,

is a continuous selector for F.

Perhaps the first nontrivial example was obtained by P. S. Novikov in 1929.
His result was stated by N. Lusin in 1929 (see [50, the footnote on page 315]).
Novikov published his proof in 1931 [63].

Theorem (Novikov) Let F be a map from R to R taking only nonempty
countable values, the graph

GF) = Jly:xER, y € F)}

being a Borel set in R Then F has a selector f whose graph in R? is also a
Borel set.

Novikov’s paper is best read in conjunction with Lusin’s 1924 paper [49].
Lusin shows, by general arguments that any Borel set B in R" will be finite or
countable or will be a set of values of a function f : R — R" that is continuous
at all but countably many points of R and that never takes the same value in R"
twice. Naturally the same uncountable Borel set in R"” will have many repre-
sentations in this form. Lusin supposes that such a representation has been
chosen, but recognizes that there is no general way in which this choice can be
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made constructively. Once the choice has been made, Lusin constructed a
Gs-set in R of a rather special type that coincides with the graph of f,
and so yields the Borel set B as the injective projection of the Gs-set from
R™! into R".

Novikov starts from this type of representation of the graph G of his set-
valued function F, taking nonempty countable values, as the injective projec-
tion on R? of a Gs-set in R>. Using general arguments, involving the use of all
countable ordinals, Novikov establishes a number of special properties of the
sets he is considering, establishing such a well-controlled situation that he is
able to obtain his selector f constructively and to show that its graph is a Borel
set.

In the second part of his paper, Novikov gives an example to show that one
may not omit the hypothesis that the set-valued function F takes only coun-
table values.

Since we want to obtain selectors of small Borel or Baire classes, we do not
give any proof of Novikov’s result; nor do we describe the many results of a
similar nature that have been obtained by a succession of authors. See W.
Sierpinski [71], S. Braun [5], M. Kondo [46], M. Sion [73], Y. Sampei [70], Y.
Suzuki [79], and C. A. Rogers and R. C. Willmott [67]. For a survey of more
recent work, see D. A. Martin and A. S. Kechris [53].

When one investigates more abstract situations, it seems that to obtain
satisfactory results one needs to be able to use the axiom of choice and
other nonconstructive methods to impose a sufficiency of structure on the
initial situation, and perhaps also on situations that arise in the course of the
proof, in a way that enables the main line of proof to proceed constructively.

We illustrate this in relation to Michael’s continuous selection theorem,
Theorem 1.1 below. The proof, as we have presented it, appears, at first
sight, to be constructive. However, the existence of the partitions of unity
that are employed in the proof require justification by use of the axiom of
choice to impose a sufficiency of structure on the spaces and on the lower
semi-continuous set-valued maps that are used. We discuss this in some detail
in Remark 11 at the end of Chapter 1.

Although similar considerations arise in the other selection problems that
we consider, we do not pursue the matter further.

We now give an outline of the main results discussed in this book. Let F be
a set-valued map from a topological space X to a topological space Y, so that
F(x)is asetin Y for each x in X. The set-valued map F is said to be upper semi-
continuous if

F'O={Kx€EX:Fx)NnC # B}

is closed in X for each closed set C in Y it is said to be lower semi-continuous
if FFY(U) is open in X for each open set U in Y; and it is said to be of the first
lower Borel class if F~'(U) is an F,-setin X whenever U is an open set in Y.
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Note that, if the open sets in Y are ‘F,-sets, then each upper semi-continuous F
is of the first lower Borel class. A point-valued function f from X to Y is said to
be a selector for F if f(x) € F(x) for each x in X.

A point-valued function f : X — Y is said to be of the first Borel class if
f'(U) is an F,-set in X whenever U is open in Y it is said to be of the first
Baire class if it is the pointwise limit of a sequence of continuous functions
from X to Y. If Y is a metric space, each function of the first Baire class is
automatically of the first Borel class.

E. Michael [54] has shown that a lower semi-continuous map, from a
paracompact space X to a Banach space Y, taking only nonempty closed
convex values, has a continuous selection; he goes on to prove that X is
necessarily paracompact if this holds for every Banach space Y. In the first
part of Chapter 1 we give an account of Michael’s proof of the existence of his
continuous selection when X is a metric space.

K. Kuratowski and C. Ryll-Nardzewski [48] have shown that a set-valued
map F of the first lower Borel class from an arbitrary metric space X to a
separable metric space Y, with nonempty complete values, has a selector of
the first Borel class. Indeed, they give a very general abstract version of this
result; but their method seems to depend essentially on the separability of the
metric space Y. We give an account of this work in the second part of Chapter 1.

The selectors that we construct in Chapters 3—7 are obtained as limits of
functions that are constant on the sets of certain partitions of the space X. It is
economical to devote Chapter 2 to the study of functions of this type. If readers
tackle Chapter 2 seriously before looking at the subsequent sections, they may
well find this section very dry. We suggest that they skip quickly through
Chapter 2 first noting the main definitions and Theorem 2.1, and then return to
this section, when they find that they need to, in the course of studying Chapter
3 onwards.

A Banach space Y is said to have the Point of Continuity Property if the
identity map on Y restricted to any bounded weakly closed set has a point of
weak-to-norm continuity. R. W. Hansell, J. E. Jayne and M. Talagrand [22]
prove, in particular, that an upper semi-continuous set-valued map from a
metric space X to a Banach space Y, having the Point of Continuity Property,
taking only nonempty weakly compact values, has a selector that is of the first
Baire class as a map from X to Y with the norm topology. We give an account
of their work in Chapters 2 and 3 establishing some of their refinements.

In a recent paper N. Ghoussoub, B. Maurey and W. Schachermayer [14]
give a number of selection results and applications. A simplified version of
one of their main results takes the following form. If'Y is a Banach space with
the Point of Continuity Property there is a map s from the space of nonempty
weakly compact sets of Y to Y such that:

(1) s(K) € K for each nonempty weakly compact K;
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(2) if0# K' CK and s(K) € K, then s(K) = s(K');

(3) if{K,: a € D} is a decreasing net of nonempty weakly compact sets in
Y then

—0

n)

a€ED

s(K,) — s(

as a — o through D;

(4) if M is a metric space and F : M — (Y, weak) is an upper semi-contin-
uous set-valued map, taking only nonempty compact values, then s o F
is a selector for F that is of the first class when regarded as a map from
M to Y with its norm topology.

Note that each weakly compact set in Y is a bounded norm closed set in Y,
so that the space of nonempty weakly compact sets of Y has a natural metric,
the restriction of the Hausdorff metric on the bounded norm closed sets of Y. In
Chapter 4 we give an account of this result of Ghoussoub, Maurey and Scha-
chermayer, showing also that s is of the first Baire class when regarded as a
map from the space of nonempty weakly compact sets with the natural metric
to Y with its norm. We do not attempt to summarize the rest of the paper by
Ghoussoub, Maurey and Schachermayer; we commend this paper to the
reader.

In Chapter 5 we give some applications of the theorems that we have
already proved. We develop the theory of maximal monotone maps and obtain
a selection theorem for such maps. This leads directly to a selection theorem
for the subdifferential of a continuous convex function. We also obtain selec-
tion theorems for some geometrically defined maps: attainment maps and
nearest point maps. We also discuss a rather different type of problem.
Suppose that a linear programming problem with a bounded feasible region
in R" depends on a point p in a parameter space P. Suppose further that the
feasible region C(p) and the (linear) objective function depend continuously
on the parameter point p. In these circumstances one cannot expect to find
optimal solutions, that depend continuously on p. However, we show, under
appropriate conditions, that there will be a sequence of continuous maps f, :
P — R" with f,(p) € C(p) for all p in P and such that, for each p in P, the
sequence f,,(p) converges to an optimal solution of the problem corresponding
to p.

V. V. Srivatsa in 1985-86 discovered and wrote up some striking results;
they were published much later in [74]. We quote two of his results here.

An upper semi-continuous set-valued map from one metric space to
another, taking only nonempty values, has a selector of the first Borel class.

An upper semi-continuous set-valued map from a metric space to a Banach
space with its weak topology, taking only nonempty values, has a selector that
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is of the first class when regarded as a map from the metric space to the
Banach space with its weak topology.

We give an account of these and other results in Chapter 6.

In Chapter 7, we give two further applications of the theory of selections.

M. Fabian and G. Godefroy [10] have shown that the dual of every Asplund
space has an equivalent locally uniformly convex norm. This they do despite
the existence of an example of an Asplund space that has no equivalent norm
that has a locally uniformly convex dual norm. We only give an outline of
their proof, since, although we do describe the theory of Asplund spaces (see
[61]), to give the proofs of the theory would take us too far from the main
theme of this book. Further, for the same reason, we quote, without any
discussion, a result from renorming theory.

The second part of Theorem 5.4 below has a converse: Let K* be a non-
empty weak™ compact set in the dual X* of a Banach space X; if the attainment
map from X to K* has a selector f that is of the first class as a map from
(X, norm) to (X* norm), then K* is a weak™ fragmented by the norm in X*.
Examples show that this converse does hold provided X contains no
isomorphic copy of €,;(N). We follow quite closely the attempt of Jayne,
Orihuela, Pallarés and Vera [41] to prove the converse without any proviso.
We again need to quote results from the theories of Asplund Spaces and of
Renorming.

In Chapter 7 we can only give proofs that take for granted some difficult
specialized results that we have to quote without proof.



Chapter 1

Classical results

Many selection theorems have been proved; many of the earlier ones are
called uniformization theorems. One of the important starting points is the
work of N. N. Lusin and P. S. Novikov [52]. However, the first general results
yielding continuous selectors and selectors of the first Borel class were
obtained by E. Michael [54] and by K. Kuratowski and C. Ryll-Nardzewski
[48]. We take these two results as our starting points.

1.1 MICHAEL’S CONTINUOUS SELECTION THEOREM

Although Michael’s work was published in three papers in the Annals of
Mathematics [54,55,56], we shall follow his paper in [57], confining our
attention to the special case when the domain is a metric space.

Theorem 1.1 (Michael) Let F be a lower semi-continuous set-valued func-
tion from a metric space X to a Banach space Y, and suppose that F takes only
nonempty closed convex values in Y. Then F has a continuous selector.

Following Michael [54] we obtain the following theorem as a corollary.

Theorem 1.2 (Bartle-Graves) If Y and X are Banach spaces and u is a
continuous linear transformation from Y onto X, then there is a homeomorph-
ism f mapping X to a subset of Y such that

f@) € ul ()
for every x in X.
We shall need a standard, but nontrivial result from the theory of metric
spaces. If ‘U is any open cover of a metric space X, a family
{py:veT}

of continuous functions from X to the unit interval is said to be a partition of
unity on X refining the family U if:
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(a) each xin X has a neighborhood N, with p,, not identically zero on N, for

only a finite set of yin I';
(b) for each x in X

dip:yert=1
and

(c) foreach yin I there is a U, in ‘U with p,(x) =0 on X\ U,

Lemma 1.1 Let ‘U be an open cover of a metric space X. Then there is a
partition of unity on X refining the family U.

The proof of this lemma may be found, for example, in Engelking [8, p. 374].
If S is any set in a Banach space Y and r > 0, we use
B(S;r)={y : lly—s|| < r for some s in S}

to denote the expansion of the set S by r. Clearly B(S; r) is always open in Y,
and it is convex when S is convex.

Lemma 1.2 Let F be a lower semi-continuous set-valued function from a
metric space X to a Banach space Y taking only nonempty convex values. Let r
be real and positive. Then there is a continuous selector for the expanded set-
valued function

B(F(-);7).

Proof. The family of open balls
{B(y):y € 1},
with
B(y) =B(y;n) ={z: llz=yll <r},

is an open cover of Y. Since F is lower semi-continuous with nonempty
values, the family of all sets of the form

F'(B(y) = {x € X : F(x) N B(y) # 0},

with y € Y is an open cover of X.
By Lemma 1.1, there will be a family

{py,:veT}

of continuous functions from X to [0, 1] forming a partition of unity on X
refining the family
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{F'(B(y) :y € 1}.

Without loss of generality we may suppose that no function p,, is identically
Zero.
For each yin I' there is a point y, in ¥ with

{x: py®) > 0} C F7' By
Then, for all x with p,(x) > 0, we have
x € F (BGy)),
so that
Yy € B(F(x); 7).
Now consider the function f : X — Y defined by
f@) =>{p,(x)y, : yE T}
For each £in X there is a neighborhood N, of £ and a finite subset ® of I' with
pyx)=0 for xE€N; and yeEI'\D.
Thus
@ = {p)y, : ¢ € B}

for all x in N. Hence f is well defined on N and is continuous at & This shows
that f is well defined and continuous on X.
Since, for all x in X,

F&) = > dp,0y, : ¥ € T and p,(x) > 0,
and
yy € B(F(x);r), when p,(x) >0,

it follows that f(x) is a finite convex combination of points in B(F(x); r) and so
belongs to this convex set. Thus f is the required continuous selector for
B(F(x);r). O

Proof of Theorem 1.1. The plan is to construct a sequence of set-valued
functions

FO = F, F], Fz,...
and a sequence of continuous functions

fl» f2’ f3»

in the order
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FOZF’ fl’ Fl’ f2’ FZ""
satisfying the following conditions:

(1) F; is a lower semi-continuous set-valued function with nonempty
convex values for i = 0;

() Fix) CF(x),i=1;

(3) diamF,(x) =27, i=1;

(4) fiy1 is a continuous selector for B(F;(:); 277N i=0;
(5) Fip(x) = Fi(x) N B(fiz1(x);277"), forx € X and i = 0.

Once this construction is complete it will be easy to show that the functions
fi» f>, ... converge to the required selector for F.

Clearly the choice F;y = F satisfies (1) by our hypotheses and satisfies the
conditions (2) and (3) which are vacuous when i = 0.

Suppose that for some i = 0, the set-function F; has been chosen satisfying
the conditions (1), (2) and (3). Using Lemma 1.2 we choose a continuous
selector f;; for the expanded set-function B(F i(~);2_i_1), ensuring that (4)
holds for this i.

We now take

FiJrl(x) = Fi(x) N B(fi+1(X);2_i_l),

for x € X, in order to satisfy (5), for this i. We have to verify that this choice
satisfies (1), (2) and (3) for i + 1. Since

fin@ € B(Fin;27™),
we have
i1 0) =yl < 27
for some y € F;(x). Thus
Fi(0) N B(fi1:277") # 0.

Hence Fj,, takes nonempty values that are convex, since Fj(x) and
B(f.,1(x); 2_’_]) are both convex. We also have

diam F,, ; (x) < diam B(f,-+1 (x); 27! )

=27

To obtain (1), (2) and (3) for i + 1 it remains to prove that F;, is lower semi-
continuous. This needs a special argument.
Let G be any open set in Y. We need to show that F’ ,-_+11 (G) is open. Consider
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any point &in F, ;LII(G). Then there is a point 1 of Y with
NEFL(ONGC

= F@ N B(fa(@:27") NG
Now 7 belongs to
Fi& N B(fin(®:277 =A) NG
for some suitably chosen A > 0. Since F; is lower semi-continuous and
B(f,-H(f); P A) NG
is an open set meeting F;(&), the set
U=F(B(h®:27 =0 N G)
is an open set containing &. Since f;, is continuous, the set
V={x: lfi1(d = fir1 Il < A}
is also an open set containing & For x € V, we have
B(fi1(0.277") 2 B(fir1(9.27" ~a).
Thus for x € U N V, we have

Fin() N G = Fi0) N B(fiy ;277" )N G
D Fix) N B(f1(8.27 =A) NG

# ()

using the definitions of U. This shows that F,-_Jrll (G) contains the open set U N
V containing & Hence F,-_Jrll(G) is open and F;, is lower semi-continuous as
required. The inductive construction is now complete.

The conditions (4) and (2) ensure that

fin@ € B(F(0; 277" ) € BFy@,277),

fi2) € B(Finy(e:27),

so that f;(x), f;11(x) both belong to the set B(Fi_l(x);Z_i) which by (3) has
diameter at most

272 L g x0Tl < 073,
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This ensures that the sequence f,f>,... converges uniformly to a function, f
say, that is necessarily continuous. The conditions (4) and (2) ensure that

) € B(F(x); 2"‘).

Since F(x) is closed we necessarily have f(x) € F(x), and we have the
required continuous selector. [

Proof of Theorem 1.2. Since u is a linear map of Y onto X, each set u” (x), with
x € X, is nonempty and convex. Since u is continuous, each set u_l(x), with
x € X, is also closed. Since u is a continuous linear map Y onto X, the open
mapping theorem, see for example [69], applies and U(G) is open in X when-
ever G is open in Y. Hence, for each open G in Y,

{x:u_l(x)ﬂG#ﬂ}Z{x:xEM(G)}

is open in X. Thus «~'(x) is a lower semi-continuous set-valued map from X to
Y taking only nonempty closed convex values. Now the conditions of
Michael’s selection theorem are satisfied and Theorem 1.2 follows. [

It will be useful at this stage to obtain two further consequences of
Michael’s theorem.

Theorem 1.3 Let C be a closed convex set in a Banach space Y and let € be
positive. Then there is a retraction vy of Y to C with

Iy =yl = (1 + € inffllc =yl : ¢ € C}
forallyinY.
Theorem 1.4 Let f be a function of the first Baire class from a metric space
X to a Banach space Y and suppose that f takes its values in a closed convex
set Cin Y. Then f is also of the first Baire class when regarded as a map from
Xto C.
Proof of Theorem 1.3. Write
p(y) = infeecllc =yl
and
B(y) ={z: llz—yll = (1 + &)p()}
for all y in Y. We wish to prove that
B(y)NC
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is a lower semi-continuous set-valued function. It clearly has nonempty closed
convex values.
Consider any y, in Y and any open set G that meets

B(yp) N C.
Choose 1 > 0 and ¢, in B(y;) N C N G so that
B(cy;m) C G (cg =y if ¢ is in C).
Then
llco = yoll = (1 + €)p(yo).

Choose ¢; in C with

1
s =l = (1-+ 3 ot

(c; = ¢y = yy if yg is in C). Consider first the case when ¢; # ¢. In this case
we write

Cy = (1 - G)C() + HCI,

1
0=mind1,—27 L
||01_Co||

1
llez = coll = 116(c; = epll = 577,

with
Then 0 < 6 =1 and

so that ¢, € G. Also
llyo — call = ll(1 = 6)(vo — co) + 6y — eI

= (1= 0)llyo — coll + 6llyo — <l

= [(1 -0 +e€+ 0(1 +%6>]P(y0)

1
= (l + e—iee)p(yo).

Since
lp() = pOo)l = lly = yoll,
for all y in Y, we have
ly —cll = (1 + €)p(y)

and
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BO)NCNG#0,

for all y sufficiently close to y,. We reach the same conclusion, by a simpler
version of this argument, in the case when c¢; = ¢ by taking ¢, = ¢, and
noting that ¢, € C N G and

1
llez = yoll = (1 +§€)P()’0),

so that

llez = yll = (1 + €)p(y),

for all y sufficiently close to y,, but not in C. In the case that y, € C, fory € C
sufficiently close to y,, we also get that B(y) N C N G # @. Thus B(-) N C is
lower semi-continuous.

Using Michael’s Theorem 1.1 we take y(y) to be a continuous selector for
the set-valued map F defined by

F») =By NC.
This y(y) is a retraction of Y to C with the required property. [

Proof of Theorem 1.4. Since f is of the first Baire class, f is the pointwise limit
of a sequence f,f>, ... of continuous functions from X to Y. By Theorem 1.3
we can take vy to be a retraction from Y to C. Since a retraction is continuous,
each function 7y o f; is continuous from X to C. Again, for each x in X,

i) = Af(x) = f(x)

as i — o0. Thus f is of the first Baire class when regarded as a function from X
to C. O

1.2 RESULTS OF KURATOWSKI AND RYLL-NARDZEWSKI

In this section we establish an abstract selection theorem of Kuratowski and
Ryll-Nardzewski and we draw from it one of the various corollaries that they
obtain.

We say that a family £ of sets in a space X is a field if

X\A, AUB and ANB

belong to L whenever A and B belong to L. We use oL to denote the family of
all countable unions of sets from L. For example, if X is a metric space and L
is the family of all sets that are both F,-sets and Gs-sets, then L is a field and
oL is the family of all F,-sets in X.

Theorem 1.5 (Kuratowski and Ryll-Nardzewski) Ler X be any space and
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let L be a field of sets of X. Let Y be a complete separable metric space. Let F
be a set-valued function from X to Y, taking only nonempty closed values, and
such that

F'(G) € oL,
whenever G is open in Y. Then F has a selector f with the property
G € oL,

whenever G is open in Y.
This has an immediate consequence.

Corollary 1.1 (Kuratowski and Ryll-Nardzewski) Let X be a metric space
and let Y be a complete separable metric space. Let F be a lower semi-
continuous set-valued function from X to Y, taking only nonempty closed
values. Then F has a selector of the first Borel class.

Before we prove the main theorem we need a lemma.

Lemma 1.3 Let S be a countably additive family of sets of a space X. Let Y
be a metric space. Let f1,f>, ... be a sequence of functions from X to Y conver-
ging uniformly to a function f. Suppose that, forn = 1,

LG ES,
whenever G is open in Y. Then

GES,
whenever G is open in Y.
Proof. Let d be the metric on Y. By the uniform convergence we can choose
integers

mn), n=1,
with m(n) > n, and

SUp{d(finn)(X), f (X)) 1 x € X} = 1/n,

forn=1.
Consider any open set G in Y. Write

G:OGn,

n=1

with
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G,=1{y:d(y,Y\G) > 1/n}
open in Y. We verify that

G = U fruion (G-
n=1

If £ € 71(G), then
1§ G,
so that
T (&) € G,

for all sufficiently large n, and
e Ufr;(ln)(Gn)-
n=1
Now suppose that
& € fruin(Gy)
for some n = 1. Then we have
A(fuy (&) , Y\G) > 1/n,

as well as

d(fm(n)(g)vf(g)) = 1/1’[,

so that f(¢) € G and & Ef_l(G). By the condition on the functions f,,, n = 1,
the set

G = foon(G)
n=1
belongs to the countably additive family S, as required. [J

Proof of Theorem 1.5. By atrivial change of the metric d on Y we may suppose
that Y has diameter less than 1. Since Y is separable we can choose a sequence
11,75, ... of points dense in Y. We obtain the selector f as the uniform limit of a
sequence fy,fi,... of functions from X to Y, each function taking its values
from the sequence 7y, r,,.... We construct this sequence to satisfy the condi-
tions:

(a) f,'l_l(G) € oL, whenever G is open in Y and n = 0;
(b) d(f,(x), F(x)) < 27" for all x and n = 0; and
(¢) d(f,(x),foey () <27 forall x and n = 1.
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We start the construction by taking fy(x) = r; for all x. Then either r; & G
and

[NG)=0=F"®),
orr; € G, and
e =x=F'x
and f_l(G) € o(L) for every subset G of Y. Further
d(fo(x), F(x)) <1,

as Y has diameter less than 1. Thus the conditions (a) and (b) are satisfied when
n=0.

Now suppose that n = 1 and that f,_; has been chosen to satisfy the condi-
tions (a) and (b). Write

c"™ = F Y (B(r;;2™), (1.1)
D" = £ (B 27 ), (12)
A" =" N, (1.3)

Then C™ and D{", and so also A\, belong to o-L. We explain that we have
chosen these sets to ensure that, if x belongs to AE”) and f;, is assigned the value
r; at x, then, as we shall see, the conditions (b) and (c) will be satisfied.

We verify that

x=JA".
i=1
For each ¢ in X, condition (b) ensures that there is a point 1 of F(§) with
d(m. f-1(H) < 27"

Since the sequence ry, ,, ... is dense in Y, we can choose i with
d(r, ) < minf2™, 27! — d(n, (&)}
This ensures that

d(ri,fey (9) < 27"
and
d(ri, F(&) = d(r;,m) <27
Thus
E€F'(B(r,2™) ="

i

(1.4)
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g€ fA (B2 ) = D" (1.5)

and £ € A" Hence

X = OA,(."),
i=1

as required.

At this stage it is tempting to define f; by assigning the value 7; to f;, at x with
i the smallest integer with x € AE”). If we did this we would satisfy (b) and (c);
however, we would not obtain (a). To obtain (a), (b) and (c) simultaneously
Kuratowski and Ryll-Nardzewski have to be more subtle.

Since A" € oL, we can write

[e9)

() — (n)
A = JE,
j=1

with each set Efs) in L. Let E,((”), k=1,2,... be arearrangement of the double
sequence

E"

lJ’ lzl,]Zl,

as a single sequence. Write

(n) _ p(n) (n)
LY ="\ |JEY-
L<k

Then X is the disjoint union
x=r
k=1

of sets belonging to L.
For each k, let Ef("k)) jky be the original name for the set E,E”). We define the
function f,, by taking

f() = rj@y, whenx € L.

Now, if G is any set in Y (open or not),
1@ = rw € 6},

which is a set of oL. Thus (a) holds for this n. Further, for € in X, we can
choose k with £ € L. Then
(n) — () n) _ ) (1)
£ € B = Ei( jog © Aito = Cito N Digo

and
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fn(g) = Ti)»
so that, by (1.4) and (1.5),
£ € Cly = F'(Bripg;27™")

and
€ € Dijy = £ (Blrigo:27).
Hence
d(f,(8. F(9) = d(ri. F(§) < 27
and

A(f (9, f-1() = d(rigfom1 (9) < 27

Thus the conditions (b) and (c) also hold. This completes the construction.

By the condition (c) and the completeness of Y, the sequence of functions
Jfosfi, ... converges uniformly to a function, say f, from X to Y. Since F(x) is
closed for each x in X, the condition (b) ensures that f is a selector for F. By
Lemma 1.3, with S = oL, f satisfies the requirement that f_l(G) € ol
whenever G is open in Y. [

1.3 REMARKS

1. Michael proves his selection theorem in the more general case when X is a
paracompact space. The version of Michael’s proof given can easily be
modified to cover this case; it is enough to note that Lemma 1.1 holds for
any paracompact space X.

2. E. Michael [54] also obtains the following remarkable converse to this
theorem.
Let X be a T topological space. If every lower semi-continuous set-
valued function F from X to a Banach space Y, taking only nonempty
closed convex values, has a continuous selector, then X is necessarily
paracompact.

3. The following simple example shows that the convexity of the values of
the set-valued function is essential for the validity of Michael’s theorem.
Take F' to be the set-valued function from the open interval (0, 1) to the
real line R defined by

Fx)={0}, if0o<x=-_, (1.6)

[SSEE
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1 2
Foy={0.1}, if z<x<3. (1.7)
2
Foy={1}, if 3=x<L (1.8)

It is easy to verify that F is a lower semi-continuous set-valued function
with nonempty compact values that has no continuous selector.

. Lower semi-continuous set functions have a peculiar property. Let F be a

lower semi-continuous set-valued function from X to Y. Let H(x) be a
dense subset of F(x) chosen separately for each x in X. No matter how H is
chosen in this way, it is lower semi-continuous. For this reason one
usually works with lower semi-continuous set-valued functions that
only take closed values, or that are “fat” like the function B(F(-),r)
considered in Lemma 1.2.

. Let Y be a Banach space taken with its norm metric. Let X be the space of

nonempty closed bounded convex sets in Y with the Hausdorff metric. Let
I be the set-valued function from X to Y that assigns to each nonempty
closed bounded convex set K in Y, regarded as a point of X, the set

IK)=K

regarded as a set in Y. Then [ is a lower semi-continuous set-valued
function taking only nonempty closed (bounded) convex values. Hence
there is a continuous selector k : X — Y for I that assigns to each none-
mpty closed bounded convex sets in Y one of its points.

. The problem of the continuous selection of a point from a nonempty

bounded closed convex set in R? is of considerable geometric interest.
We use the notation of Remark 5.

(a) The most “obvious” selector is perhaps to take k(K) to be the center of
gravity or centroid of the nonempty convex set K in R?. However, this
selector is not continuous even in the case d = 2. Let T(0) be the,
sometimes degenerate, triangle defined by

0=x=1, —xtan § = y = xtan 6,

for0=60= %77. When 6 = 0, the center of gravity is the point (% ,0),
when 0 < 0 = %77, the center of gravity is the point (2, 0).

(b) A better choice in R? is to take k(K) to be the center of the sphere of
minimal radius that contains K. The sphere of minimal radius is unique
and k(K) is a point of K that varies continuously with K. This selector
has the disadvantage that even when K has an inner point, k(K) may lie
on the boundary of K.
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(©

(d)

(e)

)

A bad choice in R? is to take k(K) to be the center of the maximal
spherical ball (of some dimension) contained in K. This point is not in
general well defined (consider a rectangle in Rz).

An elegant choice is the Steiner point. Let K be a nonempty closed
bounded convex point in RY. Let

H(u) = sup{{(x,u) : x € K}
be the support function of K. Take

Isd—l uH(u) dw

s(K) = jsd_l(a, ll) dw ’

with dw the (d — 1)-dimensional volume element on the unit sphere
S in RY and with a a fixed unit vector, its direction being
irrelevant. Then s(K) is the Steiner point of K. An alternative
definition that gives a clearer idea of the construction of s that
may be used when K is strictly convex. For each unit vector u
let ¢(u) be the point of contact of the hyperplane perpendicular to
u touching K at a point ¢(u) admitting u as an outward normal to
K. Then

Jsd—l C(ll) aw

S(K) - Jszl—l dw

The Steiner point varies continuously with K and always lies in the
relative interior of K, when K has positive dimension. See, for
example, [11] or [16, chapter 14].

Although the choices (b) and (d) move with K under any rigid motion,
they are not invariant under affine transformations. Indeed no contin-
uous selector can be invariant under affine transformations. Such a
selector would have to assign the center of gravity to any equilateral
triangle, and so also to any triangle. It would also have to assign the
midpoint to any line segment. This is impossible by (a).

For a more sophisticated approach to such selections in Banach spaces
see chapter 4.

7. Michael [54] states the Bartle-Graves Theorem explicitly, attributing it to
Bartle and Graves [3]. However, although their paper contains many
interesting results, it is not easy to find this theorem in their paper.

8. If f is a function of Baire class « from a metric space X to a Banach space
Y, taking only values in a closed convex set Y, then f is also of Baire class
o when regarded as a map from X to C. This may be proved by a modi-
fication of the proof of Theorem 1.4.
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9. In the Corollary to Theorem 1.5, it is not essential for X to be a metric
space, it is enough to suppose that X is a Hausdorff space where each
closed set is a Gg-set.

10. We quote another of the consequences that Kuratowski and Ryll-Nard-
zewski draw from their theorem. Let « be a countable ordinal. Let F be a
set-valued function from a metric space X to a complete separable metric
space Y, taking only nonempty closed values, with the property that
F~Y(G) is of additive Borel class « for each open set G in Y. Then F
has a selector f of Borel class a. This is obtained easily from Theorem 1.5
by taking L to be the family of sets in X of ambiguous class «. Kuratowski
and Ryll-Nardzewski obtain further interesting corollaries in their note.
Hansell [20] gives a number of results extending the work of Kuratowski
and Ryll-Nardzewski to nonseparable spaces. See also the result of
Srivatsa, Theorem 6.4 below.

11. We now analyze the version of Michael’s proof of his continuous selec-
tion theorem from the point of view expressed in the introduction. Our
starting point is a metric space X, a Banach space Y and a lower semi-
continuous set-valued function F that takes only nonempty closed convex
values in Y. During the course of the proof we find that we need to study
new set-valued functions constructed inductively from F, with the same
properties as F. The proof becomes purely constructive once we have
proved Lemma 1.2, not only for the given set-valued function F, but
also for the set-valued functions constructed inductively from F. In
Lemma 1.2, the starting point is the metric space X, the Banach space
Y, the lower semi-continuous set-valued function F from X to Y taking
only nonempty closed convex values in Y, and the positive real number r.
In the proof, one introduces the family

{B(y):y € Y}
of open balls in Y. By the lower semi-continuity of F the family
{F'®Bo):ye Y}
is an open cover of X. Using Lemma 1.1 there will be a partition of unity
{py:vel}
on X refining the family
{F'®By):ye Y}

so that for each vy in I', there is a Yy in Y, with

{x:pyy >0} C F_I(B(yy)).
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However, to obtain this partition of unity requires extensive use of the
axiom of choice. Once the extra structure has been found in this way, the
rest of the proof of the lemma is purely constructive. As we have
remarked, the deduction of the theorem from the lemma is also construc-
tive.
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Chapter 2

Functions that are constant on the sets of a disjoint
discretely o-decomposable family of F,-sets

Most of the selectors that we construct in subsequent chapters are obtained as
uniform limits of certain “approximate selectors” that are point-valued func-
tions which are constant on the sets of some partition of a space into a disjoint
discretely o-decomposable family of F,-sets. Our aim in this chapter is to
define and construct such partitions of space and to obtain properties of such
functions and their limits. The main conclusions are summarized in Theorem
2.1.

First we need to define one term and to derive some results in the theory of
nonseparable metric spaces as developed by Montgomery [59], Stone [76-78]
and Hansell [19].

A family {S,, : v € I'} of sets in a topological space X is said to be discrete if
each point x of X has a neighborhood N, such that

N, NS, # 0,

for at most one y in I'. A family {S, : y € I'} is said to be discretely o-
decomposable if it is possible to write

S, = US(;’), for y €T,
n=1

with each family
{S(y"):yEF}, n=1,

discrete in X.

2.1 DISCRETELY o-DECOMPOSABLE PARTITIONS OF A METRIC
SPACE

In this section we develop results concerning discretely o-decomposable parti-
tions of a metric space into F,-sets. We prove a series of lemmas.

Lemma 2.1 Let I be an ordinal and let
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{G,:yeT}
be an open cover of a metric space X. Write
U, =G, \UlGp: 0= <,
for y € T. Then
{u,: yeT}

is a disjoint discretely o-decomposable cover of X by F ,-sets.

Proof. Let d be the metric on X. For each yin I' and each n = 1, write
GY ={x:B(x;2™") C G,},

where we use B(x; r) to denote
B(;r) ={y:d(y,x) <r}

Then G(y") is closed for n = 1, and
_ (1)
G,=Jay.
n=1
Write

vy = 6P\ JiGs: 0= <

and
— ® (n)
u,=Juy.
n=1
Then each set Ufy") is closed and

{U,: yET}

is a disjoint cover of X by F,-sets.
Suppose n = 1 and consider the family

{Ui/") yeTl

If x € X, it may happen that the neighborhood B(x; 2™"") of x meets none of
the sets

(n)
vy’, vel.
If this does not happen, there will be a smallest ordinal y* for which

B2 n Ul # 0.
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In this case there is a point y in U;’i) with

d(x,y) < 27"
Now y € Ggi) and

B(y;:2™") C G,-.
Hence

B(x;27") C Gy,
ensuring that
Bx;27"HNnuy =0,

for y* <y <T, as well as for 0 =< y < v*. This shows that the family

{Ug,") vy €eT}
is discrete in X, as required. [J
Lemma 2.2 Ler {U,:y €T} be a disjoint discretely o-decomposable

Sfamily of F ,-sets in a topological space X. Then, for each vyin T, we can write

u,=Jry., ver,
i=1
with
(1) (2)
FPCcFPc.., yeT,
and with the family
{Fﬁyi) vy eT}

a discrete family of closed sets for i = 1.
Proof. Since the family {U,, : y € I'} is a family of F ,-sets, we can write

U,= OHV), yeT,

J=1

with each set Hg),j =1, y €T, closed in X. Since the family {U,, : y € I'}is
discretely o-decomposable we can write

v,= (. ver.
k=1

with each family
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(1P yerl}, k=1
discrete in X. Then each family
{11 :yeTl}, k=1
is also discrete in X. Write
JO =1 Nelly, jk=1, yeT.
Then

v,=J 9" ver,
jk=1

with each family
{Jf/j’k) yeT), jk=1,

a discrete family of closed sets.
Fori =1, write

(D) _ G:k)
= |J /. vyer
jk=i+1

Then
(1) (2)
F)CFY C -,

UFE/i) =U,
i=1

and each set nyi), i=1, yeT,is closed.
We verify that each family

{F:yeT}, i=1,
is discrete in X. Consider a fixed i = 1 and a fixed x in X. First consider the
case when x belongs to the set U+ with v* € I'. Then x belongs to none of the

sets U, with y # v* and so, for each pair j, k with j + k < i + 1, the point x
belongs to no set in the discrete family

{99 yer, y# ¥}

and we can choose a neighborhood NYP of x that meets none of these sets.
Thus

N= ] NP
jHk=i+1

is a neighborhood of x that meets none of the sets
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i) __ .k *
FEY’)— U J(y’ ), yerl, y#vy.
jHk=it1

Thus N meets at most one of the sets {F(yi) : v € T'}. Similarly, if x belongs to
no set U,, y€E€ T, then N can be chosen to meet no set of the family
{ny’) : v € T'}. Thus this family is discrete, as required. [

Lemma 2.3 Ler X be a topological space. Let
{U,:vyeT}

be a disjoint discretely o-decomposable family of TF,-sets covering X.
Suppose that, for each vy in T,

{Vyo: 0 € O()}
is a disjoint discretely o-decomposable family of F ,-sets relative to U, and
covering U,. Then
{Vyg: 0 € 0(y), yET}

is a disjoint discretely o-decomposable family of F ,-sets relative to X and
covering X.

Proof. Since a relative F,-set of an F-set is an F -set, it is clear that
Vyy: 0 € 0(y), yeET}
is a disjoint family of F-sets covering X. We need to prove this family is

discretely o-decomposable.
Since the family

{U,:veT}

is a discretely o-decomposable family of F,-sets, Lemma 2.2 ensures that we
can write

UV

Y ')’EF,

S~
3

[
Ce

1

~.
Il

with each family
vy :yer}, j=1,

a discrete family of closed sets. Similarly, for each y € I', we can write
Vye=J V% 6€06m,
k=1

with each family
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v :0e0m) k=1,

a relatively discrete family of relatively closed sets in U,. Now, forj, k=1,
the family

Uy vy o€ 6}
is a discrete family of closed sets in X. Indeed, for j, k = 1, the whole family
{Ug) N V%) 0 E B(y), yeT}

is a discrete family of closed sets in X. To see this, consider any x in X. Choose
a neighborhood N, of X that meets no set or just the set with y = ", in the
family

{Ug) vy €eTL

If necessary, choose a second neighborhood N, C N, of x that meets no set or
just the set with @ = 6" in the family

U nve,: 0 6(y)).
Then N, can only meet the one set
() (k)
Uy NV
in the family

(U9 NV :0€ 06y, yeTh

Hence this family is discrete in X.
Since

o0

Juynvlh=v, 6c6, yer,
jk=1

it is now clear that the family
{Vy:0E€0B(y), yET}

is discretely o-decomposable. [

Lemma 2.4 Let X be a topological space and suppose that
{u,: yeT}

and
{V,: 0€ 0}

are both disjoint discretely o-decomposable families of F ,-sets covering X.
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Then
{U'ymVOZ')/EF, 06@}

is a disjoint discretely o-decomposable family of [F ,-sets covering X.

Proof. The result follows either by use of the method used to prove Lemma 2.3
or by applying Lemma 2.3 with

O(yy=0, foryel,
and

V,},g:U.yﬂVG, 06('}’), 'yE T. O

2.2 FUNCTIONS OF THE FIRST BOREL AND BAIRE CLASSES

In this section we develop results concerning functions of the first Borel and
Baire classes and also functions that are constant on the sets of a discretely o-
decomposable partition of a metric space into F,-sets.

We start with a remark. By Lemma 1.3 with S the family of F ,-sets, we see
that

if f1,/5,...1s a sequence

of functions of the first Borel class, from a topological space X to a metric
space Y, that converges uniformly to a function f, then f is of the first Borel
class.

Following Hansell [19] we say that a family of sets B is a base for a family
of sets ‘U if each set U of ‘U is the union of the sets of B that it contains. A
family of sets B is said to be a base for a function f from a space X to a
topological space Y if B is a base for the family

{f"(G) : G open in Y}.
We say that a function f from one metric space X to a second metric space Y

is o-discrete if f has a o-discrete base.

Lemma 2.5 Let X be a topological space and let Y be a metric space. The
uniform limit of a sequence of o-discrete functions from X to Y will be o-
discrete.

Proof. Let {f,} be a sequence of o-discrete functions from X to Y converging
uniformly to a function f. For each n = 1, let B, be a o-discrete base for the
family

{~1(G) : G open in Y}.
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Write
B=JiB,:n=1}
We verify that B is a o-discrete base for the family
{f"(G) : G open in Y}.

The family B is clearly o-discrete. It suffices to prove that if G is open in Y
then f_l (G) is the union of those sets of B that it contains. Consider any point
x* of f71(G). Then f(x*) € G. Let p be the metric on Y. Choose € > 0 so that
the ball

BEf("); ) =y : p(y.f(x")) < €}
is contained in G. Choose n so large that
1
pUfu(2).f (X)) < 7€
for all x in X. Then
B(f x*); 1 e)
n s 3
is an open set in Y containing f,(x*). So we can choose a set B in B, with
x* € B and f,(B) C B(f,(x"); L €). Now all points b in B satisfy
p(f (), f(x")) = p(f (), £u(B)) + p(f (D). [ (X)) + p(f(x™), f(x™))
=g
so that
x* € Band f(B) C G.
Thus x* belongs to the set B of B contained in FHG), as required. [J
Lemma 2.6 Let f be a o-discrete function of the first Borel class from one

metric space X to a second metric space Y. Then f has a o-discrete closed
base.

Proof. Since f is o-discrete we can choose a base for f of the form
B = {Bg e @},
with
0 =Jom,
n=1

and each family
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B, = {By: 6 € On)}

discrete in X.
Since Y is a metric space we can choose an open o-discrete base for the
open sets of Y, say

G=1{G,: € D},

with
= [ J D),
m=1
and each family

G, =1{G,: ¢ € D(m)},

discrete in Y (disjoint would suffice).
Since f is of the first Borel class each set

Gy, e,

is an [F-set, say
_ 17
F,=JFy. o€,
£=1
with each F ff) closed in X.
We study the family of sets
HY) =B,NFY, 0€0, € ®, ByCF, £EN.

Note that if ¢ is fixed

ByC |JBynFP CF,,
£=1

whenever B, C F,. Since B is a base for f, for each ¢ in ® we have

(G, =F,
= U{Be . 0€0,B,C F¢}

cUlxy :0€0.8,CF, £eN]CF,

Now each open set in Y is the union of the sets G, that it contains and the
family

H={Hy): €06, p€® B CF, £LEN]
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is a closed base for f. The family J{ is the countable union of the families
Hio = 1{HS) : 0€ O0), 9 € Dm), By C F,l,

£, m, n € N. We verify that each of these families is discrete in X. Note that
for fixed m, the sets

G,: ¢ € P(m)
are disjoint. Hence, so are the sets

F,: o€ ®(m)
and, for fixed £, the sets

FO o € O(m).

Now, for fixed 6in ®(n), By # 0, the condition By C F o 18 satisfied for at most
one ¢ in ®(m). Since the family

{By: 0 € O(n)}
is discrete, so also is the family
{By: 6 € O},
and so also the family
{mmﬁghee®mx¢e®maBOCﬂ}

Thus FH is the required o-discrete closed base for f. [

Lemma 2.7 Let f be a function, from a metric space X to a metric space Y,
having a closed o-discrete base. Let € be positive. Then there is a function g
from X to Y that is constant on the sets of a discretely o-decomposable
partition of X into [F ,-sets and satisfies

lg(x) —f(0)] < €
for all x in X.

Proof. Let
B = {Bg 0e @},

with
0 =Jom,
n=1

and with each family
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B, = {By: 6 C On)}

a discrete family of closed sets, be a closed o-discrete base for f. Since B is a
base for the family

{f"(G) : G open in Y and diam G < €},

we may remove from B all sets By with diam f(By) = €, and we still have a
base for f. We suppose that this removal process has been completed without
change of notation.

For n = 1, write

G, =JBy: 0 € O}
Then C, is closed for each n = 1. Write
Dy = BG\U{C,,, cm < n}
for all 0 in ®(n), n = 1. Then the family
D=1{D,: 0€ B}
is a disjoint family of F,-sets covering X. Further each family
D, =1{Dy: 6 € O(n)}

is discrete in X. Thus D is a o-discrete partition of X into F,-sets.
For each 6 in O, for which D, # 0, we have

diam f(Dy) = diam f(By) < €.
For each such 6, choose y, in f(Dg). Consider the function g defined on X by
taking
gx)=yy, ifxEDy 0€06.
Clearly g is well defined and is constant on the sets of the o-discrete partition

of X into ‘F ,-sets. Further, for each x in X, there is a unique #in ® withx € Dy
and so f(x) and g(x) = y, both lie in f(Dg) and

g —fl <e O

Lemma 2.8 Let f be a function, from a metric space X to a metric space Y,
having a closed o-discrete base. Then f is the uniform limit of a sequence of
functions, from X to Y, each being constant on the sets of a corresponding
discretely a-decomposable partition of X into [F ,-sets.

Proof. For each n = 1, apply Lemma 2.7, with € = 1/n, to construct a function
gn, from X to Y, constant on the sets of a discretely o-decomposable partition
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D, of X into F,-sets and satisfying
lg,(x) = fx)| < 1/n

for all x in X. This sequence g, g5, ... converges uniformly to f and satisfies
our requirements. [

Lemma 2.9 Let X andY be metric spaces and let f be a function from X to Y
that is constant on each set of a discretely o-decomposable partition of X into
F ,-sets. Then f is a a-discrete function of the first Borel class.

Proof. Let f be constant on the sets of the discretely o-decomposable partition
u={v,:yert

of X into F,-sets. We can write

with each set F (yi) closed in X and each family
{nyi) cyeT} i=1,

discrete in X. Suppose that f is a function from X to Y that is constant on each
set of ‘U. The family

{Fg):yEF, i=1}

is clearly a closed o-discrete base for the function f, and furthermore for each
set G in Y, open or not, f_1 (G) is a union of sets from this family and so is an
F ,-set. Thus f is a o-discrete function of the first Borel class. [

Lemma 2.10 Let X and Y be metric spaces. Let f be a function from X to Y
that is the uniform limit of a sequence f,, n = 1, of functions from X to Y, the
function f, being constant on each set of a discretely o-decomposable parti-
tion ‘U, of X into F ,-sets. Then f is a o-discrete function of the first Borel
class.

Proof. By Lemma 2.9, each function f, is a o-discrete function of the first
Borel class. Hence the limit function is of the first Borel class. By Lemma 2.5,
the limit function is o-discrete. [J

Lemma 2.11 Let f be a function from one metric space X to another Y. If f
has a o-discrete base of closed sets, then the set of points of discontinuity of
fis an F,-set of the first Baire category in X.
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Proof. Let
be a closed o-discrete base for f with

0= G O(n),

n=1
and, with each family
B, =1{By: 6 € O(n)},

a discrete family of closed sets.
Since Y is a metric space, we can choose a family

U={U,: ¢ € D},

with
= |J ®0m),
m=1

and with
U, ={U,: ¢ € d(m)},

a discrete family of open sets; this family ‘U forms an open o-discrete base for
the open sets of Y.
Now f is continuous at a point x of X, if, and only if

x € int f71(U),
whenever
xEfFWU)
and U € ‘U. Hence the set D of points of discontinuity of f takes the form
D= woNint /(W) : ¢ € 0.

Now, for ¢ in @, the setf_l(U<p) takes the form

UiBs: 6 € 0},
where O(¢) is the set of 0 in O for which

By Cf~'(U,).

Thus D is contained in the set

(JiBo\int B, : 6 € @} = | J{By\int By : 6 € O(h)}.
h=1
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Now, for h = 1,

is a discrete family of nowhere dense sets, and so the union of this family is
nowhere dense and D is of the first Baire category in X.
To prove that D is an F ,-set, we rewrite the formula for D in the form

D= U WNin W) : ¢ € dm}
m=1
=U U{Be\intf_l(Uq;) : 9 € ®(m) and 6 € @(QD)}
m=1

= 0 U{Be\intf‘l(U¢) t @ € ®(m), 6 € O and B, cf‘(ap)},
m=1

For fixed m, the sets f_l(U¢), ¢ € ®(m) are disjoint, so that, for each 6in O,
there is at most one ¢ in ®(m) for which By C f_l(U¢). Let ®™ be the set of 6
in ©® for which there is such a ¢ and let ¢(m, 6) denote this ¢ with
By C ' (Uymp)- Now

D= U U{Be\int-f_](qu(m,e)) = @(m)},
m=1

and D, being a countable union of o-discrete unions of closed sets, is an F -
set. [

Our next lemmas use a modification of a technique of Banach [2].

Lemma 2.12 Let X be a metric space and let Y be an arcwise connected
(metric) space. Let {F., : vy € T'} be a discrete family of closed sets in X and let
{yy : v € '} be a set of points in Y. Then there is a continuous map f : X — Y
with

f)=y,, whenx¢& F,,

for each yinT.
Proof. Let p be the metric on X. (We do not make explicit use of the metric on

Y.) Let y* be any point in Y. For each yin I', choose an arc joining yyto y* in
Y, that is a continuous function

¢, [0,1] =7,

with
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©,(0) =y, and @ (1) = y".

Note that in the important special case when Y is a convex set in a normed
linear space, we simply take

@) =y, +10" —y,), 0=r=1
For each closed set F in X we write
d(x, F) = inf{p(x.f) : f € F}.
Then d(x, F) satisfies the Lipschitz condition
ld(x, F) —d(& F)| = p(x, §)

for all x, ¢ in X. Further d(x, F) = 0, if and only if x € F.
We make use of some particular cases of this function. Write

d(x) = d(x, U{Fy tyE F}>,

d,(x)=dx,F,), yel,

e, (x) = d(x, U{FB BEeT,B# y}), vyeTl.

Note that the unions used in the definitions of d(x) and of e,(x) are closed sets
since {Fy : vy €T} is a discrete family of closed sets. Note also that, when
a,B €T and a # B, then

d(x) = eq(x) = dp(x)

for all x.
For each vy in I' introduce the set

G,= {x tdy(x) < %ey(x)}.
Clearly G, is open and
F,CG,,
since d,(x) = 0 and e, (x) = 0 on F,,. We verify that the family
{G,:veT}

is discrete.
We first use a simple argument to show that the sets G,, y € I, are disjoint.
Suppose that for some «, 8 € I" with a # B, we have

X E Ga n GB
Then
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4,(0) < 5es(0) = 30,

1 1
d[;(.x) < ge[;(x) = Eda(x).
Adding these inequalities
1
do(0) + dg(x) < g(da(x) T dB(x)).

Hence
dy(x) =dgx) =0
and
xXEF,NFg

contrary to our hypotheses. Thus the sets G,, y € I are disjoint.

We use a refinement of this argument to show that the family {G,, : y € I'}is
discrete. Consider any x* in X. If x* € F- for some y* inT then x* has the open
neighborhood G+ that meets no set G, with y # v*. So we may suppose that

x* ¢U{F7: v €Tl
Then d(x*) > 0. Consider the neighborhood U of x* defined by
1
U= {x s p(x,x*) < Ed(x*)}.

Suppose that for some «, Bin I" with a # B, the set U meets G, at some point a
and that U meets Gg at b. Then

1 1
dy(a) < gea(a) = Ed;g(a)a
1 1
dﬁ(b) < geﬂ(b) = gda(b)
Adding these inequalities, we obtain
1
d,(a) + dy(b) < 3(dp(@) +dy(b).
Using the Lipschitz conditions, we have
do(x*) + dg(x™) = pa,x™) — p(b, x")
1 * * 1 * *
< 5(da(x )+ dgc)) + 3 (Pla.x") 4 plb.x")).

Thus
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4 * - 2 * *
340 = 3 (dax”) + "))
4
< g(p(a,x*) + p(b, x"))
4
< gd(.x ),

since a and b belong to U. This is impossible. Consequently, {G,, : y € ['}isa
discrete family.
We now define the function g by taking

4d.(x)
gx) = qoy{dy(x)—l—ey(x)}’ forxe G, yE T,
and
g =y",
for
x€F =x\{JiG,: yeT}.
Note that on G,, we have
d,(x) + e, (x) >0,
since x cannot belong to the two sets
F, and U{FB :BET, B# vy}
Further

4d.,(x) _
d(x) + e (x)

on F,, and on G,

_ 4d,/(x) - % e.(x) _
Cd) e () Le )+ e,

Thus g is welldefined on X, and
gx)=y, onF,foryel.

It remains to prove that g is continuous. If x* is in the open set G, for some y
in I', then

_ 4d,(x)
gx) = (p“/(idy(x) i ey(x))

for all x sufficiently close to x*. Thus g is continuous at x*, if x* & F*. Now
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suppose that x* € F*. Then x* has a neighborhood, U say, that meets at most
one of the sets G,. If U meets no such set, then g takes the constant value y* on
U. Otherwise, we have just one v in I' for which U meets G,. On U we have

g =y",
or

x € G, and g(x) = goy( 4dy) )

d,(x) + e, (x)

Since x* & G,, we have
* 1 *
d,(x") = Eey(x ).

Thus

4d.,(x)

d,(x) + e, (x)

and

g — "
as x — x* through G,, and g is continuous at x*, as required. O
Lemma 2.13 Let X be a metric space and let Y be an arcwise connected
metric space. Then a function from X to Y that is constant on the sets of a

disjoint discretely o-decomposable family of F ,-sets covering X is of the first
Baire class.

Proof. Let f be constant on the disjoint discretely o-decomposable family
{u,: yeT}
of F,-sets covering X. By Lemma 2.2 we can write
v, =|JF?, yer,
i=1
with
(1) (2)
FPcFyc-., vyerl,
and with
(@) .
{Fy :y€T}

a discrete family of closed sets, for i = 1.
Now let y,, be the constant value taken by f on U, for y € I'. By Lemma
2.10, there is a continuous map f; : X — Y with
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fix)=y, whenx€ F),

fori = 1, y € I'. As i increases, the sets F' S/i) increase to fill out the whole set
U,. Hence, for x € U, we have

fi®) =y, = f(x),

for all sufficiently large i. Thus the continuous functions f; converge pointwise
to f and f is of the first Baire class. [

Lemma 2.14 Let X be a metric space and let C be a convex set in a normed
vector space Y. If a sequence of functions of the first Baire class, as functions
from X to C, converges uniformly to a function from X to C, then the limit
function is of the first Baire class as a function from X to C.

Proof. Let f be a function from X to C that is the uniform limit of functions f,,,
n = 1, from X to C that are of the first Baire class as functions from X to C. We
use the supremum “norm”

llgll = suplllg@ll : x € X}

for functions from X to Y, allowing the “norm” to take the value +o0. Repla-
cing the uniformly convergent sequence f,, n = 1, by a suitable subsequence
of itself, we may suppose that

I, =fIl <27™, forn=1.

For each n = 1, we can choose a sequence h,,,, m = 1, of continuous func-
tions from X to C converging pointwise to f,,.
We use induction to define an array

Sums 1=n=m,
of moderated continuous functions from X to C. We take
&im =hiy, form=1.
When g,,,, has been defined for m = n, we define g, ,, by

gn+1m(x) = gnm(x) + {hn+lm(x) - gnm(x)}’

if ”hn—Hm(X) - gnm(x)” < Z_n;

-n

{hn+lm(x) — 8nm (x)},

Brtin®) = &un3) + 1741(6) = 8@l

if ||hn+1m(x) _gnm(x)” = 2_”-

Since the functions #,, are all continuous functions from X to C, and C is
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convex, it follows inductively that the functions g,,, are all continuous func-
tions from X to C. Further, if n and x are fixed, we verify that g,,,(x) = h,,,,(x)
for all sufficiently large m. This holds for all m when n = 1. Suppose that n =
1 and that

&) = h,,,(x),  for m = m(n).

Then, for all sufficiently large m, we have
W11 () = O = 11, () = By (O]
Since h,,,,(x), B, 1,,(x) converge to f,(x) and f, | (x) and
Wfo1 () = fu Il < 277,
we have
17211 (6) = 8O < 277,
and so
Gntim(X) = My 1)

for all sufficiently large values of m.
Note also that the definition ensures that

”gn+lm - gnm” =2

form=n+1=2.
It remains to verify that the sequence

8&m>» N= L,

of continuous functions from X to C converges pointwise to f. Let x be fixed in
X, and let n = 1 be given. Choose m( > n so large that

8um(X) = hyy(x),  for m = my,
and
172, () = f, I < 27", for m = my,.
Then, for m = my,

”gnn(x) —f()C)”
= llgnn ) = um O + gm0 = £, O + 11, (x0) = F GOl
= “gnn(-x) _gnm(x)” + ”hnm(x) _fn(-x)” + ”fn(x) —f(X)”

m—1

= Z ”gm(x) - gr+ln(x)|| + 2™ + 2™

r=n
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< Z 2" + 2—n+l — 2—n+2.

r=n

This yields the required pointwise convergence. [J

Lemma 2.15 Let X be a metric space and let C be a convex set in a normed
vector space Y. Then a o-discrete function of the first Borel class from X to Y
taking its values in C is of the first Baire class as a function from X to C.

Proof. Let f be such a function from X to C. By Lemmas 2.6 and 2.8, f is the
uniform limit of a sequence f,,, n = 1, of functions f,,, n = 1, of functions from
X to C, each function being constant on the sets of a o-decomposable partition
of X into F ,-sets. By Lemma 2.13, each function f; is of the first Baire class as
a function from X to C. The result now follows from Lemma 2.14. [

It will be convenient to summarize the main results of this chapter.

Theorem 2.1 Let X and Y be metric spaces. Let f be a function from X to Y.
The following conditions on f are equivalent:

(a) f is a o-discrete function of the first Borel class;
(b) f has a closed o-discrete base;

(c) f is the uniform limit of a sequence of functions f, f, ..., each being
constant on the sets of a corresponding discretely o-decomposable
partition of X into [F ,-sets.

When these conditions are satisfied, the set of discontinuities of f is an F -
set of the first Baire category in X. If, in addition, Y is arcwise connected, f is
the uniform limit of a sequence of functions of the first Baire class. If, in
addition, Y is a convex set in a normed linear space, f is of the first Baire class.

2.3 WHEN IS A FUNCTION OF THE FIRST BOREL CLASS ALSO OF
THE FIRST BAIRE CLASS?

Lemma 2.15 gives a partial answer to this question. Recently M. Fosgerau [13]
has given a much more satisfactory answer. We quote, without proof, one of
his main results.

Theorem 2.2 (Fosgerau) Let X and Y be metric spaces.

(i) If Y is arcwise connected and locally arcwise connected then each o-
discrete function of the first Borel class from X to Y is of the first Baire
class.
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(ii) If Y is complete and each function from [0, 1] to Y that is of the first
Borel class is also of the first Baire class, then Y is arcwise connected
and locally arcwise connected.

We remark that Hansell [19, Theorem 3], has shown that every Borel
measurable function from [0, 1] to a metric space Y is necessarily o-discrete.
We are grateful to D. Preiss for permission to include the following example
here. Note that the function f of the example is necessarily of the first Borel
class without being of the first Baire class.

Example 2.1 There is a function f from the unit interval [0, 1] to a compact
arcwise connected set P in R* that is the uniform limit of functions of the first
Baire class in P but is not itself of the first Baire class in P.

Construction We take P to be the union in R* of the line segment
[0, 11 x {1}

with the product
Cx|[0,1]

of the Cantor ternary set C (taken in its original form) with the unit interval. It
is easy to see that P is compact and arcwise connected (but it is not locally
connected).

Each real ¢ with 0 = ¢ = 1 has a unique binary decimal expansion

t=0.0)(t)(1)...,

where, when ¢t = 0, the sequence of binary digits #,, #,, #3, ... is not ultimately
zero. We take f to be the map that takes 7 in [0, 1] with such a representation to
the point (x(#), 0) of P where x() is defined by the ternary decimal expansion

x(1) = 0.21,)21,)(213)... .

The intersections with P of the open rectangles, with sides parallel to the
coordinate axes, form a base for the open sets in P. Clearly, f_l(I), for any
such rectangle /, is either empty or a general subinterval of /. Hence the closed
intervals in / with rational end-points form a countable closed base for f. Since
P is arcwise connected, it follows from Theorem 2.1, that f is the limit of a
uniformly convergent sequence of functions of the first Baire class from [0, 1]
to P. The reader should have no difficulty in exhibiting f explicitly as the
uniform limit of functions that are exhibited as pointwise limits of continuous
functions from [0, 1] to P.

It remains to prove that f is not itself of the first Baire class as a function
from [0, 1] to P. We suppose that ¢;, ¢, ... is a sequence of continuous func-
tions from [0, 1] to P that converges pointwise to f, and we seek a contra-
diction. Let
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o) =(&@®,1.@1), 0=t=1.
Write
1 0
G, = {t cm() > 5}, and H, = L:J G,.

Then H, is an open set in [0, 1]. We prove that H, is dense in [0, 1] for each
r = 1. Consider any interval (¢;,%,) with 0 = #; <, = 1. Then

X(tl) < X(lz).
By the pointwise convergence of ¢, to f,
(& (1), mp(0) — (x(1),0)

as p — oo, for each ¢ in [0, 1]. So we can choose p > r so that

1
[€,(t;) — x(1)] < g(x(tz)—x(tl)), i=1,2

[

|np(ti)| = E’ i=1, 2

This ensures that
gp(tl) 7 gp(IZ)

and that ¢,(#;), ¢,(%,) lie on distinct line segments of the form

aoix[o]

(&)} X [o, %]

with &,(71), §,(1;) in C. Since ¢, is continuous, and since
C\([0, 1] x {1})

is not connected between @,(1), ¢,(%), it follows that 7,(r) = 1 for some ¢
with #; <t < t,. This shows that H, is dense in [0, 1] for r = 1. Now

(o)

2

r=1

being the intersection of dense open sets, is a dense Gs-set in [0, 1]. Now, if 7
belongs to this nonempty set, we have

np(T) = 5

for infinitely many values of p, and ¢,(7) cannot converge to f(7).
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2.4 REMARKS

The results in section 2.1 may be found in Hansell [19]. A space X is called
subparacompact if each open cover of X has a o-discrete closed refinement.
Although we have chosen to work with a metric space X, all the results of
section 2.1 hold when X is a subparacompact space all of whose closed sets are
Gs-sets.

The results in section 2.2 up to and including Lemma 2.11 are either from
Hansell [19] or are obtained by the methods he used there. Again these
results hold for a subparacompact space all of whose closed sets are G-
sets. Lemma 2.12 and its sequels depend on the assumption that X be metric.

We should re-emphasize that o-discrete functions between metric spaces
are rather common. Hansell [19] shows that every function from a metric
space to a separable metric space is o-discrete and, more importantly, every
Borel function from a space X that is a Souslin-F set in some complete metric
space X, to a metric space Y, is o-discrete. Further, each pointwise limit of a
sequence of o-discrete functions is o-discrete, Hansell [19].

Note that the conclusion in Lemma 2.11 that the set of points of disconti-
nuity of f is of the first Baire category in X tells us little about the nature of the
set of points of continuity of f, unless we know that X is of the second Baire
category in itself. We give a simple example of a o-discrete function of the
first Borel class with no points of continuity.

Let f map O and the rational numbers of the form 2p/q, with ¢ = 1 and ¢
odd, to 0 and the other rational numbers to 1. Then f is a function from Q to R
that is o-discrete and of the first Borel class with no point of continuity.

The technique for proving Lemma 2.14 is like that used in proving the
Tietze extension theorem.

Lemma 2.15 is due to Hansell [19] who uses a much less direct method.
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Selectors for upper semi-continuous functions with
nonempty compact values

In this chapter we obtain selectors of the first Borel class and of the first Baire
class for certain upper semi-continuous set-valued functions with nonempty
compact values.

Before we state the main results it will be convenient to give some defini-
tions. We suppose that Z is a space with a Hausdorff topology 7 and also a
metric d, not necessarily related to the topology 7. We say that (Z, 1) is
fragmented down to € > 0 by d, if each nonempty subset of Z has a nonempty
7-relatively open subset of d-diameter less than €. We say that (Z, 7) is frag-
mented by d, if it is fragmented down to € by d, for each € > 0. We say that
(Z, 7) is o-fragmented down to € by d, if Z can be expressed in the form

with each set Z, fragmented down to € by d for each n = 1. We say that (Z, 7)
is o-fragmented by d, if (Z, 7) is o-fragmented by d for each € > 0. In the
cases of the o-fragmentation definitions we add the clause “using sets from S”
if the sets Z,,n = 1, can be chosen from the family S.

Considerable effort has been devoted to the fragmentation properties of
Banach spaces (see, e.g., [25, 31, 33-41]). We quote some of these results
later.

We obtain the following results in section 3.2.

Theorem 3.1 Let F be an upper semi-continuous set-valued function, from a
metric space X to a metric space Y, taking only nonempty compact values.
Then F has a selector f that is o-discrete and of the first Borel class and the set
of points of discontinuity of f is an F ,-set of the first Baire category in X. If Y
is arcwise connected, the selector f will be the uniform limit of a sequence of
functions of the first Baire class. If, in addition, Y is a convex set in a normed
linear space, then f is of the first Baire class.

Theorem 3.2 Let X be a metric space and let K be a weakly closed set in a
Banach space Y (perhaps K =Y). Suppose that each bounded subset of
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(K,weak) is o-fragmented by the norm using weakly closed sets. If F is an
upper semi-continuous set-valued function from X to (K, weak) taking only
nonempty weakly compact values, then F has a selector f : X — (K, norm)
that is of the first Baire class as a map from X to the weakly closed convex hull
of K, with the norm topology and has an F ,-set of the first Baire category as
its set of discontinuities.

We remark that if a Banach space Y is weakly compactly generated then
(Y, weak) is o-fragmented by the norm using weakly closed sets [35, Theorem
2.1(c)].

Theorem 3.3 Let X be a metric space and let K* be a convex weak™ closed
set in the dual Y* of a Banach space Y (perhaps K* =Y*). Suppose that
(K*,weak™) is o-fragmented by the norm using weak™ closed sets. If F is any
upper semi-continuous set-valued function from X to (K™, weak™) taking only
nonempty weak™ compact values, then F has a selector f : X — (K*,norm)
that is of the first Baire class and has an [F ,-set of the first Baire category as
its set of points of discontinuity.

Note that the dual space Y™ has the Radon—Nikodym property if and only if
the unit ball (B*, weak™) of Y* is fragmented by the norm. In this case (since
Y* =U,= nB"), it follows that (Y*,weak") is o-fragmented by the norm
using weak™ closed sets.

We obtain these results in section 3.2 as simple consequences of the follow-
ing abstract result that is a modified version of part of the result of Hansell,
Jayne and Talagrand [22, Theorem .

Theorem 3.4 Let X be a metric space. Let Z be a Hausdorff space with
topology T and with a metric d defining a topology on Z at least as strong as .
Suppose that (Z, 7) is o-fragmented by d using t-closed sets. If F is an upper
semi-continuous set-valued map from X to (Z, ) taking only nonempty
compact values, then F has a selector f : X — (Z,d) that is o-discrete and
of the first Borel class and that has an [F ;-set of the first Baire category in X
as its set of points of discontinuity.

See Remark 1 below for a (modified) version of the second part of the
theorem of Hansell, Jayne and Talagrand. The first stage of the proof of
Theorem 3.4 uses a reduction of the upper semi-continuous set-valued func-
tion F, taking only nonempty compact values, to a minimal function H of this
type with its values contained in those of F. In section 3.3 we develop some of
the properties of such minimal functions and their selectors.
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3.1 A GENERAL THEOREM

Throughout this section we suppose that X is a metric space and that Z is a
space with Hausdorff topology 7 and a metric d defining a topology on Z at
least as strong as the topology 7. We use [ to denote the set of upper semi-
continuous set-valued maps from X to (Z, 7) taking only nonempty compact
values.

A set valued map H in [ will be said to be minimal in [, or simply minimal,
if there is no L in | with

L(x) € H(x), forall xin X,
and

L(xy) # H(xp), for some x, in X.

Lemma 3.1 If F is an element of F, then there is an element H of F, that is
minimal in F and that has

H(x) C F(x), forall xin X.

Proof. Let JH be the family of all elements H in F with
H(x) C F(x), forall xin X.
Of course F € . We introduce a partial order on JH by writing
H, =H,,

whenever H,, H, belong to JH and

H,(x) C Hy(x), forall x in X.
Suppose that

H,={H,: a €A}

is a subset of 7 indexed by the set A and totally ordered by “=<”. Consider the
set-valued function H defined by

H(x) = n{Ha(x) :a €A}, forall xinX.

For fixed x, the family {H,, : @ € A} is a nested family of nonempty compact
sets. Thus H takes only nonempty compact values.
Now consider any closed set K in Z. We have

Hx) N K # 0,
if and only if
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(H. N K : a € A} # 0;
that is, if and only if
H,NK#0, forall ainA;
that is, if and only if
x€(&: H® NK #0}: a €A}
But each set
{#:H,(®) N K # 0}
is closed in X by the semi-continuity of H,, for each & € A. Hence the set
{x:H(x) N K # 0}
is closed in X and H is upper semi-continuous. Thus H € H and
H=H,, forall ainA.
Now Zorn’s lemma shows that there is an element H that is minimal in | with
H = F as required. [J
Lemma 3.2 Let H be a minimal element of F.

(a) Let K be a closed set in (Z,7) and let G be an open set in X. If
Hx)NK #@ for each x in G, then Hx) CK for all x in G.

(b) Let U be an open set in (Z,7) and let V be an open set in X with
H(V)N U # 0. Then there is a nonempty open set G in X with

GCV and H(G)CU.
Proof.
(a) Itis easy to verify that the set-valued function defined by
Lx)=H(x), ifx&GaG,

Lx)=Hx)NK, ifx€e€GQG,

is an upper semi-continuous set-valued map from X to (Z, 7), taking only
nonempty compact values, with

L(x) C H(x)

for each x in X. Since H is minimal in [, L must coincide with H,
ensuring that

Fx)CK

for each x in G.
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(b) Now suppose that U is an open set in (Z, 7) and V is an open set in X with
H(V) N U # 0. Suppose that we have
HxX)\U #0
for each x in V. By part (a) this would yield
H(x)CZ\U, forallxinV,

and we could not have had H(V) N U # @. Hence there will be a point,
Xg say, in V with

H(xy) C U.

By the semi-continuity of H, we can choose an open set G in X with
X EGCYV

and
HG) CU

as required. [J

In the next lemmas we use F(X, Z) to denote the family of all upper semi-
continuous set-valued functions from the metric space X to the Hausdorff
space Z, taking only nonempty compact values.

Lemma 3.3 Suppose that for some € > 0, the space (Z, 1) is fragmented
down to € by the metric d. If F is any element of F(X,Z), there is a disjoint
discretely a-decomposable family {0, : « € A} of F ,-sets and a set-valued
function H : X — Z with:

(1) H(x) C F(x) for each x in X;
(2) d-diam H(O,) < € for each « in A;
(3) H restricted to O, belonging to F(O,, Z) for each « in A.

Proof. By Lemma 3.1 we may choose a minimal member H,, of F with
Hy(x) C F(x) for each x in X.
Since (Z, 7) is fragmented down to € by d, and
Hy(X) # 0,
we can choose an open set U in (Z, 7) with
HyX)NU#0
and

d-diam(Hy(X) N U) < e.
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By Lemma 3.2 (b), we can choose a nonempty open set G in X with

Hy(Gy) C U.
Now
Hy(Gp) C Hy(X) N U,
and so
d-diam(Hy(Gy)) < €.
We take

FO:X and F]:X\GQ
Now F, and F; are closed sets and:

FlDFO and Fl?éFo,
H, belongs to [F(Fy,Z);

F(x) D Hy(x) for x € Fy;
and
d-diam(Hy(Fy \ F))) < e.
We now show that for some ordinal I', there is a sequence of closed sets

F 0=y<IT,

v
and of set-valued functions
H,:F,—Z, 0=vy<I,

satisfying the following conditions:

) Fy=X;

(2) Fy,DFgand F, # Fgif 0=a<pB<I}

(3) H, belongs to F(F,,Z) for 0 = y <Tj}

4) F(x) DH,(x) DHg)if0=a=B< I',and x € Fg;

(5) d-diam H(F\F,) <efor0=y<y+1<I;

(6) Fy=[{F,:0=a<A}if Ais alimit ordinal,

7 MMF.:0=a<T}=0.

Later it will be convenient to write
0,=F,\F,,, if0=y<y+1<I.

Note that the conditions (1)—(5) are already satisfied in as far as they apply
to
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HO’FO and Fl'

Suppose that § + 1 = 1 is a successor ordinal and that F,, 0 = a = 6+ 1,
and H,, 0 = a = 9§, have been defined satisfying the conditions (1)—(5) for the
values of «, 8 and 7y for which these conditions make sense. If Fs,| = 0 we
terminate the process, taking I' = 6 + 2. Otherwise we apply the argument of
the first part of this proof to the restriction of Hy to F5,; to choose a closed set
Fs,» strictly contained in F,; and a set-valued function Hg, | : F5.y — Z in
|F(F5+1 5 Z) with

Hs, (x) C Hs(x), forxin Fgyy,
and with
d-diam Hs((F5.1 \ Fs1) < €
In this case the conditions (1)—(5) are satisfied by
F,,0=a=6+2 and H, 0=a=6+1.

Now suppose that 0 is a limit ordinal and that F,, and H, have been defined
for 0 = «a < 9§ satisfying the conditions (1)—(6) for «, B, y and A less than é. If

ﬂ{FV:OSa<8}=0,

we take Fs =@ and I' = 6 + 1 and terminate the construction. Otherwise we
take

Fs=(\F,:0=y<34}
and we define a set-function K5 : Fs — Z, by
Ks(x) = n{Fy(x) :0=y<§8}, forx€E€F;.

Asin the proof of Lemma 3.1, it is easy to verify that Ks € F(Fs, Z). By the first
part of this lemma, applied to K5 on F5, we can choose a closed set Fs | strictly
contained in Fs and a set-valued function Hg, | : Fs — Z in F(F§5, Z) with

Hs(x) C H,(x), forO0=y<dandx€F;
and
d-diam H3(F5\ Fs;1) < €
In this case the conditions (1)—(6) are satisfied by
F,, 0=a=6+1 and H,, O0=a=35.

The construction must terminate, with Fr_; = 0, for some I', since the sets
F,,0 = v, are strictly decreasing. Thus the construction is completed by trans-
finite induction and the conditions (1)—(7) are satisfied.

We now write
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0,=F,\F,,, if0o=y<y+1<I,
and define the set-valued function H : X — Z by
H(x)=H,(x), ifx€0, 0=y<y+1<I.
Note that the family
{0,:0=y<y+1<T}
is a disjoint partition of X into F,-sets.
By Lemma 2.1 this partition is discretely o-decomposable. The conditions

of our lemma are satisfied by taking A to be the set of ordinals y with
O=y<y+1<I. O

Lemma 3.4  Suppose that for some € > 0, the space (Z, 7) is o-fragmented
down to € by d using 7-closed sets. If F is any element of F(X,Z), there is a
disjoint discretely o-decomposable family {0, : a € A} of F ,-sets and a set-
valued function H : X — Z satisfying the conditions (1), (2) and (3) of Lemma
3.3.

Proof. Since (Z, 7) is o-fragmented down to € by d using 7-closed sets,
z=Jiz":n=1j

with each set Z™,n = 1, fragmented down to € by d and 7-closed. For each
n =1, write

X" ={x: F(x) N Z™ # ¢}.

Since F is upper semi-continuous, X™ is a closed subset of X, and the set
function

FO . x0 _, 7@
defined by
F" =Fx)ynz®, x e x®

belongs to F(X,Z™). Applying Lemma 3.3 to this map F, we obtain a
disjoint discretely o-decomposable family {O% : « € A™} of F,-sets in X,
and a set-valued function H™ from X™ to Z™ satisfying:

(1) H™(x) € F™(x) for each x in X";

(2) d-diam H(")(O(Of’)) < € for each a € A™; and

(3) H™ restricted to O belongs to F(O™,Z™) for each o € A™.
Let X© = . Since F(x) = 0 for each x in X the sets

x™ \X("—l)’ n=l,
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form a countable disjoint partition of X into F,-sets. Now the family of
sets

0 N XP\X"):a €A™, n=1}

forms a disjoint discretely o-decomposable partition of X into F,-sets.
Define the set-valued function H : X — Z by taking

H(x) = H"(x), when x€&€ X" \Xx" n=1.

It is easy to verify that this set function H together with the above partition of
X satisfies the conditions (1), (2) and (3) of this lemma. [l

Proof of Theorem 3.4. We are supposing that X is a metric space and that Z is a
space with a Hausdorff topology 7and also a metric d defining a topology on Z
at least as strong as 7. We also suppose that (Z, 7) is o-fragmented by d using
7-closed sets.

Consider any upper semi-continuous set-valued map F from X to (Z, 7),
taking only nonempty 7-compact values. Using Lemma 3.4 we can choose a
disjoint discretely o-decomposable partition {0V :a € AM}of X by Fs-sets
and set-valued function H'" : X — Z satisfying the conditions:

(1) HY(x) C F(x) for each x in X;
) d-diam H"(0)) < 1 for each @ € A"; and
(3) H" restricted to 0(0}) belongs to H:(O(U,I),Z) for each o € A,

Applying Lemma 3.4 to each set function H" restricted to each 0}, with
a €AY, we can find a disjoint discretely o-decomposable family

{0g: BEBS}
of F,-sets partitioning O(al) and a set-valued function Hff) : 0511) — Z satisfy-
ing the conditions:
x) C x) for each x € ;
(1) HP() € HY () for each x € O,
(2) d-diam Hff)(O(jé) < 4 for each B € B?: and
3) H&Z) restricted to Offg belongs to [F(Ofg, Z) for each B € B(az).
By Lemma 2.3, the family
{05 : €AV, pe BY},
which we denote by
(02 : a € 4®),

with
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A? ={ap:a €A, pe BV},
is a disjoint discretely o-decomposable family of ‘F,-sets partitioning X.
Further defining H @.x—-z by
H?(x)=HY(x), if x€ 0P

(using the new notation) we find that:

(1) H®x) c HY(x) for each x € X;

) d-diam HY(0$) < 1 for each a € A?; and

(3) H@ restricted to Off) belongs to [F(Oﬁf),Z) for each B € A®.

Iterating this process, we build a sequence of discretely o-decomposable
partitions {07 :a €A™}, n=1, of X into F,-sets and a sequence H®,
n = 1, of set-valued functions from X to Z satisfying the conditions:

(1) F(x) D HY(x) D H®(x) D - for each x € X;
() d-diamHPO™) <2 forn=1, a € A™;
(3) H(n) restricted to OEf) belongs to F(O(j),Z) forn=1,a€ A("); and
@) {0V o € A"} refines {0 : a € A™} forn = 1.
Now, for each x in X, the sequence
F(x), HY(x), H?(x), ...
is a decreasing sequence of nonempty 7-compact sets, with
d-diam H”(x) < 2™, n=1.

Thus
() Hn)(x)
n=1

is a nonempty set consisting of a single point of X. Let /(x) denote this point.

In this way we have constructed a selector £ for F. It remains to determine
the Borel nature of /. For each n = 1, we construct a function A" from X to Z.
For each a in A" we choose a fixed point z” in H™(0%). We define 1™ by
taking

K@) =2, forx€ 0P, a € A™.
Thus A" is constant on each of the sets of a discretely o-decomposable
partition of X into F,-sets. Since h(x) and h™(x) both lie in H™(OM)

when x € O™, we have
d(h(x), h(”)(x)) <2,

forx EXandn = 1.
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Thus £ is the uniform limit in (Z, d) of the sequence of functions A , each
constant on the sets of a discretely o-decomposable partition of X into F -
sets. By Theorem 2.1, i regarded as a function to (Z, d) is a selector for F' and
is o-discrete and of the first Borel class and the set of its points of discontinuity
is an F -set of the first Baire category in X. [

3.2 SPECIAL THEOREMS

In this section we prove Theorems 3.1, 3.2 and 3.3, stated in the introduction to
this chapter.

Proof of Theorem 3.1. We are supposing that F' is an upper semi-continuous
set-valued function, from a metric space X to a metric space Y, taking only
nonempty compact values. We wish to apply Theorem 3.4 to X, the space Z
taken to be Y with its metric topology 7 generated by its metric d, and to F.
Note that Z is trivially o-fragmented by using the set Z. So we can apply
Theorem 3.4 and obtain a selector f for F that is o-discrete and of the first
Borel class and that has an F ,-set of the first Baire category in X as its set of
points of discontinuity. Further, using Theorem 2.1, if Y is arcwise connected,
f is the uniform limit of a sequence of functions of the first Baire class. If, in
addition, Y is a convex set in a normed linear space, f is itself of the first Baire
class. O

Proof of Theorem 3.2. We are supposing that X is a metric space and that K is a
weakly closed set in a Banach space Y. Also (K, weak) is o-fragmented by the
norm using weakly closed sets. Consider a set-valued function F : X —
(K, weak) that is upper semi-continuous and takes only nonempty weakly
compact values. By Theorem 3.4, F has a selector

f:(K,norm) — X

that is o-discrete and of the first Borel class and its set of points of disconti-
nuity is an F,-set of the first Baire category in X. By Theorem 2.1, f is of the
first Baire class as a map from X to the weakly closed convex hull of K, with
the norm topology. [J

Proof of Theorem 3.3. This result follows from Theorems 3.4 and 2.1, just as
Theorem 3.2 follows from these two theorems, by using the weak™ topology in
the dual Banach space Y*. [

3.3 MINIMAL UPPER SEMI-CONTINUOUS SET-VALUED MAPS

In this section we obtain some properties of set-valued functions that are
minimal amongst the upper semi-continuous set-valued functions from a
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metric space X to a Hausdorff space Z that take only nonempty compact
values.

To state the theorem that we prove, we need to recall the definition of a
lower semi-continuous metric on a topological space. A metric on a topolo-
gical space (Z, 7) is said to be lower semi-continuous if, for each r > 0, the set

{20 :dz, 0 =r}

is closed in Z X Z. Note that the norm metric in a Banach space with its weak
topology is always lower semi-continuous, as is the norm metric on a dual
Banach space with its weak™ topology.

Theorem 3.5 Let (Z, 1) be a Hausdorff space. Let d be a metric on Z defining
a topology at least as strong as 7. Let F : X — (Z, 1) be a set valued function
that is upper semi-continuous and takes only nonempty compact values, and is
minimal amongst all such maps. Let P be the set of points x of X for which F(x)
is a single point. Then each selector f for F is m-continuous precisely at the
points of P. If the metric d is lower semi-continuous then there is a set Q
contained in P with the property that each selector f for F is d-continuous
precisely at the points of Q. If, in addition, (Z, 7) is fragmented by d, then Q is
a countable intersection of dense open sets.

Note that when X is not the union of nowhere dense sets, then the last clause
ensures that Q, and so also P, is nonempty and dense in X. It will be convenient
to base the proof on a series of lemmas. In these lemmas, we take (Z, 7) to be a
Hausdorft space with a metric d defining a topology on Z at least as strong as 7.
We also assume that F : X — (Z,7) is minimal amongst the upper semi-
continuous set-valued functions from X to (Z,7) taking only nonempty
compact values.

Lemma 3.5 If p belongs to P, then each selector f for F is T-continuous
at p.
Proof. Let U be any open set in (Z, 7) containing

{f} = F@).

Since F is upper semi-continuous, there is an open set G in X containing p,
with

F(G) CU.
Thus
fx) e F(G) C U,

for all x in G. Hence f is 7-continuous at p. [J
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Lemma 3.6 Let f be a selector for F that is T-continuous at a point p of X.
Then p € P.

Proof. Suppose that F(p) is not a singleton. Then F(p) contains f(p) and also
some other point, z say. Since (Z, 7) is a Hausdorff space we can choose
disjoint 7-open sets U and V with f(p) € V and z € U. Since f is 7-continuous
at p, we can choose an open set G with p € G and

fx)ye Vv, foral xeGaG.
By Lemma 3.2 (a) this implies that
F(p) C K

despite the fact that z & K. This shows that F(p) is a singleton, so that p € P.
We now introduce the set Q. For each € > 0 write

0. = U{U : U is open in X with d-diam F(U) < €}

and take

0=(Cm O
n=1

Lemma 3.7 Q C Pand if ¢ € Q each selector f for F is d-continuous at q.

Proof. Suppose that g € Q. We can choose a sequence U,,, n = 1, of open sets
in X, containing g with

d-diam F(U,) < l/n.
First this implies that
d-diam F(g) =0,

so that F(g) is a single point. Thus Q C P.

Secondly, we conclude that F', regarded as a set-valued map from X to (Z, d)
is upper semi-continuous at ¢, ensuring that each selector f for F is d-contin-
uous at g. [J

Lemma 3.8 Suppose that the metric d is lower semi-continuous on (Z, 7). Let
f be a selector for F that is d-continuous at q. Then q € Q.

Proof. Consider any € > 0. Since d is lower semi-continuous the set
K={z:dzf(q) = ¢

is 7-closed. The set
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Ky ={z:d(z.f(@) < €

is d-open. Since f is d-continuous at g, we can choose an open set G in X
containing g with

fx) €Ky CK, foreachxinG.
Thus

Fx)NK # @, foreachxinG.
By Lemma 3.2 (a)

F(x) CK,
for all x in G. Hence
d-diamF(G) < 3e,

ensuring that g € Q.. Since € > 0 is arbitrary this yields g € Q. O

Lemma 3.9 [f(Z, 7) is fragmented by d, the set Q is the countable intersec-
tion of open sets dense in X.

Proof. Consider any € > 0. Let G be nonempty open set in X. Then F(G) # 0.
Since (Z, 7) is fragmented by d, we can choose an open set V in (Z, 7) with

FG)NV#D
and

d-diam(F(G)NV) < e.
Suppose that we had
Fx)yN@Z\V)#0
for each x in G. Then by Lemma 3.2 (a) we would have
F(xyCcz\V, forallxinG,

contrary to the choice of V with

F(G)NV #0.
Thus

FxyCcv

for some x, say xj, in G. By the upper semi-continuity of F at x,, we can
choose an open neighborhood W of x; contained in G with

F(wW)CV.

Now
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Thus

d-diamF (W) = d-diam(F(G) N V) < e.

)C()EVVCQE and XOEG.

This shows that Q. is dense in X. The result follows. [

Proof of Theorem 3.5. The properties of P follow from Lemmas 3.5 and 3.6.
The properties of Q and its relations with P and with X follow from Lemmas
37,3.8and 3.9. O

3.4 REMARKS

1.

Theorems 3.1 and 3.2 are simplified and modified forms of parts of the
results of Hansell, Jayne and Talagrand [22] (see their Theorem 10’ and
its corollaries). Proofs of variants of Theorems 3.2 and 3.3 are also given
in [31]. In their paper Hansell, Jayne and Talagrand [22] obtain a
number of other results and in particular prove the following result in
a more abstract form (see their Corollary 2).

Theorem 3.6 (Hansell, Jayne and Talagrand) Let K be a compact
Hausdorff space. Let C(K) denote the Banach space of continuous func-
tions on K with the supremum norm and let C,(K) denote the space C(K)
taken with the topology of pointwise convergence. Let F : X — C,(K) be
an upper semi-continuous set-valued function from a complete metric
space X to Cy(k) taking only nonempty compact values. Then F has a
selector of the first norm Borel class which is o-discrete, whose set of
points of norm continuity is a dense Gs-subset of X, and which is the
norm pointwise limit of sequence of norm continuous functions from X to
C(K).

Their proof is rather complicated and we do not present it in this book.
However, using a method of V. V. Srivatsa we do give (a complicated)
proof of an even more powerful result (see Theorem 6.3 below).

The selectors obtained in Theorems 3.1-3.4 are specified as o-discrete
functions of the first Borel class. Although we have not emphasized this,
by Theorem 2.1, they have other interesting properties.

Theorem 3.5 is a simplified version of part of a result recently obtained
by Jayne, Namioka and Rogers [35] (see their Theorem 3.1). It is related
to the work of Kenderov [45].

The concept of a Hausdorff space (Z, 7) that is fragmented by a metric d
on Z, was introduced in [31, see section 2], in order to have a uniform
terminology for a number of well-known Banach space situations, in
particular, (a) a Banach space with its weak topology and its norm
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metric, having the point of continuity property and (b) a dual Banach
space with its weak™ topology and its norm metric having the Radon—
Nikodym property. The term “fragmentable” or “fragments” was used
since, for each € > 0, the concept enabled the space Z to be decomposed
into the union

Uiz,:0=y<T1}
of disjoint “fragments” Z,, 0 = y < T, with:

(1) UiZ, : 0 = a <y} 7-open for each y with 0 = y <T;
(2) Z, is the difference between two 7-open sets, for 0 = y < T
(3) d-diam Z, < e for 0 = y <T.

The concept of o-fragmentability was introduced by Jayne, Namioka
and Rogers [36]. It is easy to check that an equivalent definition of the o-
fragmentation of a Hausdorff space (Z, 7) by a metric d on Z is:

(Z, 7) is o-fragmented by d if and only if, for each cover
C={C,: a €A}

of Z by d-open sets, it is possible to write

with each Z,, n = 1, having the property that each nonempty subset of
Z, has a nonempty relatively T-open subset contained in some set
belonging to C.

It is clear (by considering the covers C, of Z by all d-open sets of d-
diameter less than €) that if the new definition is satisfied then so can the
old. On the other hand, if the original definition is satisfied and the d-
open cover C is given, one can first split Z as

7=z

with
Z™ ={z:B(z,1/m) C C for some C € C},

and then use the fact that each Z™ is o-fragmented down to 1/(3m), for
m = 1, to split up Z further. It is clear from this new definition that the
question of whether or not (Z, 7) is o-fragmented by d, depends only on
the relationship between the topology T and the metric topology deter-
mined by d, rather than the actual metric d. Recently Namioka and Pol
[62] (see their Theorem 4.3), have established deeper results, proving, in
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particular, that a Banach space with its weak topology, say (¥, weak), is
o-fragmented by its norm if and only if (Y, weak) is an “almost Cech-
analytic space”,which is a property of (Y, weak) purely as a topological
space, without reference to any metric topology or linear structure.

6. For a detailed discussion of the structure of upper semi-continuous set-
valued maps from one metric space to another, see [32].

7. Consider the following question: “Let Y be a Banach space with its
weak topology or a dual Banach space with its weak™ topology. If F
is an upper semi-continuous set-valued function from a metric space to
Y taking only nonempty compact values, is it p0331b1e to find a complete
metric space b'¢ containing X and an extension F of F to an upper semi-
continuous set-valued function from X to Y taking only nonempty
compact values?” If the answer to this question was always “Yes!”,
then there would be no essential loss of generality in taking X in Theo-
rems 3.2 and 3.3 to be a complete metric space. Further, the theorems
could then end with the more elegant claim that the selectors f were
continuous at the points of a dense Gg-setin X. As it happens, the answer
to the question is “Not always!”. We give an example to justify this
answer.

Example There is an upper semi-continuous set-valued map from the
rational numbers Q) to the Banach space c, with its weak topology, taking
only nonempty norm compact values, that has no upper semi-continuous
extension from any completion of Q to (cy,weak) taking nonempty values.

Construction For convenience, we identify Q with the set @, of all rational
numbers r with 0 < r < 1. Each such r has precisely two continued fraction

expansions
P 1 1 1

a1+ a2+ a,

R 1o
a1+ a2+ (an_1)+ 1,

witha; = 1 for 1 =i <n and a, = 2. Let x(r) be the point in ¢, defined by
taking x;(r) = 1 if i takes one of the n values

ap,

a + a,

a1+a2+...+an
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and x;(r) = 0, otherwise. Let y(7) be the point in ¢, defined by taking y;(r) = 1
if i takes one of the n + 1 values

aip,

a; + ap,

a+ay 4+ (@, = ),
a +a2+"’ +a,,,

and y;(r) = 0 otherwise.
Note that x(r) and y(r) differ just because

xa1+a2+~--+(an—1)(r) =0,

ya1+a2+~--+(a"—1)(r) =1
Write
F(r) = {x(r), y(r},

for all r in Q. Then F is clearly a set-valued function from Qj to ¢, taking
only nonempty norm compact values. We verify F' is upper semi-continuous
for the weak topology of ¢,. For a fixed r in () let G be a weak open set in ¢,
containing F(r). Then we can choose basic weak open sets G,, G, in ¢, with

x(r) € G, CG,
y(r) € G, CG.
We may suppose that these basic open sets in ¢, are of the form

G, ={:(¢6—x(r),x])<e 1 =i=N},

G, ={&:(é—yny)<e l=i=M}

where € > 0,and x},1 =i =< N,y’,1 =< i = M, are points in the dual space [,
of ¢y, with

”x;k”1:17 ISISN,

Iyl =1 1=i=M.
We can choose L so large that

K& x) <e 1=i=N,

ey <e 1=i=M,
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for all £in ¢ with ||€]|,c = 1 and

E=0, forl=i=L.
We now study F(s) for rational s very close to r. We use the standard contin-
ued fraction notation and formulae; see the first four pages of the section on

continued fraction in Hardy and Wright’s book on the Theory of Numbers
[23]. Thus pg =0, go =1 and
P1 P2 Pn _
a’a e
are the convergents for
1 1 1

y=———"- .
a+ a,+ a,

Consider any rational number s with

o<ls—rl = —
| | (L +2)q2.

First suppose that
=1)'(s=r) >0,
so that
0<(=D'"(s—n= T
Then there is a unique rational a/,,; satisfying
1
4@y 1 G+ Gumr)

1) =)=

Solving for a;ﬂ, and using g,—; < g,

! (_l)n _ qn—1

= >L42—1=L+1.
Gs—r)  q,

Ay =
Solving now for s, and using
Pnln—1 — Pn—19n = (_l)n_l,
we have

g = p_n (_l)n — a:1+1pn +pn—l
qn qn(a:,-H + Qn—l) a;-HCIn + qn—1

Using the formulae

Pn+1 = Qni1Pn +pn—1’ 9n+1 = Ant+19n + qn-1>
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we have

1 1 1 1
S‘Zii--. .
a1+ 612+ an+ Cl:1+l

with a),.; > L+ 1, so that s has a complete continued fraction expansion of
the form

P S L S
a+ e+ ayt byt by’
withm =n+1,b,,y = L+ 1,b,, = 2. This ensures that, when i satisfies
l=i<a+a+--+a,+b, -1,
we have
xi(8) = yi(s) = x;(r).
Since
ay+ay+--+a,+b,—1=b,,, =L+1,
our choice of L ensures that
F(s) = {x(s),y(s)} C G,.
Now consider the case when
)" (s=r >o0.
Applying the same arguments to the continued fraction

O O S
a+ a+  (a,—D+ 1’
but using the formula
Put1Gn = Pulnr = (1),
we find that
F(s) C G,.
Thus, in each case, F(s) C G. This shows that F' is upper semi-continuous.

We note that r and s are two distinct rational numbers between 0 and 1, and
that the four points

x(r), y(r), x(s), y(s)

are all distinct. Since all the coordinates are either 0 or 1, these four points
from a regular tetrahedron of side 1 in (cy,norm). This in itself shows that, if f
is any selector for F, then f* can be norm continuous at no point of Qy.

Now suppose that (Q, is the completion of @, under any metric that is
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consistent with its topology. Let F' be any extension of F to Q taking only
nonempty sets in ¢ as its values. We suppose that F is upper semi-continuous
to (co,weak) and seek a contradiction. By Srivatsa’s Theorem, see Theorem
6.2 below, £ will have a selector f of the first Baire class on @0. Since @0 is
complete, the function / will be continuous at some point ¢ of @0. So ¢ will
have a neighborhood, U say, with

N 1
diam f(U) < >

Since @0 is a completion of @0, we can find distinct rationals r and s in U.
Since

() —F )l = 1,

this yields the required contradiction, showing that this example satisfies the
statement.
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Chapter 4

Selectors for compact sets

In this chapter we derive some results, not dissimilar from those in Chapter 3,
from a different point of view. We combine the method of Jayne and Rogers
[31] with methods developed by Ghoussoub, Maurey and Schachermayer [14]
in a paper containing many interesting selection results.

Recall that the Hausdorff metric d on the space of nonempty bounded closed
sets of a metric space (X, p) is defined by

d(H,K)=inf{e>0:H C K, and K C H.},
where
H.={x:p(x,H) < €

is the e-neighborhood of H.
Before we state the main results in this chapter, we state a very simple result
that sets the pattern for the subsequent results.

Theorem 4.1 Let K be the space of nonempty closed sets in the unit square
Q, taken with the Hausdor{f metric. Then there is a function s : K — Q of the
first Borel class satisfying the following conditions:

(a) s(K) € K for each K in K;
(b) if K; C K, and s(K,) € K, then s(K;) = s(K;);

(¢) ifK,,K,,...is adecreasing sequence of closed sets in K converging to a
set K in I, then s(K;) converges to s(K) as i — oo.

The simple proof of this result is given in section 4.1 below. The proof
makes the conditions (a), (b) and (c) appear natural. We now state the main
results of this chapter.

Theorem 4.2 Let (Y, p) be a metric space. Let K, be the space of non-
empty closed subsets of Y with the Hausdorff metric derived from p.

Then there is a function s : K, — Y that is o-discrete and of the first Borel
class satisfying the following conditions:

(a) s(K) € K for each K in K,;
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(b) ifK; C K, and s(K,) € K, then s(K|) = s(K;);

(c) if{K,: a € A}, with A a directed set, is a decreasing net of nonempty
compact sets with

K=K, : « € A},
then
5(Ko) — s(K)
following A;

(d) if F is any upper semi-continuous set-valued function, from a metric
space X to Y, taking only nonempty compact values, then s o F is a
selector for F that is o-discrete and of the first Borel class.

A Banach space Y is said to be weakly o-fragmented using weakly closed
sets if, for each € > 0, it is possible to write

where each set Y; is weakly closed and, for each nonempty subset S of Y; there
is a weak open set U in Y with

SNU#0, diamSNU<e.

Jayne, Namioka and Rogers [35] show that each weakly compactly generated
Banach space is o-fragmented in this way; furthermore each transfinite £°-
sum (1 = p < o0) of weakly compactly generated Banach spaces is o-frag-
mented. They also show [38] that, if a Banach space has a norming extended
Markashevich basis, then it is o-fragmented using weakly closed sets.

Theorem 4.3 Let Y be a Banach space that is weakly o-fragmented using
weakly closed sets. Let K| || be the space of nonempty weakly compact subsets
of Y with the Hausdorff metric derived from the norm.

Then there is a function s : K| — (Y,norm) that is o-discrete and of the
first Baire class satisfying the following conditions:

(a) s(K) € K for each K in K,
(b) if K; CK, and s(K;y) € K, then s(K;) = s(K5),

(c) if{K, : a € A}, with A a directed set, is a decreasing net of nonempty
weakly compact sets with

K:ﬂ{Ka:aEA},

then
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s(K,) — s(K), in norm,
following A;

(d) if F is any upper semi-continuous set-valued function, from a metric
space X to Y with its weak topology, taking only nonempty weakly
compact values, than s o F is a selector for F that is, when regarded
as a function from X to Y with its norm topology, o-discrete and of the
first Baire class.

Weak™ o-fragmentation for a dual Banach space is defined similarly to the
weak o-fragmentation for a Banach space. If Y™ is the dual of an Asplund
space Y, then Y™ is weak™ o-fragmented using weak™ closed sets, see the
remark after the statement of Theorem 3.3 above.

Theorem 4.4 Let Y* be a dual Banach space that is weak™ o-fragmented
using weak”™ closed sets. Let K || be the space of nonempty weak™ compact
subsets of Y* with the Hausdor{f metric derived from the norm. Then there is a
function s : K| — (Y*, norm) that is o-discrete and of the first Baire class
satisfying the following conditions:

(a) s(K) € K for each K in K,

(b) if Ky C K, and s(K,) € K, then s(K|) = s(K);

(c) if{K, : a € A}, with A a directed set, is a decreasing net of nonempty
weak™ compact sets with

K=[)K,: a € A},
then
s(K,) — s(K), in norm,
following A;

(d) if F is any upper semi-continuous set-valued function, from a metric
space X to Y* with its weak™ topology, taking only nonempty weakly
compact values, then s o F is a selector for F that is, when regarded as a
function from X to Y* with its norm topology, o-discrete and of the first
Baire class.

4.1 A SPECIAL THEOREM

In this section we prove the simple Theorem 4.1 stated in the introduction to
this chapter.

Proof of Theorem 4.1. Let p : [0,1] — Q be a Peano curve mapping [0, 1]
continuously onto the unit square Q. For each K in K, p ' (K) is a closed set in
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[0, 1]. So we may take #(K) to be the smallest real number in p_1 (K). Now take
s(K) to be p(#(K)) for each K in K. Clearly s(K) € K for each K in XK.
Now if K; C K, then p™'(K;) C p~'(K>), so that #(K,) = #(K). If, in addi-
tion, s(K,) € K, then p(t(K,)) = s(K,) € K; and so #(K,) = #(K,). Thus
t(K;) = t(K;) and so s(K;) = s(K5).
Suppose that K, K5, ... is a decreasing sequence of closed sets in Q, conver-
ging in K to a closed set Kj. The corresponding sequence of real numbers

HK), i=1,2,..,
is increasing and so tends to a limit in [0, 1], say 7,. If we had
#(Kp) < #(K;)

for some i = 1, then K, would contain the point s(K;) = p(#(K;)) which is not
in K;. Hence

HKy) = sup #(K;) = t,.
Since p is continuous,
p(1(K;)) — p(t.) asi— oo.
We have now proved that s satisfies the conditions (a), (b) and (c). It
remains to show that s is of the first Borel class as a map from K to Q.

As a first step we show that, if F is any nonempty closed set in O, then the
set

KF)={Ke K:KNF # @}

is closed in XK. Consider any sequence K;,K,,... of sets of JK(F) that
converges in K to some closed set Kj. If K, does not meet F, then there is
a positive distance, say 2€, between F and K. So the e-neighborhood (K;), of
K, does not meet F. However, for all sufficiently large i, the set K; lies in (K;),
and cannot meet F. This contradiction shows that K, meets F. Hence K (F) is
closed in K.

Now consider any open set G in Q. To prove that s as a map from K to Q is
of the first Borel class, we need to prove that ™' (G) is always an F ,-set in K
with the Hausdorff metric. Consider the set

P (G).

This set is open in [0, 1] and so is the union of a countable sequence of disjoint
open intervals, say

rG =,
i=1

so that
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G = py.

1

(o)

L

Thus
56 = s (p@).
i=1

It now suffices to prove that each set
s (p), i=1,
is an F-set in K. Now
K €57 (p).
if and only if
HK) € I,.

If [; is the interval [; < t < u;, the condition that #(K) belongs to I; reduces to
the condition that

i KNp(0.51)=0
and
(i) K((up) # 0.

Since p([0, [;]) is a closed set in Q, the result of the last paragraph shows that (i)
restricts K to lie in an open set in the metric space J, and so to lie in an F ,-set
in XK. Since p((l;, u;)) is a countable union of closed sets in Q, the same result
from the last paragraph shows that condition (ii) also restricts K to lie in an
F,-set. Since the intersection of two F,-sets is also an F,-set, the set
s (p(I)) is an F,-set in K. Similar considerations apply if I; happens to
be of the form [0, u;) or (I;, 1]. Thus s_l(G) is an F -set in K and s is of the
first Borel class. [

4.2 A GENERAL THEOREM

We formulate a more general theorem that leads easily to the proofs of Theo-
rems 4.2, 4.3 and 4.4. We first need to introduce some ad hoc terminology.

When a metric p is defined on a Hausdorff space Z, we say that p has the e-
neighborhood property for compact sets if whenever G is an open set in Z
containing a compact set K of Z, the e-neighborhood

Ke={z:p(z, k) < €

is contained in G for some € > 0.
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Theorem 4.5 Let Z be a completely regular Hausdorff space. Let p be a
metric on Z with the e-neighborhood property for compact sets, and suppose
that closed sets in Z are p-closed. Suppose that Z is o-fragmented by p using
closed sets. Let K, be the space of nonempty compact sets of Z with the
Hausdorff metric derived from p.

Then there is a function s : K, — (Z, p) that is o-discrete and of the first
Borel class satisfying the following conditions:

(a) s(K) € K for each K in K ,;
(b) if K, C K, and s(K;,) € K, then s(K|) = s(K5);
(c) if{K, : a € A}, with A a directed set, is a decreasing net of nonempty

compact sets in Z with

K=K, : « € A},
then
p(s(K,), s(K)) — 0
following A;

(d) if F is any upper semi-continuous set-valued function, from a metric
space X to Z, taking only nonempty compact values, then s o F is a
selector for F that is, when regarded as a function from X to (Z, p),
o-discrete and of the first Borel class.

We first establish a simple lemma showing that, if a locally convex topology
on a normed vector space is weaker than the norm topology, then the norm
metric has the e-neighborhood property for the compact sets in the locally
convex topology. For the theory of such topologies on normed vector spaces,
see, for example, Kelley and Namioka [44].

Lemmad.1 Let T be alocally convex topology on a normed vector space Y,
and suppose that all T open sets of Y are norm open. Then the norm metric
has the e-neighborhood property for Y with the topology T .

Proof. Let K be a T compact set contained in a 7~ open set G. For each point k
of K we can find a T open set U(k), containing the origin 0, with
k+U(k)+ Uk) CG.
The sets
k+UKk), k€K,

form a T open cover of the 7 compact set K. So we may choose a finite set
ki, ks, ..., k, from K with



SELECTORS FOR COMPACT SETS

K C | Jlk; + Uk},
i=1

Now

( Uk
i=1

is a 7 open set containing 0. Hence we can choose € > 0 so that
B(0;€) C (| U(k).
i=1

Now, if
he K. ={y:min{lly—k|l : k € K} < €},

we have

|h—k|l < e
for some k in K. Then for some i, 1 =i = n,

k € k; + U(ky).
Thus
h=ki+Mh—k) + (k—k)

€ k; + B(0; €) + U(k;)

Cki+Uk)+Uk) CG
and K, C G, as required. U

71

Before starting our next lemma, it is convenient to introduce another term
from the theory of o-fragmentability. When p is a metric on a Hausdorff space
Z, we say that a set S in Z is fragmented by p down to e, if, for each nonempty

subset T of S, there is an open subset U in Z with

TNU#0O and p-diam(TNU)<e.

Lemma 4.2 Let Z be a completely regular Hausdorff space and let p be a
metric on Z. Let Z,, Zy be closed sets in Z with D = Z\Z, # 0. Suppose that
€ > 0 and that Z, is fragmented by p down to €. Then it is possible to choose a

disjoint transfinite sequence
{B,:0=y<TI}

of [Fy-sets in Z, such that, for 0 = y < T we have:
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(a) the union

is relatively open in D;
(b) B, is nonempty with
p-diam (clB,) < €;

(c)

U B,=0D.

OS'y<F

Proof. First consider any nonempty relatively closed set F' of D = Z|\Z,. Then
F=F\Z

for some closed set F contained in Z;. Since Z; is fragmented to €, we can
choose an open set U in Z with

FNU#0 and p-diam(FNU)<e

Choose a point zy of F N U. Then z, € U, but zy & (Z\U) U Z,. Since Z is
completely regular, we can choose a continuous function 4 on Z with

hz) =0 and hz) =1 on (Z\U)U Z,.

Let F' be the set of all points of F with h(z) < % The closure cl F” is contained
in the set of points of F with h(z) = % Hence cl F' does not meet the set
(2\U) U Z,. Thus

clFF CiN\Zy=F
and
clF CU,
so that
p-diam (cl F') = p-diam (F N U) < €.

Note that F' is an F,-set contained in F and containing z,. Further, since F' is
relatively open in F, the set F\F' is relatively closed in F and

F\F' = (F\Zy)\F'

= (F\F)\z
is relatively closed in D = Z;\Z,.
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We define the sequence {B,, : 0 = y < I'}, together with a second sequence
{R, : 0 = y <T}inductively to satisfy the conditions (a) and (b) and also the
condition

(d) R,y:D\ UOSB<'}’BB'

We start by taking Ry = D. By the result of the last paragraph, we can take
By to be a nonempty F,-set contained in D, with p-diam (cl By) < € and with
Ro\B relatively closed in D. Thus B, is relatively open in D.

Now suppose that for some ordinal y > 0, the sets Bg, Rg have been
defined, for 0 = B < v, satisfying the conditions (a), (b) and (d). Then

U%=U{U%}
0=B<y 0=B<y | 0=a=p

is relatively open in D. If this union coincides with Z, we take I' = <y and the
construction terminates. Otherwise, the set defined by

RVZD\ U Bs
0=p<y

is relatively closed in D and nonempty. By the first paragraph of this proof, we
can take B, to be a nonempty F,-set in Z, contained in R,, with
p-diam (c1B,) < € and with R \B, relatively closed in D. Now

U BB:{ U Bﬁ}UBv
0=p=y 0=B<y

is relatively open in D, and the conditions (a), (b) and (d) are satisfied for this
ordinal . As the sequence of sets

U Bﬁ’ 0 = g
0=B<y

is strictly increasing, until the whole of D is covered, this transfinite process
terminates with a cover of D.
Note that, since

B,/CRYZD\ U Bs.
0=B<y

the sets B,, 0 = y <T, are disjoint. [
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Lemma 4.3 Let Z be a completely regular Hausdorff space and let p be a
metric on Z. Suppose that Z is o-fragmented by p using closed sets. Let € > 0.
Then it is possible to choose an index set ©, a family

{S(0) : 6 € O}

of closed sets in Z, and

h:XK,— X,

9:K,— 0

satisfying the following conditions:

(a)

(b)

(c)

(d)

(e)

)

for each K in K, the set
h(K) = K N S(HK))
is nonempty and of p-diameter less than €;
if Ki C K, and h(K,) N K, # 0, then
HK)) = HKy)
and

hK;) = h(Ky) N Ky;

if h(K)) N h(K,) # 0, then

I(K)) = HKy);
if (K,) = HK,), then

p-diam (h(K;) U h(K;)) < €
if A is a directed set and {K, : o € A} is a decreasing net of nonempty
compact sets with
K=(YKy: @ €A}

then for some o € A,

ﬂ(KB) = HK),
for all B beyond a in A;

if F is any upper semi-continuous set-valued function, from a metric
space X to Z, taking only nonempty compact values, the sets

X0 ={x:HFx)=106, 60,

form a disjoint discretely o-decomposable family of F ,-sets.
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Proof. Since Z is o-fragmented by p using closed sets, given € > 0, we can
write

with Zy = 0, and for n = 1, Z, a closed set with the property that each non-
empty subset contains a nonempty relatively open subset of diameter less than
€. Except in the trivial case when Z is finite we may suppose that Z,\Z,_; is
nonempty for each n = 1. For each n = 1 we apply Lemma 4.2 to the set

D, =Z,\Z,,
and choose a disjoint family
{B(n,y): 0=y <Tm}
of F,-sets in Z with the following properties:

(o) the union

UBn.p :0=p= 1

is relatively open in D, for 0 =< y < TI'(n);
(B) B(n,y) is nonempty with
p-diamclB(n,y) < €
for 0 = y<T(n);

(» JBny:0=y<Tm}=D,.
We write

R(n,y) = D\|JIB(.B) : 0 = B < 4}.

Since
UBn.p:0=p< %= U{U{B(n,a):OS a=p:0=8< 'y},
the set R(n, ) is relatively closed in D, = Z,\Z,_,. Since Z, is closed, the set
S(n,y) = clR(n,y)
is a closed subset of Z, and

R(”? ’Y) = S(n’ 7)\Zi—l .
Note that, since the sets R(n, y) decrease as 7y increases, so do the sets S(n, y).
For 0 = y+ 1 < TI'(n), we write
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T(n,y)=2,,USMmn,v+1).
We remark that, eventually, after a change of notation, the family
{Sn,y):0=y<T(n), 1 =n}
will become the family
{S(6): 0 € B}
We now introduce a function y on XK, with values of the form
X(K) = (n(K), 9K),
with
0=vK) <TK)), 1=nK).
We define n(K) to be the least integer n such that
KNZz,#0.
Then n(K) = 1 and
KN Zyx-1 =0.

For the rest of this paragraph, we give n the fixed value n(K). For
0 = y <TI'(n), we have

KN (D,,\U{B(n, B):0=B< 'y}) =K N R, y)
=KN (S(I’l, y)\Zn—l)

=K N S(n,y),
since K N Z,_; = 0. Thus
KNSy, 0=vy<I(n),
is a decreasing sequence of compact sets and

n{K NSn,y):0=y<Tm}=KN(D\B®nvy:0=y<Tn}

=0.
Hence, for some vy, 0 = y < I'(n), we have
KN Sn,vy) =0.

There will be a least ordinal vy with this property. If y were a limit ordinal, then
the sequence

KNSn,p), 0=p<y,
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would be a decreasing sequence of nonempty compact sets with empty inter-
section. Thus there is an ordinal y(K), say, with 1 = y(K)+ 1 <T,

K N S(n(K), y(K)) # 0,

K N S(n(K), vK)+ 1) = 0.
We define y so that y(K) has the value
X(K) = (n(K), y(K)).
Note that we have chosen n(K), ¥(K) so that
KN Zyx- =0,

KNSmK),vK)+1)=40,

K N S(n(K), ¥(K)) # 0.
Writing
T(n,y) =2, USn,y+1)
we note that n(K), y(K) satisfy
K N T(n(K), K)) =0,

K N S(n(K), y(K)) # 0.
Now, if 1 =n*, 1 =" <T'(n"), and
KNTx,y) =0,

KNSH*,v*) #0,
we show that we must have n* = n(K), ¥* = ¥(K). Since

T(n*5 7*) 2 Zn*—lﬁ

S(n*,v*) C Z,,
we have
KNZe =0, KNZ. #0,
ensuring that n* = n(K). Then
KNS@E*, v+ 1) =0, KNSH* v)+#0,
ensuring that v* = y(K).
We now define a function / from XK, to XK, by taking
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h(K) = K N S(n(K), y(K)).

(We regard h both as a point-valued function from the space XK, to the space
J(p and also as a set-valued function from .’Kp to Z.) By the choice of n(K),
Y(K), the set h(K) is always a nonempty compact set in Z. Further, since

K C Z\Z k-1

KNSnK), vK)+1)=40,
we have

h(K) = K N S(n(K), ¥(K))
= K N ((S((K), K)\Zys,-1)\(S(K), NK) + D\Z, 1))
= K N (R(K), Y(K)\R(n(K), yK) + 1))

= K N B(n(K), y(K)).

Since S(n(K), ¥(K)) is closed and B(n(K), y(K)) is of p-diameter less than e,
it follows that #(K) is a nonempty compact subset of K of p-diameter less than
€.

Now suppose that K; C K, and that A(K,) N K; # 0. Since K, C K,, we
have

n(K,) = n(K)).
If we had

n(K,) < n(K,),
then we would have

h(K>) C Zyk,)

Ky N Zyk, =0,
which would be impossible since h(K,) N K; #* @. Hence
n(Ky) = n(ky).
Now, since K; C K,, we have
YKy = AK).
If we had
YKp) < vK>),

then we would have
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h(Ky) C S(n(K,), Y(K>)),

K, N S(n(K,), yKy) + 1) =0,
and we would again have a contradiction. Thus we must have
YK = 1Ky).
Now

hK) =K N S(”(Kl), ’}’(Kl)),

h(K,) = K, N S(n(K,), Y(K}))
and K; C K, implies that
hKy) = (Ky) N K.

Further, if
hKy) N h(Ky) # 0,
then
B(n(K,), v(K1)) N B(n(Ky), Y(K7)) # 0,

so that

(n(Kl)’ Y(Kl)) = (n(K2), V(Kz))-
Finally, if

(n(Kl)» YK, )) = (n(Kz), V(Kz)),
then

hKy) U h(Ky)
is contained in
B(n(K,), Y(K5)),

and so has p-diameter less than e.
Now let A be any directed set and consider a decreasing net{K, : « € A} of
nonempty compact sets in Z with intersection

K =)k, : a € A}.
Since
K N S(n(K), y(K)) # 9,
we have

K, N S((K), yK)) # 0
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for each « in A. In particular,

KoNZygy=9
for each « in A. We also have

KNZg- =9.

Since {K, N Z,x)-1 : @ € A} is a decreasing net of compact sets with inter-
section

KNZg-1 =9,
there must be some « in A with
Ky N Zygy— = 0.
Hence
Kg N Zyg-1 =0
and
n(Kg) = n(K)
for all B beyond « in A. Since
K N T(n(K), (K)) = 0,
we have
K N S(n(K), vK)+ 1) = 0.
As before, by considering the directed subfamily
{Kg N S((K), WK)+1): B> a, B E A},
we can choose 8 beyond «, so that
Ks N S(n(K), yK)+1)=0
and
YKs) = ¥K)
for all 6 beyond B in A. Thus
X(K5) = x(K) = (n(K), ¥(K))

for all 6 beyond 3 in A.

Now consider any upper semi-continuous set-valued function F, from a
metric space X to Z, taking only nonempty compact values. We define a family
of sets

X(n,y):1=n, 0=y<T®m}
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in X by taking
X(n,y) = {x : x(F(x)) = (n, p)}.

These sets are all disjoint. We consider separately the countable sequence of
families

X(n,y):0=y<T(m}, n=1
For fixed n and 0 = y < I'(x), we have
X(n,y)

={x:F(x)NSn,y) # 0 and F(x) N\ T(n,y) = 0}
={x:F(x)NS(n,vy) #0, Fx)NZ,_;, =0 and F(x) N S(n,y+ 1) = 0}

= {x: F0) N Z,y = 0} N (G(n, y+ D\G(n, ),
where we write
G(n,B) = {x : F(x) N S(n, B) = 0}

for 0 = B < T Since S(n, B) is closed and F is upper semi-continuous, each
set

G(n,B), 0=B<T,
is an open set in X. When f3 is a successor ordinal, write

Y(n, B) = G(n, H\G(n, B— 1)

=G, B)\U{G(n, 8:0=05<p}
When S is a limit ordinal write

Y(n, B) = Gin. H\|J1G(n, 9 : 0 = 6 < )

={x: F(x) N Sn, B) = 0}\U{{x L F() NS, 8) =0}: 0= 8 < B,
Since F(x) N S(n, 6), 0 = 6 < B, is a decreasing sequence of compact sets,
Fx)yNSm,B) =0
implies that
Fx)NSn,6)=0

for some 8,0 = 6 < B. Hence Y(n, B) # @ when S is a limit ordinal. Now the
family

{Ym,B):0 =B <T'n}
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differs from the family
{G(n, y+ D\G(n,y): 0=y <T}

only by the inclusion of certain empty sets (those corresponding to limit
ordinals B). Since Y(n, 8) has the form

Y(n, B) = Gon, B\ J(G(n, ) : 0= 6 < B}

with the sets G(n, ) open in the metric space X, it follows, by Lemma 2.6, that
the family

{Y(n,B): 0 =B < T},
and so also the family
{G(n, y+ D\G(n,y): 0 = y<T},
are discretely o-decomposable families of F,-sets. Since
x:FoNnz,_, =0}
is open, it follows that the whole family
X(n,y) = {x: F®) N Z,-; = 0} N (Gn, y+ D\G(®n, ),

0= vy<TI(n), 1 =nis adisjoint discretely o-decomposable family of F -
sets.

It now remains to define the families and functions that we require in terms
of the families and functions that we have constructed. We take

O={0=(nv:0=y<T®m), 1=n}
and define
S(6) = S(n,y), with (n,y)=06.
The function & : K, — K, remains unchanged. We take
9(K) = (n(K), 1(K)).
It is easy to check that our requirements are satisfied. [

Proof of Theorem 4.5. For e =2"" and n=1,2,..., we use Lemma 4.3 to
construct an index set ®(n), a family

{5,(0) : 6 € O(m)}
of closed sets in Z, and functions

h, : K,— XK,
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9, : K, — On)
satisfying the following conditions:
(a) for each K in K, the set
ha(K) = K 015, (8,(K)
is nonempty and of p-diameter less than 27";
(b) if K; C K, and h,(K,) N K; # 0@, then
9,(Ky) = 9,(K3)
and

hn(Kl) = h,(K,) N K;;

© if hy(K;) O I, (Ky) # 0, then
D (K1) = 9,(Ky);

(d) if 9,(K,) =9,(K,), then
p-diam (h,(Ky) U h,(K;)) < 27"

(e) if A is a directed set and {K, : « € A} is a decreasing net of nonempty
compact sets with

K={YKy:a €A}
then for some a € A,
9,(Kp) = 9,(K)
for all B8 beyond « in A;

(f) if F is any upper semi-continuous set-valued function, from a metric
space X to Z, taking only nonempty compact values, the sets

X,(0) = {x: 9,(F(x) = 6}, 0 € On),
form a disjoint discretely o-decomposable family of F ,-sets.

It is convenient to write hy(K) = ko(K) = K, and to write ®(0) = {0} for the
set of empty sequences of length zero. For n = 1, let ®(n) denote the index set
consisting of all sequences

wn(K) = P15 P25 -5 Py
defined by
@ = Ok (K)), 1=i=n,

with
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ki(K) = hi(k—(K)), 1=i=n,
for some K in K,. Write
T(@,(K)) = S1(¢1) N Sy(@2) N+ N S, (@)
We verify that
ku(K) = K N T, (@,(K)).
To see this, note that

kn(K) = hy (K1 (K))
= k,—1 (K) N S, (8,,(k,—1 (K)))

= k1 (K) N S, (¢0))-
Applying this inductively
ky(K) = K (V81 (1) N S2(@2) N - N S, ()
=K N T,(@,(K)),
since ko(K) = K. Note that we defined functions
@, : K, — ®(n)
and
ky: K, — K,
with
kn(K) = hy © oy 0 0 By 0 By (K)
= K N T,(,(K)).
Now define the function
s: K,— XK,
by

S(K) = () k(K.
n=1

We verify that s(K) is a single point in Z, and that the corresponding function
s 1 K, — Z satisfies our requirements.
The condition (a) ensures that the sequence

K, k(K), ky(K), ...
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is a decreasing sequence of nonempty compact sets with p-diameter tending to
zero. Hence s(K) is a well-defined singleton contained in K, for each K in XK o
Thus (a) of Theorem 4.5 holds.

Suppose that K, K, are two sets of K, with

S(Kz) S Kl - Kz.

Then s(K,) € h(K5) so that K; C K, and /(K,) N K; # 0. By condition (b)
we have

91(Ky) = 91(K3) and hy(Ky) = h(Ky) N K.

Thus

s(K3) € hy(Ky) C hi(K>)
or

s(K3) € ki(Ky) C ki(K>).
Applying this argument inductively, we find that

8s(K>) € ky(Ky) C ky(K>)
for all n = 1. Hence

5(Ky) € [ ku(Ky) = {s(K)}.

n=1

Thus
s(Ky) = s(Ky)

and (b) of Theorem 4.5 holds.
Now suppose that K;, K, are sets of K, with

@,(Ky) = @,(K2) = @1, 2, ..., @y
Then
kn(K) = hy (k-1 (K)))
fori=1,2 and
O, (kym1 (K1) = 0 (ko1 (K2)) = @
By the condition (d),
p-diam (k,(K;) U k,(K;)) < 27"

Let A be any directed set and let {K,, : « € A} be a decreasing net of none-
mpty compact sets in Z with

K=K, : a €A}
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Let n = 1 be given. By the condition (e), there is an «; in A with
91(Kp) = 91(K)
for all B beyond «; in A. For all such 3, we have
ki(Kg) = Kg N T} (9(K)),

ki(K) = K N Ty(9,(K)).

Applying the same argument to the net
i(Kp): BEA, B> a} ={Ks N T\(91(K)): BEA, B> en}

of nonempty compact sets and the function /,, we obtain an a, > a; so that

(ki (Kg)) = (ki (K)
for all B beyond a, in A. After n steps, we obtain ¢, in A such that

@(Kp) = @,(K)
for all B beyond «,, in A. This ensures that
p-diam (k,(Kg) U ko, (K)) < 27"
for all B beyond «, in A. Thus
p(s(Kﬁ), s(K)) <2

for all Bbeyond «,, in A. This shows that s(K) converges to s(K) in Z with the
metric p, following the directed set A. So conclusion (¢) of Theorem 4.5
follows.

Let F be any upper semi-continuous set-valued function, from a metric
space X to Z, taking only nonempty compact values. We show that, for
each n = 1, the sets

o) ={x:o,(F) = ¢}, ¢€ D(n),

form a disjoint discretely o-decomposable family of F -sets in X. By the
result (f), this is true when n = 1. Suppose that it is true for some n = 1.
Consider any

Q= @1, P55 Py Py
in ®(n + 1). Then

Eo1(@) = {x: @, (FX) = ¢}

= {)C : an(F(X)) =@ | I’l} N {X : 19n-‘rl(kn(F(X)) = (Pn+1}
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= En(QD | I’l) N {.X : 19thl(F(x) N Tn(‘P | n)) = (anrl}-
On the set 5,(¢ | n) the set-valued function
Fx) N T,(¢ | n)

is upper semi-continuous and takes only nonempty compact values in Z. It
follows by condition (f) that, for each fixed y € P(n), the family

{Eii(@:p€Pn+1), ¢ln=x}

is a disjoint discretely o-decomposable family of F-sets in the space Z,(x),
considered relative to 5,(x). By Lemma 2.3, it follows that the family

B ¢ € P(n+ 1}

is a disjoint discretely o-decomposable family of F,-sets. We now show that
the family

{E.(¢): ¢ € D), n =1}

is a discretely o-decomposable family of F,-sets that forms a base for the
function

f=soF:X—(Zp).

Let G be any p-open set in Z; we show that f71(G) is the union of the sets
E,.(¢) that it contains. Consider any point x* in fN(G). Then
f(x*) =50 F(x*) € G. Choose n so large that the spherical ball with center
f(x*) and radius 27" is contained in G. Write ¢ = @(F(x")). Then

so F(x™) C k,l(F(x*)).
If x is any point of F,(¢), then ®@(F(x)) = ¢. By the result (d)
p-diam (k,(F(x)) U k,(F(x"))) < 2™.

Since
f&x™) =150 F(x*) C k,(F(x")),
we have
ky(F(x)) C G
and
Jx) =50 F(x) € k,(F(x)) CG.
Thus

x € FYG).
This shows that
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€ B, () CO).

So f_I(G) is the union of the sets 5,(¢), @ € ®P(n), n = 1, that it contains.
It now follows that f is a o-discrete function of the first Borel class.
If p has the e-neighborhood property, it follows from the definition of this
property, that the representation function

R:X,—Z,
given by
R(K) =K,

is an upper semi-continuous set-valued function, from X, to Z, taking only
nonempty compact values. By the result of the last paragraph, the selector

s=s5OoR

is a o-discrete function of the first Borel class from K pt0(Z,p). O

Proof of Theorem 4.2. The result follows immediately from Theorem 4.5 since
the metric p has the e-neighborhood property for the compact sets of (¥, p) and
(Y, p) is automatically fragmented by p. [

Proof of Theorems 4.3 and 4.4.The results follow immediately from Theorem
4.5 on using Lemma 4.1 and Theorem 2.1.

4.3 REMARKS

1. As we have already remarked, Theorem 4.4 is closely related to a result
of Ghoussoub, Maurey and Schachermayer [14]. Their result is less
general than Theorem 4.4 in that they need to assume that their space
is fragmented rather than o-fragmented by closed sets; it is more general
in that they are able to work with their concept of “a slice-upper semi
continuous multivalued map”. They also obtain selections from closed
bounded sets into certain types of their extreme points.

2. Ghoussoub, Maurey and Schachermayer [14, p. 489] state that a func-
tion between two topological spaces X and Y is Baire-1 if the inverse
image of every open subset of Y is an F,-set in X. Such a function
would more usually be called a function of the first Borel class; func-
tions of the first Baire class are usually defined as functions that are
pointwise limits of continuous functions. The two classes do not coin-
cide even when X and Y are both metric spaces (see Example 2.1 above).
This means that their paper needs to be read with this distinction in
mind. However, the two concepts are equivalent when X is a metric
space and Y is a convex subset of normed linear space.
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3. Many metric spaces can be expressed as the continuous image of the
positive real axis [0, o). It is easy to verify that the proof of Theorem 4.1
applies with minor modifications to the closed sets of any such space.

4. In the proof of the key Lemma 4.3 we make a partial selection by
combining the method of first choice, in fixing n(K), and the method
of deferred choice, in fixing ¥(K). It might be possible, and would
probably be more elegant, if the proof could be more closely modeled
on the proof of Theorem 4.1.

5. Ifin the proof of Theorem 4.1, the curve p : [0, 1] — Q is taken to be the
rather special Peano curve constructed relatively recently by Pach and
Rogers [65], it is easy to verify that the selector s for K satisfies the
following mysterious extra condition:

(d) if K is any closed set of XK, the set
K* =|J{s(H): H € K and H D K}

is a closed convex subset of Q that meets K just at the point s(K).
6. While we have not explicitly written the statements into the conclusions,
all the selectors in Theorems 4.2-4.5, being o-discrete and of the first
Borel class, will be such that their points of discontinuity are F ,-sets of

the first Baire category in X, just as in the theorems of Chapter 3.



This page intentionally left blank



Chapter 5

Applications

In this chapter we mainly use theorems that we have already established to
give results for a variety of set-valued maps that have geometric origins. In
particular we study subdifferentials, two sorts of attainment maps, metric
projections and continuous maps to a space of compact convex sets. For
these purposes we study maximal monotone maps. We also give results that
act as partial converses to Theorems 3.2 and 3.3.

A set-valued map F from a Banach space X to its dual space X™ is said to be
a monotone map if

G — x5, x5 —x1)=0
for all choices of x;, x|, x5, x5 with
xi € F(x)) and x5 € F(x,).
Here we allow F to take the value 0; we use
D(F) = {x: F(x) # 0}

to denote the domain of F. A set-valued map F from X to X* is said to be a
maximal monotone map, if it is a monotone map and it has a graph

Gr(F) = | Jilx} x F(x) : x € X}

that is a proper subset of the graph of no monotone map from X to X*.
Suppose that

Fix) = |JIF,(n: 0= y<T}

for all x in X, with {F y:0=y< I'} a transfinite sequence of monotone maps
with increasing graphs. If

x{ € F(x)) and x5 € F(x,),
then for some v, 0 =< y < T, we have

x; € F(x)) and x5 € F,(xy),
so that

(r, = x1,05 —x,) = 0.
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Thus F is necessarily a monotone map whose graph includes the graphs of all
the maps F,, 0 = y < I'. It follows by Zorn’s lemma that every monotone map
from X to X* has a graph that is contained in the graph of some maximal
monotone map from X to X*.

In Section 5.1 we develop some of the known properties of maximal mono-
tone maps (see Theorem 5.9) and prove the following selection result.

Theorem 5.1 Let X be a Banach space with dual space X*. Suppose that
each weak™ compact set in X* is weak™ fragmented. Let H be a maximal
monotone map from X to X*. Let D be the domain of H and let Dy be the
interior of D. Let Uy be the set of points of Dy at which H is point-valued and
norm upper semi-continuous.

Then U, is a dense Ggs-subset of Dy,

The map H has a selector h from D to (X", norm) that is of the first Baire
class.

For each selector f for H from Dy to (X*,norm), of any kind, the set of
points where f is norm continuous coincides with Uj,.

It is convenient to introduce the extended real line R, = R U {+oo},
topologized by taking the intervals of the form (#,4o0] as a base for the
neighborhoods of the point +-00. When X is a Banach space and f is a contin-
uous convex function from X to R, the subdifferential D, f of f at a point x of
X is defined to be the set of elements x* of X™ satisfying the condition

F@) +u,x™) = f(x +u)

for all u in X. Except when f only takes the value +oo, this subdifferential Dy
turns out to be a maximal monotone map. We verify this in Section 5.2 and
then prove the following theorem.

Theorem 5.2 Let X be a Banach space with dual space X*.

If each weak™ compact subset of X* is weak™ fragmented, then the sub-
differential map Dy corresponding to each continuous convex function from X
to R, that is not identically +0, has a selector of the first norm Baire class
on the domain D of Dy and so is continuous at all points of a Gs-set dense in D.
If the subdifferential map of each continuous convex function from X to R has
a selector that is norm continuous at all points of a Gs-set dense in X, then X is
an Asplund space.

Since the subdifferential map Dy of a continuous convex function from X to
R is necessarily a weak™ upper semi-continuous set-valued map taking only
nonempty weak” compact convex values, the second part of this theorem,
taken with the fact that the weak™ compact subsets of the dual of an Asplund
space are weak”™ fragmented, provides a strong converse to Theorem 3.3.
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Let K be a nonempty weakly compact set in a Banach space X with dual
space X*. The attainment map from X" to K is defined to be the set-valued
map Fy : X* — K, with

Fx(x")={x € K : {x,x") = sup{{k,x") : k € K}

for all x* in X*. In Section 5.3, we discuss such maps and obtain the following
theorem.

Theorem 5.3 Let K be a nonempty weakly compact set in a Banach space X
with dual space X*. Let Fx : X* — K be the attainment map for K. Let U be
the set of points of X* at which Fy is point-valued and norm upper semi-
continuous. Then U* is a dense Gs-set in X*.

The map Fx has a selector f of the first norm Baire class. Further, for each
selector g for Fg the set of points where g is norm continuous coincides with
U

Let K be a nonempty weak™ compact set in the dual X* of a Banach space X.
The attainment map from X to K is defined to be the set-valued map
Fy : X — K, with

Fr(x) ={x" € K : {x,x") = sup{(x, k") : k* € K}

for all x in X. We study such maps in Section 5.4, and we prove the following
theorem (see Jayne, Orihuela , Pallarés and Vera [41, Proposition 25, p. 268]).

Theorem 5.4 Let K be a nonempty weak™ compact set in the dual X* of a
Banach space X. Let Fy : X — K be the attainment map from X to K. Then Fy
is a weak™ upper semi-continuous map from X to K taking only nonempty
weak™ compact values.

If K is convex and weak”™ fragmented by the norm on X*, then Fy has a
selector f : X — (K, norm) that is of the first Baire class.

In the case when K is the unit ball of X*, this selector has been called the
Jayne—-Rogers selector and has been generalized by Deville, Godefroy and
Zizler [7, p. 18 et seq.].

In Chapter 7 we discuss in some detail a partial converse to Theorem 5.4.

Let K be a nonempty set in a Banach space X. For each x in X, we write

p(x) = inf{|lx — k|| : k € K}
and
F@x)={k: |lk—x|| = p(x) and k € K}.

The set-valued map F is called the nearest point map of K or the metric
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projection onto K. This map has been much studied, see Kenderov [45] and
references given there. We prove two simple results in Section 5.5.

Theorem 5.5 Let K be a nonempty compact set in a Banach space X. Then
the nearest point map F from X to K is weakly upper semi-continuous with
nonempty weakly compact values, and so has a selector f : X — (K, norm) of
the first Baire class. If the norm on X is strictly convex, then F is a minimal
weakly upper semi-continuous map with nonempty weakly compact values,
and F is point-valued and norm upper semi-continuous at the points of a dense
Gs-subset of X.

Theorem 5.6 Let K be a nonempty weak™ closed set in a dual Banach space
X" and suppose that K is weak™ fragmented. Then the nearest point map F
from X* to K is weak™ upper semi-continuous with nonempty weak”™ compact
values, and so has a selector f : X* — (K, norm) of the first Baire class. If the
norm on X* is strictly convex, then F is a minimal weak™ upper semi-contin-
uous map with nonempty weak™ compact values, and F is point-valued and
norm upper semi-continuous at the points of a dense Gg-subset of X.

So far, we have been content to obtain selectors of the first Baire class that
are pointwise limits of continuous functions without obtaining any effective
control of the continuous functions tending to the selector. When the set-
valued map takes as values subsets of a fixed convex set in a Banach space,
we can ensure that the continuous functions converging to the selector also
take their values in the convex set (see Theorem 1.4 and the last clause of
Theorem 2.1). In Section 5.6 we study a more complicated situation. We prove
two theorems that can be regarded as parameterized versions of Theorems 5.5
and 5.3.

Theorem 5.7 Let X be a metric space and let Y be a Banach space that is o-
fragmented. Let H be a set-valued map from X to Y with nonempty weakly
compact convex values, and suppose that H is a continuous map from X to the
space of nonempty bounded norm closed sets in Y taken with the Hausdorff
metric. Let m be a continuous function from X to Y. For each x in X, write

p() = inf{llh = no)ll : h € Hx)}
and
Foy={y € H: |ly—nll = p(x)}
Then F has a selector f that is the pointwise limit of a sequence {h,} of

continuous selectors for H.

Theorem 5.8 Let X be a Banach space and let Y be a Banach space that is
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o-fragmented with dual space Y*. Let H be a set-valued map from X to Y with
nonempty weakly compact convex values, and suppose that H is a continuous
map from X to the space of nonempty bounded norm closed sets in Y taken
with the Hausdorff metric. Let n* be a continuous function from X to Y*. For
each x in X write

F(x)={y € H) : {y,n" () = sup{(h, n"(x)) : h € H()}}.

Then F has a selector f that is the pointwise limit of a sequence {h,} of
continuous selectors for H.

These theorems may perhaps have some practical significance. Consider
Theorem 5.7 in the light of the following circumstances. Suppose that the
operations of a firm depend on the position of a point x in a parameter space X
and that the firm has no control of the position x in X. Suppose that for each x
in X the operation of the firm can be specified by the choice of a point y in a
Banach space Y, but that, for various practical reasons, y has to be chosen from
anonempty convex weakly compact set H(x). Suppose that, for optimality, for
a given value of x, the point y needs to be chosen from H(x) to minimize a
continuous real-valued function, say {y,y"(x)), with y*(x) in Y*. We suppose
that the firm seeks a strategy for its operations in the form of a map

h:X—Y,
with
h(x) € Hx), forxe€X,

with & continuous, since the firm wishes to avoid disconcerting discontinuities
in its operations, and with % in some sense nearly optimal. Under the condi-
tions of Theorem 5.7, possible solutions are provided by the functions #,,
n=1,2,.... To find a good choice, further investigation would be necessary.
Naturally there has to be a trade-off between the approach of the solution /4 to
the “optimal” solution f and the rate of variation of & with x.

5.1 MONOTONE MAPS AND MAXIMAL MONOTONE MAPS

In this section we develop the parts of the theory of monotone maps and of
maximal monotone maps that we need. For a more extensive account of this
interesting theory, see [58].

We then prove the selection theorem, Theorem 5.1, stated in the introduc-
tion of this chapter.

In the main introduction to this chapter, we have already defined the mono-
tone maps and the maximal monotone maps from a Banach space X to its dual
space X", and have noted that the graph of a monotone map is always included
in the graph of a maximal monotone map. We remark that if ' is a monotone
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map from X to X*, then the values of F corresponding to distinct points x;, X,
in X are “almost separated” in the following way. For any x{ in F(x;) and any
x; in F(x;), we have

(o —x1,5 —x7) = 0,
so that
(e = xp,27) = (v — x1,x7)
and
sup{(x, —x;,x*) : x* € F(x)} = inf{{x, —x,,x") : x* € F(x,)}.

Usually one has strict inequality, in this last inequality, for many pairs x;, x,.
We say that a monotone map F is locally bounded on an open set G in X if
each point g of G has an open neighborhood N(g) with ||f(N(g))ll, defined by

IFN @)l = supfllx*|l : x* € F(N(g)}

finite. Monotone maps that are nowhere locally bounded do exist (see Exam-
ple 5.1 below), but they are more difficult to handle. We now give a criterion
that ensures that a monotone map is bounded on an open set.

Lemma 5.1 Let F be a monotone map from a Banach space X to its dual
space X*. For r > 0, write

F.(x) = F(x) N (rB")
for all x in X. If the domain of F, is dense in an open set G, then

IF@GI =r.

Proof. We suppose that there are points & &* satisfying
§EG, &£ EFO, IEl>r
and we seek a contradiction. We first choose an integer n so large that

n+1
n—1

€1l >

r’

and then choose € > 0 so small that
(n+ Dr

n—1-—

€l >

Since & # 0, we can choose 1 in X with

Il =1, (n&NEM>1-€
Consider the set C(6) of all points x with
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llx = &—nénll <3,
with 6 > 0. Then C(J) is an open set contained in the set

llx =&l < (n+ D3.
Since ¢ € G, we can choose 6 > 0 so small that

C(6) CG.
Since the domain of F, is dense in G, we can choose ¢ and {* with
(ECO®), eEFO, IIl=r
Then
lg—=&é=ndmll <8, [[{=€l <®n+Dd.
Since F' is a monotone map, we have
0=({-&0-8)=-&60)—({—é—ndn, &) —(ndn, &)
<+ DAL |+ BlIE | - nd(1 - O

(n+Dr
n—1—ne

< (n—l—ne)a[ ||§*||] <0

by the choice of n and e. This contradiction proves the lemma. [
Corollary 5.1 If G is an open set contained in the domain of a monotone

map F, then
sup{sup{llx*|| : x* € F(x)} : x € G} = sup{inf{|[x*|| : x* € F(x)} : x € G}.

To verify this corollary note that, if
sup{inf{|[x*|| : x* € F(x)} : x € G} = r,

then, for each € > 0, the domain of F, _(x) = F(x) N (r + €)B” includes G, so
that [|F(G)|| = r + eand [|[F(G)|| = r.

The next lemma gives information about the values taken by a maximal
monotone map.

Lemma 5.2 Let H be a maximal monotone map from a Banach space X to
X*. Then H(x) is weak” closed and convex (and perhaps empty) for each x in
X.

Proof. Fix x, in the domain of H and suppose that x], x5 are points of H(x).
Then for each choice of & & with

(EX, & EHO,
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we have

(f_XOa g* _xr) = 0,

(=xp, & —x3) =0,
so that
(E—x0, & —{1=0x] + 01 H=0
for 0 = 6 = 1. As H is a maximal monotone map, we must have
(1= 0x] + 6x; € H(xy)

for 0 = 6 = 1. Hence H(x,) is convex.
Now consider any point x; in the weak™ closure of H(x,). For each choice
of & & with

EEX, & EH®,
and each choice of € > 0, the set of points x* with
(€= x0,x" —xg) = —€
is a weak™ neighborhood of x, and so contains a point, x; in H(x,). Hence
(€= x0.xc —x0) = —e€
and as x} € H(xy),
(=x0, & —x) = 0.
Thus
(§—x0. € —xp) = —e€
for € > 0, so that
(6—x0, & —x5) = 0.
Since this holds for all choices of & & and H is a maximal monotone map, we
must have x5 € H(x,). Hence H(x,) is weak™ closed, as well as convex. [J
Theorem 5.9 Let H be a maximal monotone map from a Banach space X to
X*. For each r > 0, write
H,.(x) = H(x) N (rB¥)

for x € X. Then the domain D(H,) is closed and H, takes only nonempty weak”*
compact convex values and is weak™ upper semi-continuous on D(H,).

If H has a selector h that is norm continuous at an interior point xq of D(H),
then H(xy) reduces to a single point and H is norm upper semi-continuous at
Xp-
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Proof. We prove that the graph
GH,) ={(x,x"): x € X and x* € H,(x)}

of H, is closed in X X (X*, weak™). Let (& £°) be a point in the closure of this
graph. Then ||£*|| = r. Consider any pair (£, /") of points with

[EX, [ EHW.

Let € > 0 be given and write
1
§—__2¢
N1l +r
The set of points (x,x*) with

= dl < 6.(0- 68 —x) <@- 68 = £) 4 3¢

is a neighborhood of (& £*) in X X (X*, weak™). So we can choose a point in
the neighborhood, say (9, n*). Then

lln— &l <8,
<§—§?—nﬂ<xz—af—gﬂ+%e

and

n* € Hn), lIn*ll=r.

Further, as H is a monotone map,
Thus

1
-6 -8)>U-60 —n") e
1
=(§—n,§*—n*)+(n—§,£*—n*)—§e
= llm— &l - 'l -
==&l —n 5 €

* 1
= =8¢l + 1} - Je= e

Since € may be arbitrarily small, we must have

(=& -¢)=0
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for all choices of £, £* with {* € H({). Since H is a maximal monotone map,
we must have & € H(£) and so also £ € H,(§). Thus the graph G(H,) is
closed in X X (X*, weak™).

Now D(H,) is the projection onto X of the closed set G(H,) through the
weak” compact set rB*. Hence D(H,) is closed in X.

By Lemma 5.2, each set H(x), x € X, is weak” closed and convex. Since
rB* is weak” compact and convex, so is

H,(x) = H(x) N (rBY)

for each x in X.
Now consider any weak ™ closed set J in X*. The set H ' (J) is the projection
on X of the closed set

(X xJ) N G(H,)

through the weak™ compact set #B* and so is closed in X. Hence H, is weak™
upper semi-continuous on its closed domain D(H,) and so also on X.

Finally, suppose that H has a selector A that is norm continuous at an interior
point x of D(H). Let € > 0 be given. Then we can choose 6 > 0 so that all
points x with

llx —xoll < &
lie in D(H) and satisfy
l17(x) = h(xp)ll < e
Note that the set function K defined by
K(x) = H(x) — h(xo)

={x* —h(xy) : x* € Hx)}

is a maximal monotone map from X to X*, with domain D(H). Further, the
open ball B(xy, 6) is contained in the domain D(K,) of the reduced map K,
defined by

K (x) = K(x) N (eB”)
for all x in X. By Lemma 5.1,
IK(B(xo, O)II = €
and so
™ = h(xpll = €
for all pairs x, x* with

lx—xll =6, x* € Hx).
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Since € may be arbitrarily small, this implies that H(x,) = {h(x;)} and that H is
norm upper semi-continuous at x,. Further, the rate of the semi-convergence
of H to H(xy) is controlled by the rate at which A& converges to h(xy). More
precisely, for all sufficiently small 6 > 0,

sup{llx™ = h(xp)ll : x* € H(x) and [|lx — x|l < &}
= sup{||(x) = h(xp)|l = llx — x0ll < 8}

Proof of Theorem 5.1. Let H be a maximal monotone map from the Banach
space X to its dual X*, all of whose weak™ compact sets are weak* fragmented.
For each r > 0, write

H,.(x) = H(x) N (rB¥)
for all x in X. Then

D = D(H) = | D(H,),
r=1
and D is an F;-set in X, by Theorem 5.9. Further, each map H, is a weak”*
upper semi-continuous map from X to X* taking only nonempty weak®
compact convex values on its closed domain D(H,). By Theorem 3.3, H,
has a selector, say h,, on D(H,) that is o-discrete and of the first Borel class
as a map from D(H,) to (X*, norm). Now define a function / on D by taking

h(x) = hi(x), if x € D(H)),

h(x) = h,, if x € D(H,)\D(H,_,) and r = 2.

Now # is a selector for H on D that is o-discrete and of the first Borel class.
Hence, by Theorem 2.1, & is of the first Baire class on D.

Now assume that the set Dy of interior points of D is nonempty, and
consider the restriction of & to D,. Since D, is a completely metrizable
space, the set V,, where h is norm continuous is a dense Gs-subset of D,.
By Theorem 5.9, H is point-valued and norm upper semi-continuous at each
point of V;,. Thus V, C U,. Conversely, at each point of Uy, H is point-valued
and norm upper semi-continuous, forcing 4 to be norm continuous. Thus U,
coincides with V, and is a dense Gs-subset of Dj,.

If f is any selector for H, of any kind, on Dy, the same argument shows that
the set of points of Dy where f is norm continuous coincides with U,. O

5.2 SUBDIFFERENTIAL MAPS

In this section we verify that the subdifferential maps of continuous convex
functions from a Banach space X to R,,, that are not identically infinite, are
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maximal monotone maps from X to X*. We then deduce Theorem 5.2 as a
consequence of Theorem 5.1.

We first prove the following lemma giving the properties of subdifferential
maps that we shall need to use.

Lemma 5.3 Let f be a continuous convex function, from a Banach space X
to R, that is finite at at least one point of X. Let D be the set of points x of X
for which f(x) is finite. Then D is an open convex set in X. The subdifferential
map Dy of f is a maximal monotone map from X to X * with D as its domain
of definition.

Proof. Since f is convex the set D of points x with f(x) < 400 is convex. Since
f is continuous to R, the set D is open.

Fix a point a in X with f(a) < +o0. Itis clear that if £ & D, then f(&) = +o0,
and we cannot find any £ in X* satisfying

[O+a-&&) = f.

Thus ¢ is not in the domain of D;. However, if £ € D, then f(x) is less than
f(& + 1 for all x in an open set, G say, contained in D. Now the epigraph, A
say, of f in X X R contains the nonempty open set G X (f(x) 4+ 1, +0). Now
(x,f(x) — €) does not belong to A when € > 0. Thus (x,f(x)) is a point on the
boundary of the convex set A in X X R. Now X X R is a Banach space. By the
Hahn-Banach theorem there is a linear functional, say €, on X X R, such that

L(&,1) = L(x.f(x))

for all points (&, ¢) in A. Now the general linear functional on X X R takes the
form

(e, 0), (", 1) = e, x™) + 117,
with (x*, ") in X* X R. Thus, for some £ in X* and some * € R, we have
0+ = E)V+H T
for (y,t) in A. In particular, the points (x, f(x) + p), p = 0, belong to A so that
pT =0.
Hence ™ = 0. The possibility that 7* = 0 is excluded, since we cannot have

0,8 = ¢&)

for all y in D because x is an interior point of D. Thus 7° must be negative, and
dividing our inequality by —7* and taking ¢ = f(y), we have

O, EN=TN—f) = {x, EN=T)—f(x)

or
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JO+=x,EM=T)N=f0)

for all y in D. This also holds when y & D and f(y) = +o00. Thus &/(—7")
belongs to D.f, and x belongs to the domain of D;. Hence the domain of Dy
coincides with D.

Now, if & ¢ belong to D and

EEDS, " €Dy,

we have

fO+E-EE) =1
and

FQQ+E-L) = 1O,
so that

({-&0-&)=—--8)-E-L =0
Thus Dy is a monotone map from X to X *.

Following Minty [58, Theorem 2], we show that Dy is a maximal monotone
map from X to X*. We suppose that £ € X and that ¢&* & D f, and seek to
prove that (& &) can lie in the graph of no monotone map whose graph
contains that of Dy. We need to consider two cases.

Case (a) Suppose that £ € D. Since & & Dy f, there is some u in X with
fO+ W, &) > f(¢+u).

This implies that £+ u € D. Consider the real-valued function
Q1) = f(&+ 1) — f(§) — Ku, £7)

for t € [0, 1]. Clearly ¢ is convex. Also ¢(0) = 0, ¢(1) < 0. Now ¢ has left
and right derivatives for each ¢ in [0, 1]. The right derivative ¢, is nondecreas-
ing and

() = jo ¢(s)ds.

Hence we can choose f; with 0 < ¢, <1 and ¢.(f) < 0. Since 7= &£+ tju
belongs to Dy, we can find 7" in D, f satisfying

f(O+@, 7)Y =f(r+v)
for all v in X. Taking v = (¢ — #;)u we obtain

fO+ (7= 7 )u, 7°) = f(r+ (t — t)u)
= f(é+ )
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for all real ¢, so that

(1) = @(t)) = f(E+ tu) = f(E+ tju) — (1 — t; Xu, £)

=(t—1)u, v = &)
Since ¢(t;) < 0, this implies that
(u, 7" =€) <0,
so that
(=& =) =17 -£)<0
and (&, £*) can be in the graph of no monotone map whose graph contains the

point (7, 7") in the graph of D;.

Case (b) Suppose that £ € D. Choose any point £ in D and write u = £ — (.
The line segment {4 ut, 0 = ¢ = 1 passes from the point {in D to the point &
not in D. Since D is convex and open, we can choose t;, 0 < t; = 1, so that
{ + tu lies on the boundary of D. Then f({ + tju) = +o0 and f({ + tu) tends
to 400 as t tends to #; from below. Since the function ¢(r) = f({+ tu) is
convex on [0, #;) we can choose 7, with 0 <7, <f; =1 and

Fo(tr) > (. £).
Write 7= ¢+ t,u and choose 7 in D.f. Then for all € > 0,
f(D +(—eu, ) = f(7— eu),
so that
@ty — &) — @lty) = f(1— ew) — f(1) = —€u, 7°)
for € > 0. Thus

lim w = (u, T*)

0" —€
and
(u, &) < @plty) = {u, 7).
Now
W, & -7)<0
and

¢-n&-T)=0-)u & 1)
<.
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Again we conclude that (£, £) can be in the graph of no monotone map from X
to X* whose graph includes the point (7, 7°) in the graph of D;.

Taking Cases (a) and (b) together we conclude that Dy is a maximal mono-
tone map from X to X*. O

Proof of Theorem 5.2. We first suppose that each weak™ compact subset of X*
is weak” fragmented. Let Dy be the subdifferential map of a continuous
convex function, from X to R, that is finite for at least one point of X. Let
D be the set of all points x where f(x) is finite. By Lemma 5.3, D is an open
convex set in X, and the subdifferential map D, is a maximal monotone map
from X to X* with D as its domain.

By Theorem 5.1, the map Dy has a selector, & say, that is of the first Baire
class, as a map from D to (X", norm), and is norm continuous at the points of a
Gs-set, say Dy, that is dense in D. This proves the first assertion of Theorem
5.2.

We now drop the assumption that the weak”™ compact subsets of X* are
weak " fragmented. We assume that the subdifferential map of each continuous
convex function from X to R has a selector that is norm continuous at all points
of a dense Gs-set in X. Consider any such continuous convex function f from
X to R. We need to prove that f is Fréchet differentiable at all points of a G4-
set dense in X. Using Lemma 5.3, the subdifferential map D, is a maximal
monotone map from X to X* with X as its domain. By our special assumption
we have a selector / for D; on X that is continuous at all points of some G-set,
say Dy, dense in X. By Theorem 5.9, the set-valued function Dy is point-valued
and norm upper semi-continuous at each point of D. Consider any point x, of
Dy, and any point x of X. By the subdifferential property,

fxo) 4 € — xo, h(xp)) = f(x),
F) + {xp — x, h(x)) = f(xo),

so that f(x) lies in the closed interval
[f(xo) 4 x = X, h(xp)). f (x9) + {x = X, h(x))]
of length
€ = xg, A(X) = h(x))|-
Thus
[ £Ce) = f (o) + € = x0, (x| = [ = X, 2x) = (xo))]

= |lx = xoll-lACx) = hCxo)l.

Since h(x) converges in norm to A(xy) as x converges to x,, the function f is
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Fréchet differentiable with derivative h(xy) at xo. Thus X is an Asplund
space. U

5.3 ATTAINMENT MAPS FROM X* TO X

In this section we give the proof of Theorem 5.3.

Proof of Theorem 5.3. Let K be a nonempty weakly compact set in the Banach
space X. The attainment map from X* to K is defined by

Fe(x™)={x € K: {x,x") = sup{{k,x*) : k € K}}

for all x* in X*. Since K is nonempty and weakly compact, we see that Fg (x")
is a nonempty weakly compact set, for each x* in X*. We regard X as a subset
of X** and prove that Fx is a monotone map from X* to X**. Let &, {* be
distinct points of X* and suppose that £ and £ are points with

EE Fr(&), (€ Fx(().
Then
(£, =sup{lk, &) : k E K} = (£, &),
and similarly
(G.0Y=(&0)
so that
(=08 -0V =@+ - =0

Thus F is a monotone map from X to X** that happens to take all its values
in X.

We now verify that Fx is a weakly upper semi-continuous map from
(X*,norm) to (X,weak) taking only nonempty weakly compact values.
Consider any & in X* and any weakly open set G in X containing Fg(&").
Since K\G is weakly compact, {x, &) attains its supremum over K\G at some
point & in K\G. Since & is not in Fg(&"), this supremum, g say, must be strictly
less than the value, p say, that {x, £*) takes on Fg(£*). Thus

(x,&Y=gq, forxin K\G,
and
(x,&)Y=p, forxin Fg(&).
Choose M so that
K C MB.
Then, provided
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x * pP—q
— < —
e - el <24

we have
23 * 1
|<.X,g )—<X,§ )| = g(p_Q)
for all x in K. Hence

L2 _
(x,5)55q+§p, for x in K\G,

and

" 1 2 .
(¢ )2§q+§17, for x in F(£").

Thus (x, ") cannot attain its supremum over K, which is at least %q + % p, at
any point of K\G. This implies that Fx({*) C G. Thus Fg is weakly upper
semi-continuous.

Now K, being weakly compact in X, is fragmented (see Namioka [60]). By
Theorem 3.2, it follows that the weakly upper semi-continuous map F, taking
only nonempty weakly compact values, has a selector, f say, of the first Baire
class from (X*,norm) to (X,norm), and f is norm to norm continuous on a
dense Gs-set U in X*.

As we have seen, Fg is a monotone map from X* to X**. Let H be a
maximal monotone map from X* to X** whose graph contains that of Fg.
Then f is a selector for H that is norm to norm continuous at each point of U*.
By Theorem 5.1, the set of points, where H is point-valued and norm to norm
upper semi-continuous, coincides with U*. This implies that Fg is point-
valued and norm to norm upper semi-continuous at each point of U*. On
the other hand, f has to be norm to norm continuous at each point where F
is point-valued and norm to norm upper semi-continuous. Now consider any
selector g for F. Then g is necessarily norm continuous at each point of U*.
Since g is also a selector for H, it follows, from the last part of Theorem 5.1,
that each point where g is norm continuous belongs to U*. [J

5.4 ATTAINMENT MAPS FROM X TO X*

In this section we give the proof of Theorem 5.4.

Proof of Theorem 5.4. Let K be a nonempty weak” compact set in the dual X*
of a Banach space X. The attainment map from X to K is defined by
Fr(x) ={x" € K: {x,x") = sup{(x, k") : k* € K}

for all x in X. The arguments used in the proof of Theorem 5.3 with the roles of
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X and X** taken over by X* and the role of X* taken over by X, show that F is
a monotone map from X to X*, with nonempty weak” compact values, and
that Fy is weak™ upper semi-continuous.

When K is convex and weak™ fragmented by the norm on X*, we can use
Theorem 3.3 to deduce that Fx has a selector f : X — (K, norm) that is of the
first Baire class. [

5.5 METRIC PROJECTIONS OR NEAREST POINT MAPS

In this section we prove Theorems 5.5 and 5.6.

Proof of Theorem 5.5. We first prove that the nearest point map F from the
Banach space X to its nonempty weakly compact set K is weakly upper semi-
continuous. Recall that

p(x) = inf{llx— k|| : k € K}
and
Fx) =1{k: |lx—k|l = p(x) and k € K}.
We also use B(&; r) to denote the closed ball
B ={x:llx—é&l =r}

Since

[ee)

F(x) = () K N B(x; p(x) + (1/n))

n=1

is the intersection of a decreasing sequence of nonempty weakly compact sets,
the set F'(x) is itself nonempty and weakly compact. Thus, for each x in X we
can choose a point k(x) in F(x). Then, for each &in X we have

p(&) = €= k@Il = 1E=xll + llx — kol

= [Ig=xll + p(x).
Thus p satisfies the Lipschitz condition
lp(& — p(o)l = [1&—xII.

This implies that B
F(&) C B(&p(9)

C B(& p(x) + l1E—xIl)

C B(x; p(x) + 2|1 = xl).
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Now consider any weakly open set G containing F(x). The sets
K N B(x; p(x) + (1/m)\G,
n = 1, are a decreasing sequence of weakly compact sets with intersection
F(x)\G = 0.
Hence at least one of these sets, say
K N B(x; p(x) + (1/m)\G,
is empty. Now, provided ||é — x|| < (1/2n), we have
F(§ C K N B(x; p(x) + 2[1€—xlI)

C K N B(x; p(x) + (1/n)) C G.

Thus F' is weakly upper semi-continuous at x, as required.

The weakly compact set K is automatically fragmented by the metric on X.
Applying Theorem 3.2, it follows that F has a selector f : X — (K, norm) that
is of the first Baire class.

Now suppose that the norm on X is strictly convex. We show that F is a
minimal weakly upper semi-continuous map with nonempty weakly compact
values. Consider any weakly upper semi-continuous map H from X to K,
taking only nonempty weakly compact values, with

H(x) C F(x)
for each x in X. Suppose that, for some x in X and some k in K we have
k€ F(x) and k& H(x).
Then
Ik —xll = p(x).
Consider the point
EN) =x+ Ak —x)
for 0 < A < 1. Clearly
p(EN) = [lk—{x + Ak — 0}l

= =Vllk=xll = (1 = Vpx).
If h is any point of K other than k£ we have

= xll = p(x).
Now

h—x=(h—&X\) + Atk —x).
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Since the norm is strictly convex we have
17— xll = Il — &Il + Allk — ]l
with strict inequality unless
h—=&A) = (h—x) = Ak —x)
is a positive scalar multiple of k — x, in which case & — x is a positive scalar
multiple of £ —x. So we have

I — &Ml = A — x[[ = Allk — x|
= p(x) — Ap(x)

= (1 =M)p(x) = p(&A)),

with strict inequality unless 4 — x is a positive scalar multiple of k£ — x. In both
cases we conclude that

lh = &Il > p(&A)).

Thus 4 does not belong to F(&(A)), and F(&(A)) reduces to the single point k.
Since

0 # H(&WN) C F(EW) = {k},

the set H(&(M)) also reduces to the point k. If we now let A tend to zero and use
the weak lower semi-continuity of H at x, we conclude that k € H(x). This
contradiction shows that F' is minimal.

We now apply Theorem 3.5, remembering that a Banach space is complete,
and obtain a dense Gs-set U in X, with F point-valued and norm upper semi-
continuous at each point of U. [J

Proof of Theorem 5.6. The proof follows the proof of Theorem 5.5 with a few
minor changes. [J

5.6 SOME SELECTIONS INTO FAMILIES OF CONVEX SETS

In this section we prove Theorems 5.7 and 5.8 obtaining them as consequences
of a more complicated theorem. We need to introduce a special type of joint
continuity.

If X is a topological space and (Y, p) is a metric space we say that a map
£ : X XY — R is jointly (a) continuous with respect to X and (b) uniformly
continuous on bounded sets with respect to' Y, if, given any € > 0, any x* in X
and any bounded set S in Y, there is a neighborhood N of x* in X and a § > 0,
with
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w(x’)’) _'e(X*7y*)| < €,

whenever x € N and y, y* in S satisfy p(y,y*) < 6.
We note that this condition is satisfied by the function

£(x,y) = lly = n@ll
under the conditions of Theorem 5.7, and by the function
L(x,y) = —y, 7" ()

under the conditions of Theorem 5.8. Further, in each of these cases, for each x
in X and each real ¢, the set of y satisfying

*

L(x,y)=t

is weakly closed in Y. Thus, in each case, €(x,") is a weakly lower semi-
continuous real-valued function.

We prove the following theorem, and deduce Theorems 5.7 and 5.8 directly
from it.

Theorem 5.10 Let X be a metric space and let Y be a Banach space that is
o-fragmented. Let H be a set-valued map from X to Y with nonempty convex
weakly compact values, and suppose that H is a continuous map from X to the
space of nonempty bounded norm closed sets in Y taken with the Hausdorff
metric.

Let £ : X XY — R be a map that is jointly (a) continuous with respect to X
and (b) uniformly continuous on bounded sets with respect to Y. Suppose
further that, for each x in X, £(x,") is lower semi-continuous as a real-valued
function on (Y, weak).

Write

m(x) = inf{l(x,y) : y € H(x)}

foreach xin X. Then it is possible to choose a sequence hy, h,, ... of continuous
selectors for H converging pointwise to a selector h for H satisfying

£(x, h(x)) = m(x)
for each x in X.
We prove three lemmas.
Lemma 54 Let Y be a Banach space. Let K be a weakly compact set

contained in a weakly open set G in Y. Then there is an € > 0 and a weakly
open set J with
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KCJCG
and with ||j — e|l = € whenever j € J and e & G.

Proof. Since K is a weakly compact subset of the weakly open set G,
there is a weak neighborhood U of the origin of Y such that K+ U C G
(see, e.g., Kelley and Namioka [44, Theorem 5.2 (vi), p. 35]). Choose € >
0 so that

BO;e) ={y: Iyl < ¢
is contained in %U. Then J =K —I—%U is weakly open and

1
J+B(O;6)CJ+§UCK+UCG.

The result follows. O

Lemma 5.5 Let X be a metric space and let Y be a Banach sphere. Let H be
a set-valued map from X to Y with nonempty weakly compact values and
suppose that H is a continuous function from X to the space of nonempty
bounded norm closed sets in Y taken with the Hausdorff metric.

Let £ : X XY — R be a map that is jointly (a) continuous with respect to X
and (b) uniformly continuous on bounded sets with respect to Y. Suppose
further that, for each x in X, £(x,") is lower semi-continuous as a real-valued
function on (Y, weak).

Write

m(x) = inf{€(x,y) : y € H(x)}
and
F(x) = Hx) N {y : £(x,y) = m(x)}

for each x in X.

Then m is a continuous real-valued function on X and F is a weakly upper
semi-continuous set-valued function from X to Y taking only nonempty weakly
compact values.

Proof. Since H(x) is nonempty and weakly compact and £(x,") is a weakly
lower semi-continuous real-valued function, the infimum m(x) of £(x,) over
H(x) is attained on H(x); let n(x) be some point of H(x) where this infimum is
attained. Note also that F(x) = H(x) N{y: £€(x,y) = m(x)} is weakly
compact.

We first prove that m is continuous on X. Let x* in X and € > 0 be given.
Then

H(x*) + B(0; 1)
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is bounded in Y. By the continuity property of £, we can choose a neighbor-
hood N, of x* and a 6 with 0 < & < 1, so that

(x,y) — €™, y")l <€

whenever x is in N; and y, y* are in H(x") + B(0; 1) and satisfy |ly — y*|| < &.
By the continuity of H in the Hausdorff metric, d say, we can choose a
neighborhood N, of x* such that

dH(x),Hx")) < 6

for all x in N,. Now, provided x € N; N N,, for each y in H(x) there is a y* in
H(x™) with |ly —y*|| < 8, so that

2(%)’) = ’e(-X*’y*)_ €

= m(x*)— e
Hence m(x) = m(x*) — €, when x € N; N N,. Further, when x € N; N N,,
there will be an 1 in H(x) with || — n(x")|| < 8, so that

m(x) = £(x, )
=L, nx") +e

=mix")+ e
Thus m is continuous on X.

It remains to prove that F is weakly upper semi-continuous. Let x* be any
point of X and let G be any weakly open set in Y that contains F(x*). We need
to show that F(x) C G for all x in a suitable neighborhood of x*. We suppose
that this is not the case and we seek a contradiction. Then, for each neighbor-
hood N of x*, there is a point x(N) in N with

Fx(N)\G # 0.
By Lemma 5.4, we can choose € > 0 and a weakly open set J with
Fx")CJCG

and with ||j — el|, for all points j in J and e not in G.
By the continuity property of £, for each n = 1, we can choose 8, with 0 <
0, < € and a neighborhood N,(ll) of x* with

1€ (x,y) =L x*,y")| < 1/n,

whenever x is in NV and y, y* are in H(x*) + B(0; 1) with [ly = y*|| < §,.
By the continuity of H we can choose a neighborhood N'» of x* with

d(H(x), H(x")) < §,

for all x in N,(,Z).
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By the continuity of m, we can choose a neighborhood NP of x* such that
[m(x) — m(x*)| < 1/n

for all x in N,(f).
Using our supposition concerning the neighborhoods N of x*, for each n =
1, we can choose x, in N, = N,gl) N N,(lz) N N,(f) and y, in Y with

Yo € Flx)),  yu & G.
Since x,, € N,(lz), we can choose z,, in H(x") with
llzy = yall = d(H(x,), Hx")) < 8, < e.
Since y, & G, it follows from our choice of J, that
7z, & J.

Since x, € NV and z, and y, belong to H(x*)+ B(0;1) and satisfy
Iz, — yull < 8,, we have

L(x*, z,) = L(x,,y,) + 1/n.
Since y, € F(x,) and x,, € N,(f), this yields
L(x*,z,) = m(x,) + 1/n

= m(x") + 2/n.

Thus
L(x",y,) — m(x")

as n — 0o,
For n = 1, write

Z, = wkcl{zy, 2ot 15 Znao, - )
Then, for each n = 1 and { > 0, the set
HEON) Ny : L™, y) = mGx™) + 4N Z,

is a weakly compact set in Y containing z,, for all sufficiently large m. Since
these sets decrease as n increases and { decreases, the set

N NHEON) Ny L&",y) = m(x) + 3N Z,

n>0n=1
is nonempty. Take z to be a point in this set. Then

2€ HEON) N{y : L™, y) = m(x™)}

C F(x)\J = 0.

This contradiction completes the proof. [



APPLICATIONS 115

Lemma 5.6 Let X be a metric space and let Y be a Banach space. Let H be a
norm lower semi-continuous map from X to Y taking only nonempty convex
norm closed values. Let h be a selector for H of the first Baire class. Then there
is a sequence hy, hy, hs, ... of continuous selectors for H that converge point-
wise to h.

Proof. Since h is of the first Baire class, we can choose a sequence f;, />, 3, ---
of continuous functions from X to ¥ converging pointwise to 4. We first show
that there is a second such sequence gy, g, &3, ... converging pointwise to A

and satisfyin
yine d(g,(0, H() < 1/n

for all x in X, where we use d(y, H) to denote
inf{|ly — &l : h € H}.
For each n, m with m = n = 1, write
U,n =1x € X : d(f,,(x), H(x)) < 1/n}.
If x € U,,, then there is a point 1 in H(x) with
/o) = mll < 1/n.

Write
e= (1/n) = ||f,,x) — nll.

Since f,, is continuous and H is lower semi-continuous, we can choose 6 > 0
so that

1
“fm('f) _fm(x)” < 5 €

and there is a point { = {(&) in H(§) with

1
=il < e
for all & with [|€—x|| < 8. Now, for each & with ||é—x|| < 8§,

< 1/n,

and so ¢ € U,,,. Thus U, is open.
Since f,, converges pointwise to the selector / for H, the family

{Uyw :m = n}

covers X, for each fixed n = 1. By Lemma 1.1, for each n = 1, there will be a
locally finite partition of unity {p,, :y € ['(n)} for X refining the family
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{U,, : m = n}. For each vy in I'(n), choose m(y) = n with the support of p,.,
contained in U,,,(7y). Write

8 (0) = D Py : ¥ € T(m)}

forn = 1 and x € X. Then each g, is continuous. Since the support of p,,,(x) is
contained U,,,(7y), we have

d(fm(y)(x)7H(x)) < 1/71,
when p,,.(x) # 0. Using the convexity of H(x) this yields
d(g,(x),H(x)) < l/n

for all xin X and n = 1. To see that g, converges pointwise to A, let x in X and
€ > 0 be given. Choose N so large that ||f,(x) — A(x)|| < € for n = N. Then,
forn =N,

l8,0) = Il = |3 Py ) fuiy () = h)) : ¥ € T)|
= D Py @y = @Il = ¥ € T(m)}

<€

as required.
Now, for each n = 1, and each x in X, write

L,(x) = B(g,(x), 1/n) N H(x)
and
M, (x) = normcl L,(x).

The condition d(g,(x), H(x)) < 1/n ensures that L, (x) is nonempty. To prove
that L, is a norm lower semi-continuous map, for each n = 1, we use an
argument similar to that used to prove that the sets U,,, are open. Consider
any n = 1, any x in X and any y in L, (x). Then there is a point 1 in H(x) with

llg,(x) — mll < 1/n.
Write

€= (1/n) = llg,(x) = 7ll.

Using the continuity of g, (x) and the norm lower semi-continuity of H, we can
choose 6 > 0, so that

1
”gn(f) - gn(x)” < 5 €

and there is a point { = {(§) in H(¢) with
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1
1= mll <€

for all £ with ||é—x|| < 8. Then
1= g.(Oll = lIm =g, + 1= nll + llg.(&) — g, Xl

< 1/n

for all &€ with ||£— x|| < &. Thus, for all £ with ||¢é— x|| < & there is point £ in
L,(9 with |-l < %e. Since we may replace € by any smaller positive
number, it follows that L, is norm lower semi-continuous for each n = 1.
Clearly the norm closure M,, of L, is also norm lower semi-continuous.

Since M,, maps to the nonempty closed convex sets of Y, Michael’s selec-
tion theorem, Theorem 1.1, ensures the existence of a continuous selector 4,
for M,,. Now h,, is a continuous selector for H satisfying

”hn(x)_gn(x)” =1/n

for all x. Hence the sequence hy, h,, h3, converges pointwise to /& and satisfies
our requirements. [

Proof of Theorem 5.10. We write
F(x) = Hx) N{y: £(x,y) = mx)}

for each x in X. By Lemma 5.5, the map F is a weakly upper semi-continuous
set-valued map taking only nonempty weakly compact values. By Theorem
4.2 part (d), the set-valued map F has a selector & of the first Baire class.

Since H is continuous in the Hausdorff metric, it is norm lower semi-
continuous as a set-valued map to Y. (Note that, in general, it does not follow
that this map is norm upper semi-continuous.) Now, by Lemma 5.6, we can
choose the required continuous selectors Ay, hy, h3, ... for H converging to the
first Baire class selector 4 for H satisfying

L(x, h(x)) = m(x)
foreachxin X. O

Proof of Theorem 5.7. The result follows directly from Theorem 5.10 and the
remarks before the statement of that theorem. [

Proof of Theorem 5.8. The result follows directly from Theorem 5.10 and the
remarks before the statement of that theorem. [
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5.7 EXAMPLE

We give an example illustrating the difficulties that arise when one studies
lower semi-continuous convex functions or maximal monotone maps whose
domain contains no interior point.

Example 5.1 There is a lower semi-continuous convex function f : £ —
Ry with the following properties. The set L, of points ofe2 where f is finite is
a dense linear subspace of £? that is not closed. The subdifferential Dy is well
defined; the set L, of points where Dy is nonempty is a relatively dense linear
subspace of L, strictly contained in L. Dy is a maximal monotone map on £>.
At each point x of L, the set Dy(x) reduces to a single point, say f(x). The
function f' is locally bounded at no point of L,; it is, however, of the first Baire
class on L,.

Construction. Let

where

denotes a typical point of £ and its norm. Define f : £* — Ry, by
fy=) ix.
i=1
Clearly the set L, of all points x of € % for which f(x) is finite is a dense linear

subspace of £7 that does not coincide with €2, Further f is convex on £2. For
each real ¢ the set of points x of £? with

fx) = sz =t (5.1)

is closed in £2. To see this, suppose that a sequence of points x(l),x(z),x(3),

of £7 satisfying (5.1) converges to a point x* of £%. Then
i i(ng))ZZ sup i l.(x(p))z
i N 5 i

i=1
=wmmz(m2
N n—oo

t

IA
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and x© belongs to the set. Thus f is lower semi-continuous. Now let L, be the
set of all points x of €2 with

o0
D iPx; < +oo.
i=1

Clearly L, is a relatively dense linear subspace of L, strictly contained in L.
We want to determine the subdifferential Dy of f. If x & L,, then f(x) = 400
and Dy(x) = 0. Now consider any x in L; and any d in £,. Suppose that we can
find an i = 1 with

di # 2i.xi.
Then we can find a point u* = u},u},us, ... in £> with
u; =0, whenj#i,
0 < |iu]| < |2ix; — d;|, and

signu’ = sign (d; — 2ix;).

Then
sign (d; — 2ix; — iu}) = sign (d; — 2ix;) = signu; .
Thus
(d; = 2ix; — iu Huf >0
and
wd; > 2ixul + iul?,
so that

f) +{u*,d) = (Z]sz) + u;d;
=1

> f(x+u").

This ensures that d & Dy(x). Hence the only point that can possibly be in Dy(x)
is

z(xl’ 2x2’ 3X3, ) :fl(x)a
say. However, this point is not in £% when x € LN\L,. So

Dy(x) = 0, whenx & L,,

Dy(x) C {f'(x)}, when x € L,.

It is easy to verify that
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SO+ f1(0) = f(x + )
for all u in £% when x € L,. Hence
Dy(x) = {f®}, whenx€L,.
We now verify that Dy is a maximal monotone map on£,. If x;, x, € £ % and
xi € Dp(x)), x5 € Dy(xy),
then x; and x, belong to L, and
Xy :f/(xl)’ x5 :f/(xz),
so that

ey — x5 —x7) = (o —xp, £ (00) — /()

(x2 = x0) (262 - 20"

Me

Il
-

d 2
a3 (@) =0
i=1

Thus Dy is a monotone map.
Suppose that Dy is not a maximal monotone map, so that there is a mono-
tone map H with

H(x) D Dy(x), for all x,

and
H(&\D(&) # 0
for some £ in £,. Then we can choose { in
H(O\Dy(9.

If £ € L,, then
D P& < 4o
i=1

and f'() is welldefined. Since ¢ €& Dy(§) we have
{#f(&)

and we can choose i = 1 with

g # 2ié.
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Similarly, if ¢ € L,, we have
> 28 = oo,
i=1
D L <o,
i=1

so that we can again choose i = 1, with

g # 2i€,.
In each case write

=86.6....6+ 8,1,

with §; to be chosen later. Then

{EH®©
and ¢, defined by Z = f'(¢), belongs to

Dy(&) CH(E).
But

(€ -0 -0=(&+ 8- Q& +2i8,— &)
= §,(2i& — ¢ +2i5)
<0,

provided §; is sufficiently small with the same sign as {; — 2i&;. Thus H cannot
be a monotone map and Dy is a maximal monotone map.

The function f' is clearly a selector for the maximal monotone map Dy on its
domain L,. However, if £ € L, and we take

&) = £4(0,0,0,...,1/4/i,...),
the nonzero element 1/,/i occurring in the ith place, we see that &Y converges
to & through L, as i — oo, but

FED) = (6 +(0,0,0,....,2/i,...),
so that

IF' (€N — 00 as i— oo.

On the other hand, f’ " is the pointwise limit on L, of the sequence of continuous
functions A", i = 1,2, 3, ..., defined by
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KP(x) = (2x,,4x,, 6x3, ..., 2ix;,0,0, ...)
for x € L,.

5.8 REMARKS

The results in Sections 5.1-5.5 are refinements of some results in a field that
has been much investigated. The results on monotone maps, maximal mono-
tone maps and subdifferentials were largely developed from simpler begin-
nings by R. T. Rockafellar. The results on attainment maps and the nearest
point map owe much to P. S. Kenderov. For an account of much of this work
see Phelps [66]. However, all these writers ignore the existence of selectors of
the first Baire class; such selectors were first found by Jayne and Rogers [31].

Although we have obtained Theorem 5.3, on the attainment map Fy : X* —
K from the dual X* of a Banach space X to a weakly compact set K in X,
another approach is perhaps simpler in the special case when K is convex. In
this case, it is easy to prove directly that F is a weakly upper semi-continuous
map from X* to K, taking only nonempty weakly compact convex values. One
can then prove that F is minimal amongst all such maps taking only none-
mpty weakly compact convex values. Such a minimal map is necessarily
point-valued and norm upper semi-continuous on a norm dense Gs-set U in
X*. The map Fx being weakly upper semi-continuous with non-
empty weakly compact values has a selector f, of the first norm Baire class,
which is necessarily norm continuous at the points of U.

When we have proved Srivatsa’s theorem, see Theorem 6.2 below, we shall
be able to drop the conditions in Theorems 5.7 and 5.8 that the Banach space Y
be o-fragmented. These theorems appear here for the first time. We are grate-
ful to E. Michael and I. Namioka for some comments on a previous draft.
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Selectors for upper semi-continuous set-valued maps
with nonempty values that are otherwise arbitrary

In this chapter we prove three main theorems, the first two due to
V. V. Srivatsa, and the third by use of his method (see [74]). Srivatsa obtained
his results and wrote them out in detail during a visit to University College
London for the session 1984—85; publication was much delayed.

Another account is given by Jayne, Orihuela, Pallarés and Vera [41].

Theorem 6.1 (Srivatsa) Ler X and Y be metric spaces and let F be an upper
semi-continuous set-valued map from X to Y taking only nonempty values.
Then F has a selector f that is o-discrete and of the first Borel class.

Theorem 6.2 (Srivatsa) Let X be a metric space and let Z be a convex
subset of a Banach space Y. Let F be an upper semi-continuous set-valued
map from X to Z, with the weak topology of Y, taking only nonempty values.
Then F has a selector f, which, when regarded as a map from X to Z with the
norm topology of Y, is of the first Baire class.

Theorem 6.3 (After Srivatsa) Let X be a metric space and let K be a
compact Hausdorff space. Let Z be a convex subset of the space C(K) of
continuous real-valued functions on K. Let F be an upper semi-continuous
set-valued map from X to Z, with the topology of pointwise convergence of
C(K), taking only nonempty values. Then F has a selector f, which, when
regarded as a map from X to Z with the topology of uniform convergence on
C(X), is of the first Baire class.

We also prove the following result of Srivatsa, extending a result of Kura-
towski and Ryll-Nardzewski (see Chapter 1, Remark 10).

Theorem 6.4 Let X and Y be metric spaces. Let F be a lower semi-contin-
uous set-valued map from X to Y taking only nonempty values that are
complete in the metric of Y. Then F has a selector f that is o-discrete and
of the first Borel class.
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In Section 6.1 we prove some “diagonal lemmas”. Although we shall not
make explicit use of the concept, these lemmas are related to the “boundary”
of an upper semi-continuous map, introduced by Choquet [6], and developed
by S. Dolecki, S. Rolewicz, A. Lechicki, and J. E. Jayne, C. A. Rogers, R. W.
Hansell and I. Labuda; see the paper [21] by the four last named authors and
the references given there.

In Section 6.2 we give the proofs of the main theorems. In Section 6.3 we
prove Theorem 6.4. In view of Theorems 6.2 and 6.3 and recalling Theorem
3.3, it is perhaps suprising that we cannot prove the following apparently
relatively weak statement.

(A) Let X be a complete metric space and let Y* be a dual Banach space that
is weak™ o-fragmented using weak™ closed sets. Let F be an upper semi-
continuous set-valued map from X to Y™ with its weak™ topology, taking
only nonempty norm complete values. Then F has a selector f that is of
the first Baire class as a map from X to Y™ with its norm topology.

Of course, if the words “weak”™ compact” were substituted for the words
“norm complete”, the modified statment would follow from Theorem 3.3.
Never-the-less, in Section 6.4. we give an example, suggested to us in detail
by M. Valdivia, showing that the statement (A) is false.

In Section 6.5 we make some remarks.

6.1 DIAGONAL LEMMAS

If X is a metric space and Y is a topological space and F is a set-valued map
from X to Y, we say that F has the diagonal property if: whenever x, is the
limit of a sequence x;, x,, ... of points of X, all distinct from x, and

yi € Fx)\F(xo), i=1,

then there is a point y, in F(xy) that is the limit point of a subsequence of the
sequence yi, ¥», 3, .... A simple example of a set-valued map with this prop-
erty is given in Remark 5 at the end of this chapter. If X is a metric space and Z
is a convex set in a normed linear space Y, and F is a set-valued function from
X to Z, we say that F has the convex diagonal property if: whenever x is the
limit of a sequence xp, x,, ... of points, all distinct from x,, and

yi € FO)\F(xp), i=1,

then there is a point y, in F(xy) that is the norm limit of a sequence of finite
rational convex combinations of the points y;, i = 1.

Lemma 6.1 Let X and Y be metric spaces. Let F be a set-valued map from X
t0 Y with F~! (C) closed in X whenever C is a closed countable setin Y. Then F
has the diagonal property.
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Proof. Let x; be the limit of a sequence xi, x,, ... of points of X, all distinct
from x,. Suppose that

Yi € FO)\F(x), i=1.

We need to show that there is a point y, in F(xy) that is the limit of a
subsequence of the sequence y;,y,,ys,.... If the set

C={y:i=1}
were closed in Y, the set
F7'(0)

would be closed in X, and containing the points x;, x,, ..., would also contain
Xg, ensuring that at least one of the points y;, i = 1, of C would lie in F(x),
contradicting the choice of y;,y,,ys,.... Hence the set C is not closed.

Now there will be a point, z; say, not in C, and a sequence z;, 25, Z3, ... Of
distinct points chosen from y;, y,, y3,... converging to z,. The set

D={Zi3i20}

is a closed countable set in Y. Thus F~' (D) is closed in X and so contains x.
Since F(x;) contains none of the points z;, i = 1, it must contain z,. Now the
point y, = z, satisfies our requirements. [

Lemma 6.2 Let X be a metric space and let Z be a convex set in a Banach
space Y. Let F be a set-valued map from X to Z with FN(C) closed in X
whenever C is closed separable and convex in Z using the norm topology of Y.
Then F has the convex diagonal property.

Proof. Suppose that x, is the limit of a sequence x, x,, ... of points of X, all
distinct from x,, and that
Yi € FO)\F(xp), i=1.

We need to show that there is a point y, in F(x) that is the limit in norm of a
sequence of finite rational convex combinations of the points y;, i = 1.

Let C be the norm closure in Z of the finite rational convex combinations of
points chosen from {y; : i = 1}. Then C is closed, separable and convex in Z.
Hence F _I(C) is closed in X. Since

x, EF0), i=1,
we must have
xo € F71(0)

and there is a point y, of C in F(x;). Consequently, y, in F(x,) is the norm limit
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of a sequence of finite rational convex combinations of points chosen from
{y; : i =1}, as required [.

Before our next lemmas, we give some definitions and quote some results.
A convenient reference is Floret’s book [12]; we give some page references to
that book. A set A in a Hausdorff space X is said to be countably compact if
every sequence in A has a cluster point in A, and A is said to be relatively
countably compact if every sequence in A has a cluster point in X (see p. 7). A
Hausdorff space X is said to be angelic, if each relatively countably compact
set A in X is relatively compact in X and each point of A’s closure is the limit
of a sequence of points in A (see p. 30). It is known that when K is a compact
Hausdorff space, the space C,(K) of continuous real-valued functions on K,
with the topology of pointwise convergence, is angelic (see p. 36, referring
back to p. 11 for the definition of wy). By a result of Grothendieck (see p. 45),
a set A in the Banach space C(K) is weakly compact, if, and only if, it is
pointwise compact and bounded. Further (see p. 47), when A in C(K) is
weakly compact, the weak and the pointwise topologies coincide on A.

Lemma 6.3 Let X be a metric space and let Y be a Hausdorff space that is
angelic. Let F be a set-valued map from X to Y with FX(C) closed in X
whenever C is closed and separable in Y. Then F has the diagonal property.

Proof. Let xy be the limit point of a sequence x;,x,,... of points of X, all
distinct from x,. Suppose that y;, y»,ys,... is a sequence of points of ¥ with

yi € Fo)\F(xp), i=1.

We need to show that there is a point y, in F(x;) that is the limit of a
subsequence of the sequence yq, y,,y3, ...
Write

C=cl{y;:i= 1}

Then F_I(C) is closed in X, contains the points x, X, ..., and so also contains
Xo. Thus F(x,) contains a point y, that is not in the set

S={y:i=1}

but is in the closure C of this set. In particular, S has a cluster point in Y.

Applying this argument to each subsequence of the sequence (y;), we find
that S is relatively countably compact. Since Y is angelic, S is relatively
compact in Y and, by the remark above, each point of the closure C of § is
the limit of a sequence of points of S. Thus the point y, chosen in the last
paragraph satisfies our requirements. [J

Lemma 6.4 Let K be a compact Hausdorff space and let C(K) be the Banach
space of real-valued continuous functions on K. Let X be a metric space and
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let Z be a bounded convex set in C(K). Let F be a pointwise upper semi-
continuous set-valued map from X to C(K), taking values in Z. Then F has the
convex diagonal property.

Proof. Since C,(K) is angelic, the hypotheses of Lemma 6.3 are satisfied with
Y = C,(K). Thus F, regarded as a map to C,(K), has the diagonal property.

Now suppose that x; is the limit of a sequence x, x5, ... of points of X all
distinct from x, and that

yi € Fxp)\F(xo), i=1.

We need to prove that there is a point y, that is the norm limit of a subsequence
of the sequence y;, y,, V3, ....

Since F, regarded as a map from X to C,(K), has the diagonal property,
there is a point z, in F(xy) that is the pointwise limit of a subsequence, say
215225 -+ Of Y1, ¥2,¥3, ... Now

D:{Zi3i20}

is compact in C,(K). Further, D is bounded in C(K), since it is contained in Z.
By the results of Grothendieck, quoted above, it follows that D is weakly
compact in C(K) and that the weak and pointwise topologies coincide on D.
Hence z, in F(xp) is the weak limit of zy, 25, 23, ...

Now z; in F(xg) is the norm limit of a sequence of finite rational convex
combinations of the points y;, y,, s, ..., as required. [J

6.2 SELECTION THEOREMS

In this section we prove the main selection theorems stated in the introduction.
We first prove three lemmas that provide the basis for the selection processes
in the theorems. In each lemma, the function f provides a selector for the set-
valued function

F.=1{y:dy F(x)) < €.

Lemma 6.5 Ler X and Y be metric spaces. Let F be an upper semi-contin-
uous set-valued map from X to Y, taking only nonempty values. Let yy be a
given point of F(X) and let € > 0 and & > 0 be given. Then there is a disjoint
discretely a-decomposable family U of F ,-sets covering X and a function f
from X to Y satisfying the following conditions:

(1) for each U in U, diam U < §;
(2) f(x) = yg, whenever y, € F(x);
(3) f is constant on each set U in ‘U and takes a value in F(U);
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(4) for each x in X,
F(x) N B(f(x); €) # 0.

Lemma 6.6 Let X be a metric space and let Z be a convex subset of a
Banach space Y. Let F be an upper semi-continuous set-valued map from X
to Z with its weak topology, taking only nonempty values. Let y, be a given
point in F(X) and let € > 0 and &6 > 0 be given. Then there is a disjoint
discretely o-decomposable family U of F ,-sets covering X and a function
f from X to Z satisfying the conditions (1)—(4) of Lemma 6.5.

Lemma 6.7 Let X be a metric space and let K be a compact Hausdorff
space. Let Z be a bounded convex subset of the space C(K) of continuous
real-valued functions on K. Let F be a pointwise upper semi-continuous set-
valued map from X to C(K), taking only nonempty values contained in Z. Let
Yo be a given point of F(z) and let € > 0 and 6 > 0 be given. Then there is a
disjoint discretely o-decomposable family U of F ,-sets covering X and a
function f from X to Z satisfying the conditions (1)—(4) of Lemma 6.5.

Proof of Lemma 6.5. Write

Vo =1{x:y € F)}

Then Vy = F~'({yo}) is a closed subset of X. Since X is a metric space, we can
choose, inductively, discretely o-decomposable partitions V® of X\V, into
nonempty F,-sets, with

diam V™ < &/n, for v € V),

and with V(n+1) a refinement of V(n) for n = 1. For each V™ in V(n+1)
choose

A0 = Oy €y
and
Y = Oy & Ry,
Define a function g™ : X — Y, by taking
g =y, x€V,

gP) =y, ifxev®e vV,

for each n = 1. Note that, for each x in X\V,, we have a unique sequence of
sets V™, n = 1, with

xev® e V(n), n=1,
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and corresponding sequences x™,n=1,and y, n = 1, with

Mevh, p=1,
y(") eEF"™), n=1,

YWW=g"w, n=1,
and
X —x asn— 0.
Perhaps
W =g"w EFw
for infinitely many n = 1. If not, we have
Y € Fa"™)\F(x)

for all sufficiently large n. Hence, by Lemma 6.1, there will be a subsequence
of the sequence y("), n = 1, converging to some point of F(x). Thus, in either
case, there will be infinitely many n for which

F(x) N B(g(")(x);%e> =FxnN B(y(");%e) # 0.

This shows that

o0

U{x :Fx) N E(g(”)(x);%e) #~ 0} =X,

n=

on remembering that

g () =y, € F(),

when x € V.
Write

X" = {x :F(x)N E(g(”)(x);%e) # @},

n—1
E’(Vl) — X(”)\U X(")
r=1

forn = 1. Then E(”), n = 1, are disjoint sets with union X. Since V™ refines
YV for1 < r =< n—1, the functions g”, 1 = r < n, are constant on each set
V® in V™. Thus the sets

v nNx", 1=r<n,
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are relatively closed in V("), and

-1
V(n) n E(n) — (V(n) N X(n))\(rU V(n) N X(r))

r=1

is an F,-set in X. Let ‘W be the family of nonempty sets amongst the sets
Vo and E”NV® with n=1 and V® e V.

Then W is a discretely o-decomposable partition of X into nonempty F -
sets. Now, if x € X\V,, there is a unique W & W, a unique n = 1, and a
unique V™ in V* with

xEW=E"Nvy",
Since x € X, we have
2 . L
F(x)NBlg (x);Ee #0
and
g(")(x) — y(n)(v(n)),
since x € V. Similarly, for all £in W,
— 1
FONB(5"@:i5¢) % 0.
with

g =y"(v"™).

So we can choose & W) and (W) depending on W, but not on the position of x
in W, with

Ew)yew,
2 o . |
n(W) € F(&W)) N Bl y™(V ),56 .
This choice ensures that

67

N =

d(n(w),y" (V")) =

so that
FO N BV 2 F@ NB(3" (V)5 e) # 0

for ¢ € W. We can now define f : X — Y by taking
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fx) =y, ifxe€V,,

fx)y=nW), ifx&V, butxewWe W.

This ensures that: f(x) = y, whenever y, € F(x);f is constant on each set W in
"W and takes a value in F(W); and

F(x) N B(f(x);€) # 0

for each x in X. Further, diam W < & for each W in "W, with the possible
exception of V. We now need to replace the set V;, by a union of sets of small
diameter. Choose a disjoint discretely o-decomposable family 7~ of nonempty
F -sets, each of diameter less than 8, and with union V. Take U to be the
family

U=T U(W\{Vp)}).

Then f and ‘U satisfy our requirements. [

Proof of Lemma 6.6. As in the proof of Lemma 6.5, define V;), choose the
families V("), the points
K = x(ﬂ)(v(’l))’ y(") — y(”)(V("))

for vV € V("), and define the functions g("), but now as functions from X to
Z, all for n = 1. Further note that for each x in X\V, there are again unique
sequences VO X 31 with

xeyme y®
X" = x(")(V(Vl)) I= V(”),
y(n) — y(n)(V(n)) c F(x("))’

="

for n = 1, and with

Perhaps

Y =g" ) € Fx)
for infinitely many n = 1. If not, we have

Y € FE")\F)

for all sufficiently large n. Hence, by Lemma 6.2, there will be a sequence of
finite rational convex combinations of the points
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Y =g"w), n=1,

converging in norm to some point of F(x). This ensures that, in either case,
there will be a finite rational convex combination, say y(x), of the points
g(")(x), n = 1, with

Fx) N B('y(x);%e) # 0.

Let h(m), m=1,2,..., be an enumeration of all the finite rational convex
combinations of the functions g(”), n = 1. Then, for each x in X, there will
be an m = 1 with

A" (x) = y(x)

and so
1
F(x) N B(h<"’>(x);E e) #~ 0

for this m. For each m = 1, let
n,=n(m), 1=i=<k=k(m),
and let
1=n<n, <.+ <my

be the integers n for which g(”) is used in forming the finite rational convex
combination 4™ Let

N(m) = max{n,(r) : 1 = r = m}.
Since
V) refines V) , forl=N=N(m)),
the functions
g™, 1=N=Nm),

and so also the functions

W, 1=r=m,
are constant on each member of V™. To simplify the notation write

wm = YW

and

z('”)(W(’")) _ y<N<m>>(V<N(m)>)
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for

wm = yWNem)

with W™ in W™ = Y&
Write

xm = {x :F(x)N E(h(m)(x);%e> # (/)}

r=1

m—1
Zm X(m)\U x®

for m = 1. Then E('"), m = 1, are disjoint sets with union X. As we have seen,
the functions 2", 1 = r < m, are constant on each set W™ of W . Thus the
sets

— 1
W™ N xO = w N {x S F(x) N B(h(’)(x);i e) # @}
1 = r = m are relatively closed in W™ and

—1
W(m) N E(m) — (W(m) N X(m>)\(rU W(m) N X(")).

r=1

is an F,-set in X. Let ‘W be the family of nonempty sets amongst the sets
Vo and E™NW™, with m=1, and W™ e W™,

Then W is a discretely o-decomposable partition of X into F,-sets. The rest
of the proof can now be completed following the last three paragraphs of the
proof of Lemma 6.5, making only obvious notational changes. [J

Proof of Lemma 6.7. The proof follows the proof of Lemma 6.6 with minor
changes. It is necessary to work with the space C,(K) rather than with the
space Y, and to use Lemma 6.4 in place of Lemma 6.2. One needs to note that,
since F is pointwise upper semi-continuous to C(K), taking its values in Z, F'is
also pointwise upper semi-continuous to Z. Further, each norm closed ball,
such as E(g(”)(x); % €) in Z is a closed set in the pointwise topology of Z. [J

Proof of Theorem 6.1. We suppose that X and Y are metric spaces and that F' is
an upper semi-continuous set-valued map from X to Y taking only nonempty
values.

Take y, to be any point of F(X) and write

fox) =yy, forxeE X.

We define a sequence f,, n = 0, of functions from X to Y and a sequence U,
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n = 1, of discretely o-decomposable partitions of X into F,-sets, with the
following properties:

(1) U, refines U,_, for n = 2;

(2) whenn =1 and f,_;(x) € F(x), then f,(x) = f,,_1(x);

(3) the function f, is constant on each set U in U, and takes a value in
F(U) whenn=1

and in
F(U)N E(fn_l(x); (%)”> when n = 2;
(4) for each n =1 and each x in X,
Fw N850 (5) ) # 0
(5) for each n = 1 and each U in U,
1\"
diam U < (E) .

To start the construction we apply Lemma 6.5 with the chosen point y, and
with e = 6= % This yields a function f; from X to Y and a discretely o-
decomposable partition U, of X into F,-sets satisfying the conditions (2),
(3), (4) and (5) with n = 1.

Now suppose that n = 1 and that the functions f, and the partitions ‘U, have
been chosen for 1 = r =< n satisfying our requirements. For U in U, we

consider set-valued function Fy, : U — Y, defined by

_ 1\"
Fy() = F() N B(fnu); (5) )

= £ N B{3 (U (%) ).
where y,(U) is the constant value taken by f, on U. Since B(y,(U); (%)”) is a
fixed closed set, it follows from condition (4) that F; is an upper semi-contin-
uous map from U to Y taking only nonempty values. We now apply Lemma
6.5 with X =U, F=Fy, yo=y,(U), e=8= (%)”H, to obtain a function
frfj_])l and a discretely o-decomposable partition ’U;(fl of U into F,-sets
satisfying the conditions (2)—(5) when we confine our attentions to U and to
its partition ’U(n[fi and replace n by n + 1.
Write
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Uy = JIUY, U € U

n+1

and
foi® =Y forx€UE U,

By Lemma 2.3 the family U, is a discretely o-decomposable partition of X
into F ,-sets refining the family U,,. It is now easy to verify that the conditions
(1)—(5) hold with n replaced by n + 1. In this way, the families f,, n = 0, and
‘U,,, n = 1, can be constructed inductively satisfying our requirements.

We concentrate, for a time, on a fixed value of x. It may be that fyy (x) € F(x)
for some N = 1. In this case, it follows by (2) that

@) = fy(x) € F(x)
for all » = N. Thus, in this case, f,,(x) converges to a point of F(x). Otherwise,
fu(x) € F(x), forn=1.
By (3),
Jax) € F(&,)

for some &, in the member U of ‘U, containing x. By (5), we have

c=ofe())

for n = 1. Thus &, — x as n — oo, and
M = f,(x) € F(E)\F(x)

forn = 1. By Lemma 6.1, the sequence 7,,, n = 1, has a subsequence conver-
ging to a point of F(x). But condition (3) ensures that

n =fx), n=1

is a Cauchy sequence. Hence, in this second case, f;,(x) converges to a point of
F(x).
Write

£ = lim £,(x)

for all x in X. By the results of the last paragraph, f(x) is well defined and
belongs to F(x) for each x in X. Thus f is a selector for F. Further, f is the
uniform limit of the functions f,,, each of these being constant on the sets of a
discretely o-decomposable family of F,-sets. Thus each f, and so also f is o~
discrete and of the first Borel class (see Theorem 2.1). [

Proof of Theorem 6.2. We suppose that X is a metric space and Z is a convex
subset of a Banach space Y. Suppose also that F is an upper semi-continuous
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set-valued map from X to Z, with the weak topology of Y, taking only non-
empty values.

As in the first part of the proof of Theorem 6.1, but using Z in place of Y and
Lemma 6.6 in place of Lemma 6.5, we define a sequence f,, n = 0, of func-
tions from X to Z and a sequence U,, n = 1, of discretely o-decomposable
partitions of X into F,-sets, with the properties (1)—(5) of that proof. We
repeat these properties, word for word, for the reader’s convenience:

(1) U, refines U,_; for n = 2;

(2) whenn =1 and f,_;(x) € F(x) then f,(x) = f,_;(x);

(3) the function f, is constant on each set U in ‘U,, and takes a value in
F(U), whenn=1,

and in
— 1\"
FU)N B(f,,_l(x); (5) ), when n = 2;
(4) for each n =1 and each x in X,
_ 1\"
Fw N B(fe(5) ) # 0
(5) foreachn =1 and each U in U,
1 n
diam U < (=] .
iam (2)
We now concentrate, for a time, on a fixed value of x. It may be that fy(x) €
F(x) for some N = 1. In this case, it follows by (2) that
o) = fiy(x) € F(x)
for all n = N. Thus, in this case, f,(x) converges to a point of F(x). Otherwise,
f,(x) & F(x), forn=1.
By (3),
Jux) € F(&,)

for some &, in the member U of U, containing x. By (5), we have

ceofel})
for n = 1. Thus &, — x as n — oo, and
My = f,(x) € F(E)\F(x)

for n = 1. The condition (3) ensures that the sequence
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=K, n=1,

is a Cauchy sequence in the Banach space Y, and so converges to some point,
f(x) say, in Y, but not as far as we know yet in Z. However, the set

S={f}Uin,:n=1}

is closed in Y so that S N Z is relatively closed in Z, in both cases using the
weak topology. Hence

F'(Sn 2z

is closed in X, and containing the points &,, n = 1, must also contain the point
x. Thus

fx)eFx)CZz
and in this case also

f@ = lim £,

exists and belongs to Z.

Now f is a selector for F' and, being the uniform limit of the functions f,,,
each a function that is constant on the sets of a discretely o-decomposable
family of F ,-sets, is of the first Baire class as a map from X to Z with the norm
topology (see Theorem 2.1). [

Proof of Theorem 6.3. We suppose that X is a metric space, that K is a compact
Hausdorff space and that Z is a convex subset of the Banach space C(K) of
continuous real-valued functions on K. Suppose that F' is a pointwise upper
semi-continuous set-valued map from X to Z, taking only nonempty values.

We first consider the case when Z is norm bounded in C(K). In this case we
follow the proof of Theorem 6.2, but using C,,(K) for ¥ and Lemma 6.7 for
Lemma 6.6. We obtain a selector f : X — Z for F that is of the first Baire class
for the norm topology on Z.

Now consider the case of a general set Z. Write

Z, =Z N (nB(K)),
where B(K) is the closed unit ball of C(K),
F,x)=Fx)NZ,

X, =F'(Z).
Then

(@
>

Il

e

3
Il
-
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and F, is a pointwise upper semi-continuous set-valued map from X,, to Z,,
taking only nonempty values, for n = 1. By the result of the last paragraph
there will be a selector f;, : X,, — Z, for F,, that is of the first Baire class for the
norm topology of Z,. Now write

n—1
==x\(Ur)

f(x)=f,(x) whenx € E,.

and

This ensures that f : X — Z is a selector for F' that is of the first Baire class.
Since Z is a convex set in C(K), this selector is of the first Baire class, as
required. [

6.3 A SELECTION THEOREM FOR LOWER SEMI-CONTINUOUS
SET-VALUED MAPS

In this section we give a simple proof of Theorem 6.4.

Proof of Theorem 6.4. Let X and Y be metric spaces and let F' be a lower semi-
continuous set-valued map from X to Y taking only nonempty values that are
complete in the metric on Y. Choose a sequence V,,, n = 1, of open covers of
Y with

diamV <2™, whenVeE V,,
and arrange that
V41 refines V,,
when n = 1. For each n = 1, let U, be the corresponding family
{U=F'wv)y:ve V)

Since F is lower semi-continuous, ‘U, is an open cover of X and U, | refines
U, forn = 1.

By Lemma 2.1, we can choose a discretely o-decomposable partition W,
of X into F-sets, with ‘W refining ‘U,. By choosing a corresponding parti-
tion for U,, and then taking its intersection with "W, we obtain a discretely o~
decomposable partition W, of X into F,-sets, with "W, refining both U,
and W,. Proceeding inductively we obtain a sequence W,, n =1, of o-
decomposable partitions of X into F,-sets with

W, refines U,,,
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W, . refines W,

forn = 1.

For each n = 1 and each nonempty W, in "W, choose a point 1,(W,) in V,,
where U, is the unique set in ‘U, that contains W, and V,, is the unique set in
V,, with U, = F~'(V,). Define functions f, and ¢, from X to Y by taking

Ja@) = 1, (W),

when
xEW,EW,,

and choosing
0(x) EF) NV,

when
xEW,CU,=F\v),

with W, € 'W,, U, € U, and V, € V, uniquely determined by this condi-
tion. Note that the choice of ¢,(x) is always possible as the presence of x in
F_I(Vn) ensures that F(x) NV, # 0.

Consider any x in X and any n = 1. Then

X € vanrl - Wn

for unique sets W, € W, and W,,, € W,_,. Further W, C U,, W, C
U, for unique sets U,, U, in ‘U, and U, . Since

xe U, xeU,,,

we must have U, ,; C U,. Thus the points

QD,,(X), ¢n+1(x)’ fn(x)a fn+1(x)
all lie in the unique set V,, in V,, with F~'(V,) = U,, and

d(@,11(x), @,(x)) <27,

d(f,(x), @, (x)) < 27"

Thus the sequence ¢,(x) is a Cauchy sequence lying in the complete set
F(x). Hence the formula

f) = lim ¢,(x)
defines a point of F(x) and so f is a selector for F. Further we obtain

d(f,(0).f () = 27" + d(@,(x).f (x))

<= 2—n+2’
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so that the sequence of functions f, converges uniformly to f. Since each
function f,, is constant on the sets of a discretely o-decomposable partition
of X into F,-sets it follows by Theorem 2.1 that f is a o-discrete function of
the first Borel class. [

6.4 EXAMPLE

In this section, following a suggestion of Valdivia, we construct an example.

Example There is a complete metric space X, a dual Banach space Y that
is weak™ o-fragmented using weak™ closed sets and an upper semi-continuous
set-valued map F from X to Y™ with its weak™ topology, taking only nonempty
norm complete values in Y* and having no selector f that is of the first Baire
class as a map from X to Y* with its norm topology.

Construction Let w; be the first uncountable ordinal and let [0, w;] be the
space of all ordinals y with 0 =< y < @, with the order topology. We take Y*
to be the dual space C*([0, w;]) of the space C([0, ;]) of continuous real-
valued functions on [0, w;] with the supremum norm. Since the space [0, w;] is
scattered, the space C([0, w;]) is an Asplund space (see the discussion on
Asplund spaces in Chapter 7). Hence C*([0, w;]) has the Radon-Nikodym
property and so Y* = C*([0, w,]) with its weak™ topology is o-fragmented
using weak” closed sets as required.

We take X to be the subspace of C([0, w;]) of all nonnegative functions x on
[0, w;] with

xw) = lxlleo =1

and use the supremum norm on C([0, w;]) to define the metric on X. Clearly X
is a complete metric space, as required.

We remark that C*([0, w;]) is the space of all measures w on [0, w,]. Since
w; is not a measureable cardinal, all these measures w are atomic, and the
norm on C*([0, w;]) is given by

lully =Dl : 0= y= o}

We now define a set-valued map F from X to Y™. We first take I'(x) to be the

set
F)={y:0=y= o and x(y) = 1}

for each x in X. Note that w; € I'(x) for each x € X. For each x in X, take F(x)
to be the set

ey lluli =1, wy» =0, for 0 = y= o

and w(y) =0 for y & I'(x), and w(w;) = 0}.
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It is clear that F takes only norm complete values in Y*. For each x in X,
x(w;) = 1. Since w; has uncountable cofinality we have some 6 with 0 < é <
(] and

x(yy=1, foréd=rvy=w.

This ensures that § € I'(x) so that the Dirac measure on & belongs to F(x).
Thus F takes only nonempty norm complete values, as required. We prove that
the set-valued map

F: X — (Y*, weak”)

is upper semi-continuous. Consider any x, in X, and any weak” open set G
with

F(xg) CG.
We need to prove that for some € > 0,
Fixe X :llx—xlle <€) CG.

Suppose that this is not true. Then we can choose x;, w;, i = 1,2,... with
x; € X, |lx; — xolloo < 1/i, and p; € F(x;)\G, for i = 1. Then

w €K={u:|lul, =13\G

fori = 1, and K is weak™ compact. By the weak™ compactness of K, we can
choose « in K with the property that each weak™ neighborhood of « contains
w; for infinitely many values of i. We obtain a contradiction by studying all the
possible forms for «.

Case (a) Suppose that k(y) < 0 for some vy in [0, w,]. Since
([0, 7D) = D {k(m) : 0=n=1}=Ilxll, =1
for some 6, either 0 or a successor ordinal, we have
0=6=v and «([8,v]) <O.
Define y, in ¥ = C([0, w;]) by taking
1, if meEId 9]
Yol = {0, otherwise.

Then

(o, k) <0,
but

(o) =0
for all w in F(X). Thus
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N={ueEY" :{y,u <0}

is a weak™ neighborhood of k containing none of the points w;, i = 1.

Case (b) Suppose that ||k|[; < 1. Consider the point y in ¥ with
yyy=1, for 0=vy=w.
Then the set

1 1
v=dus oo < 545 i}
is a weak™ neighborhood of k containing none of the points u;, i = 1.

Case (¢) Suppose that k(7y) > 0 for some ywith0 = y =< w, and y & T'(x).
Since x; is continuous on [0, w;] the set I'(xy) is closed in [0, w;]. So we can
choose 6 with 0 = 8 =< v, &8 either O or a successor ordinal,

[6, Y1 N T'(xp) =0,
and

k([6, y]) > 0.

1, ifo=n=y,
y(n) = ,
0, otherwise.

Define y in Y by taking

Then
N = {p: (o, ) > 0}

is a weak™ neighborhood of «. Since [8, y] is compact in [0, w;] and x, is
continuous with

o) <1, for 6=n=y,

we have
sup{xp(n) : d=n=v} < 1.

Thus

e=1-supixg(n): 6= n =4}
is positive. Hence, for each x in X with

llx = xolloe <€,

we have

x(m) <1, for 6=m=y,
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so that
Fx)N[s,y]=0

and

G,y =0
for all w in F(x) with [|lx — x|l < €. Thus N contains none of the points ;
with i = 1/e.
Case (d) Suppose that k(w;) > 0. Foreachi= 1, u;(w;) = 0, and since wj is
of uncountable cofinality, we can choose 6 < w; with

wi(m =0, for §=7=ow.
Now we can choose a successor ordinal é with
81'585(,()1, for i = 1.

Define y in Y by taking

1, if6=1n<= o,

y(m) = ,
0, otherwise.

Then
1
N= {,U» S > EK(wl)}

is a weak™ neighborhood of k containing none of the points w;, i = 1.
In each of the cases (a) to (d) we reach a contradiction. Thus « must satisfy
the conditions

k(y)=0, for0)=vy=ow,
llxll, = 1,
k(y) =0, wheny/€ I'(xy),

and k(w;) = 0.

Since we also have ||k||; = 1, from k € K, we conclude that k € F(x,). Since
F(xy) C G, this contradicts the choice of k. Hence F is upper semi-continuous
as a map to (Y™, weak™).

We now consider any selector f for F. We study f in a neighborhood of any
point x of X. Write g = f(xg). Then ug(y) is positive for countably many vy
and po(w;) = 0. Hence we can choose an ordinal 6 with 0 < 6 < w; and

po(y) =0, ford=1vy=w.
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Take £ to be the function in X defined by

I, for 0=y=3§,
{y) =
0, for 6+4+1=7y=w,.

For each € > 0, write

xe(y) = max{0, xo(y) — €&(y)}

for 0 = y = w;. Then x, belongs to X with

and

lIxo = xcllo = €

L(x) C 6+ 1, o]

Now . = f(x,) is concentrated on [6 + 1, w], while py = f(xg) is concen-
trated on [0, 6]. Thus

If o) =fGralli = llmo = melli = Npolly + llpeelly =2

and f is not norm continuous at x,. If f were a function of the first Baire class
from X to (Y™, norm), then the set of points of norm discontinuity of f would
be of the first category in X (see, e.g., [47, pp. 397-398]). Since X is complete,
f must have a point of norm continuity. This contradiction shows that F has no
selector that is of the first Baire class as a map from X to (Y*, norm).

6.5 REMARKS

1.

3.

In the proof of Theorem 6.1, it would be possible to replace the condi-
tion:

(a) F is upper semi-continuous;
by the condition:
(b) F_](C) is closed in X whenever C is a closed countable set in Y.

However the gain in generality would be spurious since the condition (b)
implies the condition (a).

In Theorem 6.2 it would be possible, by making minor modifications to
the proof, to replace the condition:

(a) F is weakly upper semi-continuous;
by the condition

(b) F1(C) is closed in X whenever C is convex, norm closed and norm
separable in Z.

If one drops the condition that Z be convex in C(K) in Theorem 6.3, one
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still obtains a selector that is o-discrete and of the first Borel class. This
is clear from the proof that we have given.

4. Theorem 6.4 is not true if F is allowed to take nonempty but otherwise
arbitrary values. Indeed, the result fails in a case when X and Y are the
unit interval and F is a lower semi-continuous set-valued map taking
only nonempty countable values.

5. We give a very simple example to illustrate the nature of the diagonal
lemmas. Consider the set-valued map F from R to R* that maps the
points £ of R to the discs

FO =12y +2" = (p(6)’}
in R?, where

p(d =1,

if ¢ is not of the form 1/m with m a positive integer, while
p(é) =14 (1/m),

when £ is of this form 1/m with m a positive integer. It is easy to verify
that F is upper semi-continuous as a map from R to R?. Now suppose
that G(F') is the graph of F in R?, and that (x(n), y(n),z(n)), n = 1, is any
“diagonal” sequence of points in G(F) with x(n) converging to some &
in R and with

x(n) # &,

(v(n),z(n)) € F(x(n)) \ F(é)
for n = 1. Then
F(x(n) \ F(é) =0,

unless x(n) is of the form 1/m(n), for some positive integer m(n). Thus
x(n) is necessarily of this form, for each n = 1. Further, as x(n)
converges to & while x(n) does not assume the value & we must have
&= 0 and m(n) — o as n — oo. Now the point (y(n), z(n)) lies in the
annular region

1 <y*+22 <1+ (/mn))>.

Thus the sequence (y(n), z(n)) has a subsequence converging to a point
on the circle

Y4z =1

contained in the disc F(0).
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Chapter 7

Further applications

In Chapter 5 we have given some applications of the existence theorems for
selectors of the first Baire class, giving detailed proofs based on well known
basic results in general topology and Banach space theory. In this chapter we
give some further applications, but we only give some of the details of the
proofs and have to quote some difficult results without proofs, since the proofs
would take us too far from our main themes.

Our results are centered around the theory of Asplund spaces. We start by
discussing some of the work done on these spaces.

E. Asplund [1] introduced “strong differentiability spaces” defining them to
be those real Banach spaces where every continuous convex function defined
on a convex subset is Fréchet differentiable on a Gs-subset of its domain. He
obtained properties of the dual of such a Banach space and established the
following result.

Theorem (Asplund) If a real Banach space admits an equivalent norm
whose dual norm is locally uniformly convex, then the original space is a
strong differentiability space.

After Asplund’s untimely death, these strong differentiability spaces were
renamed Asplund spaces by Namioka and Phelps in a paper [61] that devel-
oped the theory of these spaces. They prove that a Banach space X is an
Asplund space if and only if the dual space X has the following property:

every nonempty bounded subset of X" has nonempty relatively weak”
open subsets of arbitrarily small diameter,

that is, in our terminology,

every bounded subset of X" is weak” fragmented by the norm.

They show that the dual X* of an Asplund space has the Radon-Nikodym
property, so that by a result of Stegall [75] every separable subspace of X has a
separable dual. They also prove that every closed linear subspace of an
Asplund space is an Asplund space.

We note that in Theorem 5.2 we have used the existence of a Baire first class
selector to give a new proof of the result of Namioka and Phelps that X is an
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Asplund space if each bounded nonempty subset of X" is weak™ fragmented by
the norm. The result of Asplund that we have quoted leaves open two ques-
tions.

If X is an Asplund space does X have an equivalent norm whose dual
norm is locally uniformly convex?

If X is an Asplund space does X* have an equivalent norm that is locally
uniformly convex?

The answer to the first of these questions is “No”. In Theorem 18 of their
paper [61], Namioka and Phelps show that, when K is a nonempty compact
Hausdorff space, then C(K) is an Asplund space if and only if K is scattered. In
particular, if ) is any ordinal, the ordinal interval [0,{)] with its interval
topology is a scattered compact Hausdorff space, and C([0, }]) is an Asplund
space. However, Talagrand [80] has shown that when () is uncountable
C([0, Q]) has no equivalent norm with a strictly convex dual norm.

Thus, as we have said, the answer to the first question is “No”. Neverthe
less, Fabian and Godefroy [10] have recently shown that the answer to the
second question is “Yes”. We give an outline of their proof of their theorem in
Sections 7.1 and 7.2 (see Theorem 7.2 in Section 7.2).

We note that the theorem of Namioka and Phelps, that in the dual X *of an
Asplund space X every bounded subset is weak”™ fragmented by the norm, is a
converse to Theorem 5.2. Does the somewhat similar Theorem 5.4 have a
converse? Recall that Theorem 5.4 tells us that if K is a nonempty convex
weak”™ compact set in the dual X" of a Banach space, and K" is weak” frag-
mented by the norm of X", then the attainment map from X to K™ has a selector
that is of the first Baire class from (X,norm) to (X, norm).

In Section 7.3 we prove the following partial converse to this result.

Theorem 7.1 Let K* be a nonempty weak” compact set in the dual X* of a
Banach space X. Suppose that the attainment map F from X to K* has a
selector f that is of the first Baire class as a map from (X norm) to (X",
norm). Provided X contains no isomorphic copy of €,(N), the set K* is
weak” fragmented by the norm in X*.

The problem of finding a converse to Theorem 5.4 was discussed by Jayne,
Orihuela, Pallarés and Vera [41]. We follow the proof of their Theorem 26
closely, but not too closely, since they claimed to prove the above theorem
without the proviso that X contains no isomorphic copy of €,(N), while we
need this proviso, and give Example 7.1 to show that some such proviso is
necessary.
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7.1 BOUNDARY LEMMAS

A subset S* of a set K in the dual X" of a Banach space X is said to be a
boundary for K™ if, for each x in X, there is a point s* in §* with

(x,s") = sup{(x, k") : K € K7}

We prove two lemmas on boundaries in dual Banach spaces. The first is
closely related to Theorem 1.2 of Godefroy [15], and uses ideas from his
proof, but avoids use of Simons’ Lemma [72]. The second boundary lemma
is tacitly included within the second step of the proof of Theorem 1 of Fabian
and Godefroy [10]. We follow their proof closely.

We now state our two boundary lemmas.

Lemma 7.1 Let X be a separable Banach space that contains no isomorphic
copy of £,(N). Let K* be a nonempty convex set in X, and let S* be a
boundary for K*. Then K* is contained in the norm closure of the linear
span of S*.

Lemma 7.2 Let X be a separable Banach space that contains no isomorphic
copy of £,(N). Let K* be a nonempty weak” compact convex set in X".
Suppose that the attainment map F from X to K* has a selector f that is of
the first Baire class as a map from (X, norm) to (X*, norm). Then f(x) is a
separable boundary for K* and K" is contained in a separable subspace of X*.

Proof of Lemma 7.1. Since S* is a boundary for K*, for each point x # 0 in X,
there is a point s* in §* with

(x, 5"y = sup{(x,x") : x" € K"}
Suppose that there is a point k* # 0 in K* that is not in 5pS”, the norm closed

linear span of S*. Then, by the Hahn—Banach theorem, there is a linear func-
tional j** on X* with

(€",;™y =0 for all £” in spS”
and

) = =1

We use a result of Odell and Rosenthall [64]. Since X is separable and there is
no isomorphic copy of £,(N) in X, each element of X" can be obtained as the
weak” limit in X of a sequence of points in X. Applying this result to the point
7 chosen above, there will be a sequence f,,n = 1, of X weak™ convergent to
7 in X™. In particular,

lim (k. £,) = (k") = [[K']| = 0.
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Thus, by omitting a finite set of points from the sequence, we may suppose that

(k) > Sk

, forn=1.
This ensures that
1
[Ifall = 5 forn=1.

Now, for each s” in S*, the weak™ convergence to j** ensures that
. * Wk £
lim(f,,s") = (i, s7) = 0.
However, as we have seen
. * Wk * *
lim(f,, k") = (k") = [|K7]| # 0.
This proves the lemma. O

Proof of Lemma 7.2. Recall that the attainment map F : X — K" is defined by
Fx)={x" € K" : {(x,x") = sup{(x,y") : y" € K'}}.

This map has, by a hypothesis of the lemma, a selector f of the first Baire class
as a map from (X, norm) to (X, norm). By this choice of f, for each x in X,

(x,f(x)) = sup{(x, k") : k" € K"}
So for each x in X and each £* in K~
(6, Ky = (x,f(x)) and f(x) EK".

This means that the set f(X) = {f(x) : x € X} is a boundary for K* in X"
We next show that f(X) has a countable norm dense set. Since f is of the first
Baire class, we can write

S = Nm fp,

the limit being taken pointwise, and each function f, : X — X" being contin-
uous from (X, norm) to (X*, norm). Let x,, g = 1, be a countable dense set in X.
For each p, g we can choose a point d"(p, q) with d"(p, q) € f(X) and

. @) x| = 2 inf{ K =) & € f(X)}.

Now suppose that € > 0 is given and y*, equal to f(x), say, is chosen in f(X).
We can choose p so large that

00 —reo|| < ée.

Sincef[, is continuous and Xpq =1, is dense in X, we can choose ¢ = 1, so that
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0ep) = £,0)]| < ée.
This ensures that
I —fe)| < ée and  f(x) € f(X).

By the choice of d*(p, g) we have

& 0.0 f0x0)| = 0 —f]| < 2e

Hence

" 2 1
ld" (v, q) — )| <§e+§e= €.

Thus the countable set
D,={dp,q):p=1, g=1}

is dense in f(X), as required.

Now the countable set D; of all finite rational linear combinations of the
points of Dy is dense in the norm closed linear span L of f(X). Since f(X) is a
boundary of K*, Lemma 7.1 applies and shows that K™ is contained in the
separable subspace L of X*. [

7.2 DUALS OF ASPLUND SPACES

In this section we give an outline of the way that Fabian and Godefroy [10] use
a selection result as the first step of their theorem.

Theorem 7.2 (Fabian and Godefroy) The dual of an Asplund space has a
locally uniformly convex norm that is equivalent to the original norm.

As we have already remarked, some Asplund spaces have no norms equiva-
lent to their original norms whose dual norms are strictly convex.

We recall the definition of a locally uniformly convex norm on a Banach
space. A norm ||+|| on a Banach space X is said to be locally uniformly convex
if, whenever a point x and a sequence {x,} of points in X satisfy the conditions

[, |l = |xI| and — ||x|| as n — oo

L1
X Tt

then ||x, — x|| = 0 as n — oo. This condition implies that, near a point x on the
unit sphere, the unit ball is uniformly strictly convex, the uniformity being
with respect to the different directions of approach to x along the unit sphere.

Step 1. Consider the attainment map F : X — B* from X to the unit ball B



152 CHAPTER 7

of X*. By the result of Namioka and Phelps quoted in the introductory section
of this chapter, each bounded subset of X* is weak” fragmented by the norm.
Applying Theorem 5.4, we obtain a selector d for F that is of the first Baire
class as a map from (X, norm) to (B*, norm). Hence we can choose a sequence
{d,} of continuous functions from (X, norm) to (B, norm) with d, converging
pointwise to d as n — 0. We use D to denote the set-valued map from X to B”,
defined by

D(x) = {d,(x), d>(x),...}.

Note that since d is a selector for the attainment map, d(X) is a boundary for
B".

Step 2. Let V be a linear subspace of X. In this step we show that when V is a
separable subspace of X, the closed linear span

spixly : X" € D(V)}

coincides with the dual space V* of V.

Note that when V is a linear subspace of X, any linear functional on V can be
extended, without increase of norm, to yield a linear functional on X. So the
linear functionals on V can be obtained (in general in many ways) as the
restrictions to V of the linear functionals of X. Thus, we can (and we do)
regard the dual space V* of V as those distinct functionals x*|, obtained by
restricting an x* in X* to V; the norm in the dual V" being

Vv eV, vl =1}

[yl = sup{
Since d(X) is a boundary of B” it is easy to see that
dly = splx’ly : x” € d(V)}.
Since for each vin V,
d,(v) = d(v)
as n — oo, We also have
V' =35p{x*|y 1 X" € D(V)}.
Step 3. This next step shows that for any subspace V of X we still have
spix’|y 1 X" € D(V)} = V7.

The idea is to use a reduction of the general case to the separable case. We fix
our attention on a particular point, say f, in the dual space V* and aim to
choose a suitable separable subspace Y of V. The point f|y is automatically in
Y*. Since Y is separable, Step 2 applies and yields

fly € plx|y : " € D(Y)}.
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The space Y has to be chosen in a very special way to enable the completion of
the proof.
We shall obtain Y as the norm closure of

W= UW,,,

where Wi, W,, ... is an increasing sequence of separable subspaces of V, with
dual spaces W;, W5, .... passing ever closer to f.

We start by taking W, to be any one-dimensional subspace of V. When
n =1, and W, has been chosen as a separable subspace of V, we choose a
countable sequence {z;")} dense in W,. Since the functions d;,i = 1, are
continuous, the points

d@", i=1, j=1,

will be dense in D(W,). We take D, to be the set of all finite rational linear
combinations of the points d; (Z(")) i =1, j = 1. In the case when n = 2 and
W, C W,, we choose the sequence (z(”)) to include all the points of the
sequence (z(" Dy, Clearly D, is a countable subset of X*.

Once D, has been chosen for some n = 1, for each d in D, we note that

Iflv =dlvllv-= sup{(f —d. v): v € V and |v]| = 1}.
Thus we can choose a v(n,d) in V with ||v(n,d)|| = 1 and
(f=d, v(n,d)) = || flv = dlvlly-—(1/n).

We use 'V, to denote the set of all points v(n, d) chosen in this way. This set
V.1 is a countable subset of V. We take

W1 =SpiW, UV, 1}
In this way we construct the following objects.
An increasing sequence Wy, W,, ... of separable linear subspaces of V.
An increasing sequence {z(l)} {z(z)} . of countable sequences in V with
("), i=1, j=1,
dense in D(W,,), forn = 1.

An increasing sequence of countable sets D, in X*, D, consisting of all
finite rational linear combinations of points from D({zj(»”) D.

A sequence V,, Vs,... of countable subsets of V, with
Vi ={v(n,d) : d € D},

where v(n, d) is chosen for each d in D, so that
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(f =d, v(n,d)) = || fly = dlylly-—1/n),
and ||[v(n,d)|| = 1,v(n,d) € V.
We also have
W1 =5p{W, U V, 14}

forn = 1.

We complete the construction of Y to be the norm closure

Y=clW
of the linear space W, which is not in general closed. Note that
Y=cl G W,

for each m = 1. Clearly Y is a separable subspace of V.
Since Y C V, we have f|, € Y". Since Y is separable we can apply Step 2.
This yields

fly EY" =5p{Dy(V)} = 5p{x’|y : " € D(V)}.
Let € > 0 be given. Choose m = 2/e. Now we can choose a point g in
sp{Dy(Y)}
with
/1y — glly-< /2.

Now g will be a finite linear combination of points in Dy(Y). So we can replace
g by a finite rational linear combination / of the same points of Dy(Y), and still
have

£y = Ally-< €/2.
Since
Y=cl U w,

and the functions d; are continuous, the point / can be replaced by the same
finite rational linear combination j of points taken from Dy ({J;—,, W,,), and still
have

W1y =jlylly-< €/2.

Since the sequences {d[(zj(»"))},él j=1 are dense in D(W,) for each n, we can
replace the finite rational linear combination j by the same finite rational linear
combination k of points in
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gmwm

with
L/ 1y = klylly-< /2.
Let £ be the largest integer, necessarily at least m, involved as an index 7 in the

representation of k in terms of points from the sets D({z](.")}), n=m.Thenkisa
finite rational linear combination of points in

£
Umwm

Since the sequences {z(")} n = 1, are increasing, k is a finite rational linear
combination of points from D({zf )}) and so k is a point of D,. Hence there is a
point v(£,k) in V., satisfying (f —k,v(£,k)) = ||fly — kly|ly-—(1/€) and
v, ol < 1.

Now

Iflv = klylly-= (1/€) +{f — k, v(£,k))
= (1) +(fly = kly, v(£,k))
= (1/m) + || fly — klylly

< (el2) + (e2) = €.

Recall that f being in V* coincides with f|y, and that k|, € 5p D|y(V). Thus
the distance of f from Sp D|y(V) is at most €. Since this holds for all € > 0 we
have

f €5p{Dly(V)}.
Since f may be any point of V*,
=splx’ly : " € D(V)}

as required.

Step 4. We remark that the set-valued map D : X — 2% introduced in Step 1
is a norm to weak lower semi-continuous map with D(x) a countable set for
every x in X.

Now Fabian [9], following but modifying work of John and Zizler [42, 43],
has proved the following theorem.

Theorem (Fabian) Let X be a Banach space wzth a norm to weak lower
semi-continuous multivalued mapping D : X — 2% such that D, is a counta-
ble set for every x in X and that
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splx’|y 1 X" E D)=V

for every subspace V of X.

Then, if w is the first ordinal with cardinality that of dens X, there exists a
nondecreasing “long sequence” {M, : w < a < u} of subspaces of X and a
“long sequence” {P,: o =< a < u} of linear projections on X forming a
Projective Resolution of the Identity, the sequence {M,, : ® = a = u} satisfy-
ing the conditions:

(i) dens M, = @;
(it) Up<oMpyy is dense in M,;

(iii) the mapping R, : P, X" — M, defined by R,f =f|Ma, fEPX isa
surjective isometry and P, f = R;l(f|Ma) forall f € X",

By the initial remark of this step and the result of Step 3, when X is an
Asplund space, X satisfies the hypothesis of Fabian’s theorem. The conclu-
sions of Fabian’s theorem combined with known techniques shows that the
dual of any Asplund space has an equivalent locally uniformly convex norm.

7.3 A PARTIAL CONVERSE TO THEOREM 5.4

This section is much easier to follow than Section 7.2. We first prove Theorem
7.1 stated in the introduction to this chapter. We then verify the following
example showing that something like the proviso is needed in this theorem.

Example 7.1 The attainment map from the space £,(N) to the unit ball B* of
the dual space £ ,(N) of €,(N), has a selector that is of the first Baire class as
a map from (€,(N), norm) to (£(N), norm), but (B*, weak") is not fragmen-
ted by the norm.

The proof of Theorem 7.1 follows (but elaborates) the first part of the proof
Theorem 26 of a paper by Jayne, Orihuela, Pallarés and Vera [41], but avoids
the lacuna in their proof by use of the proviso written into our restatement of
the theorem and by appeal to Lemma 7.2.

Proof of Theorem 7.1. Let K* be a nonempty weak™ compact set in the dual X"
of a Banach space X that contains no isomorphic copy of €. Suppose further
the attainment map F from X to K~ has a selector f that is of the first Baire
class as a map from (X, norm) to (X*, norm).

In order to show that (K, weak™) is fragmented by the norm of X", we seek
to apply a result of Namioka [60, Theorem 3.4], which generalizes an earlier
result of Stegall [75]. Namioka considers a weak™ compact set in the dual X of
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a Banach space, If A is a bounded subset of X he introduces a pseudo norm 7,
for X" defined by

na(x") = sup{[(x, x")x € A}.

He proves, in particular, that if K* is separable for n, for each bounded
countable subset A of X, then (K, weak) is fragmented by the norm in X"
In this result, it is clearly sufficient to confine attention to countable subsets A
of the unit ball of X. Then

ny(x") = sup{|(x,x") : x € A}

= supf{|(x, x")| « [Ixll < 1} = [}

Now for any countable set A contained in the unit ball of X we consider the
closed linear span S of A. S is a closed separable subspace of X. By the Hahn—
Banach theorem, every linear functional defined on S can be extended, without
change of norm to a linear functional on X. It follows that the dual space S* of
S can be identified with the functions on S obtained by restriction to S of the
linear functionals on X, the norm of such a function g on S being taken to be

llgll = supig(x) : x €S, |Ix]| = 1}.

We use p to denote the restriction map p : X* — S”, with p(x*) taken to be the

restriction of x* to S, for each x in X*. Clearly p is a linear map with norm 1.
We verify that p is a continuous map from (X", weak™) to (S, weak™) A

typical basic weak” open neighborhood of the origin of S* is of the form

"8 (spsy<lforl =i=n}
for points s;,55,...,s, in S. The inverse image under p of this weak™ open
neighborhood is

Kex (s,x)<lforl=i=n}

for the same points sy, s,,...,s, in S. Hence p is continuous as a map from
(X", weak™) to (S*, weak™). Since K* is weak” compact in X, it follows that
p(K") is weak” compact in S*.

Recall that we are supposing that f is a Baire class 1 selector for the
attainment map for K*. So

(s,f(s)) = sup{(s, k™) : k" € K"}
for each s in S. Thus, for s in S and £* in K*,
(s,p(D) = (5.k7) = (s.f(9)) = (5. p(f(5)))
and p(f(s)) € p(K™). Hence, for s in S and s in p(K™),
(s,57) = {s,p(f(s))) and p(f(s)) € p(K").
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This means that the set

{p(f(s)) : s € S}

is a boundary for p(K™) in S* and pof is a selector for the attainment web from
S to p(K™). Since p is continuous and f is of the first Baire class, pof is also of
the first Baire class from (S, norm) to (S* norm).

Since we are assuming that X contains no isomorphic copy of £,(N), the
subspace S can contain no such copy. Now S, S*, p(K*) and p o f satisfy the
conditions of Lemma 7.2. Hence, by that lemma, p(K *) contains a countable
norm dense subset, D,, say. For each point d, in D, pick a point d; in K™ with
p(dy) = d,, and take D, to be the set chosen in this way. Then D; is a coun-
table set in K™ that is dense with respect to the pseudo norm g on X* defined by

q(x") = |[p)|.
Since A is contained in the unit ball of S,

na(") = sup{|(x,x") : x € A}
= sup{|(x.x")| : x € S, ||x]| = 1}

=||lp"]| = g(x").

Thus D, is a countable set in K™ that is dense in K* with respect to the pseudo
norm .

Applying Namioka’s result we conclude that (K*, weak™) is fragmented in
X" by the norm.

Verification of Example 7.1 Regard £, (N) as the dual of £,(N) Then B" is
a convex weak” compact set in £, (N).
The attainment map F : £,,(N) — B* is defined by

F(x) = {x" : (x,x") = sup{(x,y") : ]| = 1}

F(x)={x": (x,x") = sup{(x,y") : [p’]| = 1 and ||x]| = 1}.
If x = {x;,x5,...} in €, (N) and y* = {y], 3, ...} in €, (N), then
sup{(x,y*) : ||| = 1} = sup{iny;k =1 i= 1}
=1

(o)

= leilv

i=1
and this supremum is attained just when

y; =signx;, if x; #0,
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yi € [-1,1], ifx;=0.

Thus
F(x) ={y" 1y =signy; if x; # 0,y; € [-1,1] if x; = O}.
A selector for this attainment map is the function f:€(N) — B* defined by
fey =y

with

yi =signx; if x; #0

yi=0 if x; =0.
Now, for each n = 1, take

F000) =y,
with
y'™ = |x;| tanh(nx;), = 1.

Then for each fixed x in £,(N) the sum > |x;| converges and

lim FPx) =f(x)  in Ly(N).

Further, for each fixed n = 1, the map /™ : £, (N) — £,(N) is continuous.
Thus the attainment map has a Baire first class selector. However the set (B,
weak”) is not even o-fragmented by the norm in £, (N).

7.4 REMARKS

1. For the convenience of the masochistic reader we quote the statement of
Simons’ multipurpose lemma that we have not used in the proof of
Lemma 7.1. We recall the notation he uses. When X is a nonempty
set and f € £, (X) write S(f) = sup f(X) and || f]| = sup|f(X)|.

Lemma (Simons) We suppose that for all n =1, f, € £.(X) and
sup,=1|If,ll < . We suppose further that Y C X and that, whenever
A, =0and Y =1 A, = 1, there exists y € Y such that Y = A f,(y) =
SO =1 Aufy)- Then

sup lim sup,_.«f,(¥) = inf S(conv{f, : n = 1}).

yeyYy

2. The lacuna in the proof of Theorem 26 of the paper by Jayne, Orihuela,
Pallarés and Vera arose since they applied Theorem 1.2 of Godefroy [15]
without verifying that the conditions of this theorem were satisfied.
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We conjecture that Lemma 7.1 holds without the condition that the
Banach space X be separable. Perhaps this can be established by use
of Fabian and Godefroy’s method of reduction to the separable case. An
alternative approach might be to modify the result of Haydon [24,
Theorem 3.1]. Haydon proves that if a Banach space contains no
isomorphic copy of £, then every weak” compact convex subset of X"
is the norm closed convex hull of its extreme points.
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